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Foreword 


This  collection  of  papers  docs  not 
constitute  a  formal  reporting  of  the  activities 
of  the  ARPA  Materials  Research  Council  Summer 
Conference.  Lncli  report  ,  memorandum  or  technical 
note  is  a  draft  of  the  author  or  authors  and  is 
their  work  alone.  The  Steering  Committee,  in 
conjunction  with  the  authors,  will  decide  how 
this  material  can  best  be  presented  as  a  formal 
report  to  ARPA. 
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GRADIENTS  IN  POLYMERIC  MATERIALS 


M.  Shen  and  M.  B.,  Bever 


Abstract 


In  this  memorandum  we  consider  the  structure  and 
properties  of  polymeric  materials  possessing  spatial  gradients. 
Potential  applications  of  such  materials  are  also  discussed. 

Gradients  in  the  structure  of  polymeric  systems  may 
be  generated  by  varying  the  chemical  nature  of  the  monomers, 
the  molecular  constitution  of  the  polymers  and  the  supra- 
molecular  structure  or  morphology  of  the  polymers.  Gradients 
in  each  of  these  categories  are  possible  for  single-phase  as 
well  as  heterophase  systems.  Such  gradients  are  associated 
with  gradients  in  properties. 

The  properties  considered  are  chemical,  mechanical, 
biomedical  and  transport  properties.  Structural  gradients  in 
the  polymeric  system  may  lead  to  a  desired  gradient  in  a  single 
property,  or  to  a  combination  of  more  than  one  property  which 
may  assume  optimum  values  in  different  regions  of  the  material. 
In  the  latter  case,  one  of  the  properties  is  frequently  related 
to  mechanical  integrity. 

Possible  applications  of  gradient  polymeric  systems 
include  plastic  gasoline  tanks,  biomedical  implants,  and  damping 
materials  for  a  wide  frequency  range. 


-1- 


GRADIENTS  IN  POLYMERIC  MATERIALS 


M.  Shen  and  M.  B.  Sever 


Introduction 

The  structure  and  properties  of  polymeric  materials 
can  be  varied  over  wide  ranges.  Most  of  the  pertlnunt  efforts 
in  this  regard  have  been  devoted  to  homogeneous  and  in  some 
measure  to  laminated  polymeric  systems.  Little  attention  ha:: 
been  directed  toward  gradient  systems,  that  is,  systems  in 
which  structure  and  properties  vary  continuously  in  space. 

Gradient  materials  in  general  are  beginning  to  attract 
some  attention.  Bever  and  Duwez1  have  considered  gradients  in 
composite  materials.  Ferry2  has  analyzed  some  aspects  of 
gradients  in  the  cross  linking  and  swelling  of  polymers. 

In  this  memorandum  we  shall  systematically  discuss 
possible  gradients  in  polymeric  materials.  We  shall  be  con¬ 
cerned  primarily  with  the  structure  and  properties  of  those 
materials  rather  than  the  techniques  for  their  preparation. 

We  shall  mention  various  illustrative  examples  but  shall  not 
attempt  to  explore  exhaustively  the  entire  range  of  possible 
appl ic at ions . 

Structure 

We  shall  consider  the  structural  features  of  polymers 
on  three  levels  of  resolution: 
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(i)  the  chemical  nature  of  the  monomers; 

(ii)  the  molecular  constitution  of  the  polymers;  and 

(iii)  the  supramolecular  structure  or  morphology  of 
the  polymers. 

In  each  of  these  categories  the  possibility  of  gradients  in 
space  exists.  We  shall  discuss  these  gradients  first  for 
single-phase  systems  and  then  for  heterophase  systems. 

Single -Phase  Systems 

The  nature  of  a  polymer  depends  first  of  all  on  the 
constituent  monomers.  For  instance,  at  room  temperature  the 
polymer  of  methyl  methacrylate  is  a  tough,  hard  plastic, 
commonly  known  as  "Plexiglas";  by  contrast  the  polymer  of 
methyl  acrylate  is.  a  s~ft  rubber.  These  two  monomers  can  be 
combined  to  form  random  copolymers  of  any  composition  ranging 
from  pure  poly (methyl  methacrylate)  to  pure  poly (methyl  acrylate) • 
A  gradient  polymer  witli  a  spatial  variation  in  composition  can 
therefore  be  prepared.  Polymer  chemistry  offers  many  possi¬ 
bilities  for  creating  similar  compositional  gradients  by  co¬ 
polymerization  techniques. 

The  degree  of  crosslinking  is  an  important  variable  in 
many  polymers.  For  example,  the  rubber  in  an  elastic  band  is 
lightly  croaslinked;  an  increase  in  the  degree  of  crosslinking 
converts  the  same  material  into  a  hard  plastic.  Various 
techniques  are  available  for  controlling  the  degree  of  cross- 
linking,  such  as  irradiation  and  the  use  of  chemical  cross- 
linking  agents.  These  techniques  can  be  adapted  to  producing 
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gradiontn  in  the  degree  of  cross l inking.  Some  of  then*?  tech¬ 
nique*  have  been  considered  by  Ferry*  for  gradient  structure* 
in  hydrophilic  polymers. 

Differences  in  the  degree  of  crosnl  inking  are  alno 
associated  with  difference*  in  the  degree  ol  equilibrium 
swelling  (i.e.,  the  amount  of  solvent  imbibed  in  the  polymer 
network).  The  degree  of  equilibrium  swelling  can  a ls»?  be 
controlled  by  changing  the  chemical  nature  of  the  monomer* 

For  example,  pure  poly (hydroxyothyl  methacrylate)  can  absorb 
an  appreciable  amount  of  water.  The  addition  of  even  a  small 
amount  of  a  nonhydrophi 1 ic  monomer,  such  a*  methyl  metha¬ 
crylate,  to  form  a  copolymer  with  hydroxyothyl  methacrylate 
drastically  reduces  the  degree  of  swelling  due  to  the  absorption 
of  water.  In  general,  the  shear  modulus  of  a  polymer  decreases 
with  increasing  degree  of  swelling. 

The  average  molecular  weight  and  the  molecular  wrluht 
distribution  are  other  variable*  af fen |„g  single- phase  polymer*. 
Since  these  variable*  can  in  principle  bo  manipulated  (e.g.,  by 

high-nhear  flow),  corrcNponding  gradient  structure*  may  be 
achieved. 

Oriented  polymer*  powsesr  certain  unique  features  which 
distinguish  thorn  from  unoriented  corn.  For  instance,  biaxial ly 
stretched  polycarbonate*  offer  superior  resistance  to  crating 
and  uniaxially  stretched  nylon  bn*  improved  yield  resistance. 

Gradients  In  the  degree  and  the  direction  of  the  orientation 
are  of  obvious  interest. 
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in  Urn  synthesis  of  blo.-k  copolymers  and  tlm  third  the  synthesis 
ol  graft  eojiolyiAiirs.  The  preparation  of  polyblends  by  mixing 
U  the  simplest  and  most  flexible  method.  The  struetures  of 
block  and  graft  copolymers  are  on  o  finer  sea  than  <-"030  o£ 
the  poly blond*. 

The  morphology  of  hetcrophasc  mixtures  results  from 
tno  amount  and  configuration  of  the  constituent  phases.  In 
one  possible  ca si,  one  phase  is  continuous,  i.c.,  the  matrix, 
anil  the  particles  of  the  other  are  dispersed  in  it.  The 
variable,  are  the  amount  of  the  dispersed  phase  and  the  sires 
and  shape,  of  the  particles  of  thir  phase:  for  example,  they 
may  be  spheres,  rods  or  platelet:,.  In  another  ease,  each  of 
the  two  phases  is  interconnected  with  itself  and  the  two  phases 
are  interpenetrating.  In  the  third  case,  alternating  layers  of 
the  two  phfises  occur. 

In  polymers  some  of  these  different  configurations  can 
be  generated  by  varying  -he  relative  amounts  of  the  components 
or  by  the  method  of  preparation.  An  example  of  the  latter  is 
the  preparation  of  a  polystyrene-continuous  matrix  of  a  styrene 
butadiene-styrene  block  copolymer  by  casting  from  its  solution 
in  tetrahydrofuran/methyl  ethyl  ketone,  whereas  a  polybutadiene 
continuous  matrix  of  the  same  block  copolymer  results  if  it  is 

c««t  from  a  solution  of  benzene/heptane. 

Gradients  of  the  morphological  features  of  heterophase 
system,  may  involve  the  amount,  the  particle  size  and  particle 
shape  of  the  dispersed  phase.  Typical  examples  of  geometrical 
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possibilities,  applied  on  the  scale  of  composite  materials, 
have  been  discussed  by  Bever  and  Duwez. ‘  In  the  case  of  hetero 
phase  polymers,  a  gradient  may  be  carried  to  the  point  where  an 
inversion  occurs  according  to  the  following  scheme: 

f  .  ,  f  a  disDersecA  f Interconnected  mixture! 

f particles  of  A  dispersed  )  ♦  1  of  A  and  B  J 

1  in  matrix  of  B  J  v. 


v* 


B  J  V°f  A  and 

f Particles  of  B  dispersed! 
y  in  matrix  of  A  J 


clients  Involving  Monpolymerlc  Components 
Reinforcing  fillers,  usually  nonpolymeric  in  nature, 
cause  marked  changes  in  the  properties  of  polymers,  e.g.,  carbon 
black  in  natural  rubber.  The  use  of  a  concentration  gradrent 
of  a  filler  in  a  polymer  is  an  obvious  possibility.  The  good 
bonding  between  carbon  black  a*.  rubber  suggests  that  glassy 
carbon  may  be  used  in  conjunction  with  a  polymeric  phase. 

A  porosity  gradient  can  be  introduced  into  a  polymer. 

Per  example,  a  foaming  agent  may  be  suitably  incorporated  to 
bring  about  this  effect. 

Another  possible  development  is  the  joining  of  a  polymer 
with  an  inorganic  material,  such  as  a  metal  or  a  ceramic, 
through  a  gradient.  One  type  of  such  a  joint  requires  a  porosrty 
gradient  at  the  surface  of  the  inorganic  material  and  the 

pregnation  of  the  pores  by  the  polymer. 

The  doping  of  a  polymer,  such  as  the  doping  of  poly¬ 
ethylene  by  iodine,  changes  the  material  from  an  insulator  to  a 
semiconductor.  The  use  of  a  concentration  gradient  of  the 
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doping  agent  constitutes  a  possible  development. 

“rrsi  - — 

«•  "ai'  ra0Ohanl°al:  bi0medlCalatainQdn  o£  .  given 

Qf  thoso  categories,  a  varia 

t;  an  be  achieved  by  a  suitable  gradient  in  tbe  polymerrc 
property  >  than  _  property  may  be  varied  to 

system,  in  adcliti  ^  Thus 

satisfy  multiple  reguirements  o  P  ^  In  the 

the  coupling  of  several  optimal  pr 

...  co„sider  the  aforementioned  classes 
following  we  shal  applications  wherever  possible, 

properties  and  suggest  potential 

w  Properties  4ntimately 

Certain  chemical  properties  of  polymers  are 

nature  of  the  constituent  monomers.  For  exam 
related  to  the  n  it  may  be  introduced 

,  are  hydrophobic,  llydrophilicity  may 

many  polymers  ar  y  hvdrophilic 

.  BU0h  hydrophobic  monomers  with  hydro? 

by  copolymen  9  l  tion  of  the  hydrophobic 

nmers  One  example  is  the  copolymerizati 

f  stvrene  with  the  hydrophilic  monomer  of  sty 
monomer  of  styr  it  will  result  from 

sulfonic  acid.  A  gradient  of  hydrophilicity 

•  „  the  ratio  of  these  two  monomers, 
continuously  varying  f  this  type  is 

A  possible  application  for  materials  of 

14  tanks  for  aircraft  or  automobiles, 
the  construction  of  gasoline  gasoline  from 

.  >■>“  “  *  ”,  u>„  „m 
swelling  the  material,  while  a  hydrophobic  exterior 
swelling  strength  may  be 

be  inert  to  water  in  the  environment. 


I 


increased  by  blending  the  material  with  polyacrylonitrile  and 
polybutadiene,  like  ABS  resins.  The  use  of  a  gradient  in  this 
case  would  be  advantageous  for  maintaining  structural  integrity. 

Other  chemical  properties  that  may  be  imparted  to  one 
surface  layer  of  a  gradient  polymer  may  be  increased  resistance 
to  oxidation,  weathering,  high-temperature  degradation  and 
irradiation.  Resistance  to  specific  chemical  attack,  such  as 
by  strong  acids,  may  similarly  be  acnieved. 

Mechanical  Properties 

In  general,  rubbery  polymers  are  characterized  by  a 
high  elastic  limit,  low  elastic  moduli,  low  fracture  stress, 
large  fracture  strain  and  high  impact  resistance.  By  contrast, 
glassy  polymers  have  a  low  elastic  limit,  high  elastic  moduli, 
high  fracture  stress,  small  fracture  strain  and  low  impact  re¬ 
sistance.  The  values  of  these  properties  of  crystalline  polymers 
approximate  those  of  the  glassy  polymers.  Most  of  the  properties 
of  one  of  these  classes  of  materials  can  be  modified  by  the 
addition  of  a  material  from  another  class.  These  modifications 
can  be  achieved  by  methods  such  as  solvent  swelling,  degree  of 
crosslinking,  copolymerization,  filler  addition  and  blending. 

All  of  these  methods  have  been  shown  in  previous  sections  to 
be  capable  of  producing  gradients  in  composition  and  structure: 
corresponding  gradients  in  mechanical  properties  can  thus  be 
achieved . 

For  the  mechanical  properties  of  some  of  the  materials, 
geometrical  configurations  pi  y  an  especially  important  role. 
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A  good  illustration  of  this  is  the  case  of  mixtures  of  poly¬ 
styrene  and  polybutadiene  in  nearly  equal  proportions.  If 
polystyrene  is  the  continuous  phase  and  polybutadiene  the 
dispersed  phase,  the  composite  is  relatively  rigid.  If  the 
same  volume  of  polystyrene  is  present  as  dispersed  particles 
in  a  matrix  of  polybutadiene,  the  material  is  rubbery.  A 
transition  between  these  two  types  of  configuration  requires 
the  coexistence  of  domains  of  both  types  thus  leading  to  a 

gradient  in  structure  and  properties. 

Applications  requiring  a  gradient  in  strength  properties 
of  polymeric  materials  can  readily  be  envisioned.  For  example, 
if  a  relatively  weak  material  is  to  be  fastened  to  a  structure, 
tho  region  in  which  the  fastener  is  to  be  applied  should  have 
higher  strength.  This  can  be  achieved  by  a  suitable  gradient 
material.  Another  example  is  the  provision  of  a  surface  layer 
that  is  resistant  to  indentation  and  abrasion.  The  case  of  a 
soft  surface  layer  on  a  hard  substrate,  which  is  of  special 
interest  for  biomedical  applications,  will  be  mentioned  in  the 

next  section. 

The  damping  capacity  of  polymers,  due  to  their  visco¬ 
elastic  nature,  is  highly  frequency-dependent  at  u  given  tempera¬ 
ture.  The  usefulness  of  a  polymer  as  a  damping  material  is 
confined  to  a  limited  frequency  range.  This  range  may  be  ex¬ 
tended  by  using  graded  materials  (prepared,  for  instance,  by 
copolymerization)  oach  of  which  has  a  damping  maximum  at  a 
different  frequency.  Tho  gradient  in  this  application  must  not 
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be  steep  in  order  to  achieve  maximum  effectiveness. 

Biomedical  Properties 

Two  essential  requirements  for  blomaterials  are 
compatibility  with  blood  and  tissues  and  inertness  to  body 
fluid*.  Both  of  these  are  surface  properties,  and  hcnco  can 
be  achieved  by  the  use  of  gradient  polymers.  Mlicone  rubber, 
for  instance,  is  a  versatile  biomaterial.  However,  its  lack 
of  rigidity  limits  its  range  of  applicability.  By  combining 
silicone  rubber  with  a  rigid  base  material  in  a  continuous 
gradient,  this  limitation  may  be  overcoat.  Ferry*  has  analyzed 
mechanisms  of  achieving  the  same  effect  in  hydrophilic  polymers. 

Classy  carbon  is  known  to  possess  good  biomedical 
properties.  The  possibility  of  forming  a  gradient  material 
consisting  ol  such  polymers  has  been  mentioned  earlier.  Such 
a  material  would  be  of  obvious  interest  for  some  biomedical 
applications. 

Transport  Properties 

The  transport  properties  of  interest  here  comprise  the 
electrical  conductivity,  heat  conductivity,  and  mass  diffusivity. 
Each  type  of  those  transport  properties  depends  on  the  character¬ 
istics  of  the  polymeric  system. 

Generally  polymers  are  good  electrical  insulators. 
However,  by  special  modification  some  of  them  may  be  made  into 
semiconductors.  The  example  of  iodine-doped  polyethylene  his 
been  mentioned  earlier.  On  the  other  hand,  as  insulators 
polymers  vary  in  their  dielectric  strength.  Polymeric  systems 
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with  ayat tally  varying  conductivities  or  dielectric  strengths 
can  be  obtained  by  suitable  gradients. 

Since  polymers  are  poor  heat  conductors*  they  are  used 
ss  thermal  Insulating  materials.  They  are  particularly  effective 
in  the  form  of  f>ams*  e.g.t  "Styrofoam".  A  problem  encountered 
in  the  use  of  polymeric  foam  as  a  thermal  insulator  for  cryogenic 
fuel  tanks  in  rockets  has  been  dolamination  duo  to  thermal  shock. 
This  difficulty  can  probably  be  overcome  by  the  use  of  a  gradient 
material*  which  combines  in  a  continuous  manner  across  its 
thickness  the  insulating  capacity  due  to  porosity  and  mechanical 
strength. 

Many  polymers  permit  the  diffusion  of  liquids  and  gases 
of  low  molecular  weight.  In  applications  in  which  permeability 
is  undesirable*  such  a  polymer  may  be  made  impermeable  by  the 
Introduction  of  an  impermeable  surface  layer.  The  layer  may 
confer  greater  mechanical  strength  by  a  gradient  structure  with 
the  bulk.  On  the  other  hand,  selective  permeability  for  some 
substances  may  be  useful.  Examples  are  polymeric  isembranes 
used  for  sea  water  desalination  or  hstsodialysis.  In  such 
Instances  a  gradient  structure  may  impart  superior  mechanical 
strength  and  rigidity  without  risk  of  delamination. 

Combination  of  Properties 

In  the  foregoing  four  sections,  we  have  been  primarily 
concerned  with  the  spatial  variations  of  a  single  property. 
However,  several  applications  considered  involve  the  combination 
of  more  than  one  property.  An  example  of  this  is  the  use  of 


n 


polymeric  foam  with  variable  poro.lty  ..  a  thermal  ln.ul.tor 
In  which  •((net*  of  both  th.  thermal  and  mechanical  property 
gradionta  .re  operative.  Application,  requiring  combination, 
of  mechanical  proper  tie,,  with  any  of  th.  other  propertie.  can 
certainly  bo  enviaioned.  Coupling  of  gradient,  of  variou, 
properties  ia  generally  feasible. 
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EFFECT  OF  STRAIN  ON  THE  FERMI  ENERGY 
OF  SIMPLE  METALS 

R.  Gomer  and  R.  M.  Thomson 


Abstract 


The  effect  of  the  strain  on  the  chemical  potential 
and  work  function  of  a  metal  is  reinvestigated.  The  result 
i»  of  some  importance  for  electron  emission  from  metal  tips 
under  high  fields  and  at  crack  tips.  The  results  show  that 
the  chemical  potential  change  is  more  complex  than  that  pre¬ 
dicted  in  an  earlier  work  by  Schrieffer  and  Tiller,  but 
usually  of  the  same  sign. 


EFFECT  OF  STRAIN  ON  THE  FERMI  ENERGY 
OF  SIMPLE  METALS 

R.  Gomer  and  R.  M.  Thomson 

The  effect  of  elastic  deformation  on  the  Fermi  energy 
of  metals  is  of  some  relevance  to  stress  corrosion  cracking, 
since  high  stresses  and  consequently  strains  may  occur  at  the 
crack  tip.  It  is  also  of  some  interest  in  connection  with 
field  emission,  and  even  more,  field  ionization  and  field  de¬ 
sorption,  since  the  very  high  electric  fields  required  for  the 
latter  cause  stresses  of  the  order  of  10 11  dynes/cm2  and  thus 
strains  of  the  order  of  6  «  0.02  to  0.05.  The  problem  has  been 
considered  by  Schrieffer  and  Tiller1  in  terms  of  the  parameters 
of  a  free  electron  gas  without,  however,  taking  into  consideration 
that  the  deformation  changes  the  lowest  energy  level  of  the  free 
electron  gas,  i.e.,  shifts  the  bottom  of  the  box.  It  turns  out 
that  this  effect  is  appreciable,  and  we  present  here  a  calcu¬ 
lation  which  would  be  reasonably  valid  for  free  electron-like 
mstals,  i.e.,  those  in  the  left  hand  portion  of  the  periodic 
table.  We  emphasize  at  the  outset  that  no  attempt  has  been 
made  to  calculate  the  change  in  surface  dipole  moment  caused 
by  the  deformation,  so  that  our  calculation  applies  strictly 
only  to  the  inner  potential. 

For  metals  which  can  be  treated  by  the  Wigner-Seitz 
method  the  average  energy  per  electron  is  given  by2 
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E  «  e0  +  2.21a/r2  +  1.2Z2/s/re  -  . 916/rfi  +  W(re)  Rydberg  (1) 

where  eo  is  the  energy  of  the  lowest  electron  ie  state, 
a  ■  m/m*  with  m*  an  effective  electron  mass,  Z  the  valence 
of  the  atoms  of  the  metal,  W  a  correlation  energy,  and  r  the 
radius  of  a  sphere  containing  just  one  electron,  in  Bohr 
units: 

r .  ■* 

,  3  _  3  _ 


lij"i  *  V/ne 

o 

where  a^  =  0.531  A,  V  the  volume  of  the  system,  and  n  the 
number  of  electrons  in  it. 

The  chemical  potential  p  is  defined  as 

e 


(2) 


1  re  1 

3  FI+T75TJ 


(3) 


where 


Ek  =  2.21 (m/m*)/r 


cx 


and 


w  =  - 


=  (1.2Z2/s  -  . 916)/r 

.88 


e 


rjmr 


(4a) 

(4b) 

(4c) 


where  we  have  used  in  (4c)  the  Wigner  interpolation  form  of 
the  correlation  energy2. 

Lot  us  assume  that  a  piece  of  metal  is  compressed 
(dilat< j)  uniformly  and  reversibly.  The  mechanical  reversible 
work  U  done  on  the  system  is 


U  -  Vk'62/2 


(5) 
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where  k'  ia  an  appropriate  nodulua.  Thus,  the  energy  increase 
per  electron  u  la 

vk'6,/2  -  Ac,  ♦  AEk  ♦  AECX  ♦  AW  (6) 

where  v  ia  the  volume  per  electron*  (4/3)«a^  r^.  Note  that  u 
la  alwaya  positive  regardless  of  the  sign  of  A*  when  a  system 
is  deformed  from  ita  equilibrium  atate.  The  A'a  in  Equation  t 
refer  to  the  changea  in  the  varloua  terma*  defined  in  Eqa.  4a-c 
when  the  electron  radiua  changea.  Zn  an  ab  initio  calculation 
we  could  determine  the  elastic  constants  of  the  metal  from 
Eq.  6  if  the  form  of  c,(r#)  were  known.  We  content  ourselves 
here  with  a  much  more  modest  approach!  we  will  assume  the  moduli 
to  be  known  and  will  thua  solve  for  At,s 

Ac,  -  u  -  AEk  -  A*CJ|  -  AW  (7) 

Since  the  signs  of  all  but  the  first  terms  on  the  right  side 
of  Eq.  7  depend  on  the  sign  of  the  strain*  Ac,  can  be  positive 
or  negative*  of  course.  The  change  in  u  ia  now  found  very 
simply  from  Eq.  3  and  7* 


fW(r' )r ' 

e  e 

w<re>r 

[rjrnr 

rrn 

W(r#)r# 

(!) 

r#*7.l 

which  yields  in  terms  of  strain  £  ■  (r^-re)/rf 


•II 


.*9r 


All 


*  vk'4#/J-<***Vri>TlTTTT  ’  (r0*7.iF  m 


In  terns  of  Young's  nodulus  k,  end  of  Poisson's  retio 


v, 


9k 


K*  /J  *  6 ( 1-777 

•o  thst  we  hsve  for  the  first  tern  on  the  right  of  Eq.  9 

u  .  3.9  •  iO-11  T&XY  r;  A*  Rydberg 


(10) 


(ID 


Wuner icsl  Results 

Table  I  Hate  the  reeulte  for  potaaalu.,  alu«lnu.,  and 
t uneaten,  baaed  on  tha  para.at.ra  littad  and  a  v.lu.  of  v  •  0.). 
The  affact  of  tha  u  tar.  la  eonaldarabla  aa  can  be  aaan  fro. 
tha  difference  in  tha  abaolute  vaiuaa  of  tv  for  tanalla  (‘  poei- 
tiva  and  eo^raaalva  (t  negative  atraln).  In  tha  caaa  of 
t uneaten  tha  vaiuaa  Hated  are  baaed  on  an  affaetlva  valance 
of  S,  i.a. ,  tha  d-electrone  are  included.  It  My  be  Kira 
correct  to  atuw  that  tha  lareeat  contribution  coca  fro.  e- 
alactrona.  in  -hlch  can.  the  r.  value  for  W  would  be  v  J.  If 
thla  war.  the  caaa.  the  u  tar.  would  prado.ln.ta  to  the  aat.nt 
of  chnnelne  the  alen  of  4v  for  tanalla  .train.  It  .u.t  b. 
added  however  that  in  the  caaa  of  tranaltion  eta la  part  of  tha 
work  tar.  (or  alternately  a  fraction  of  Younc’e  cdul  Ja)  .uet 
be  aeelened  to  era  cor.  interaction.,  ao  that  the  affaetlva  k 
ehould  undoubtedly  be  acllar  than  the  overall  value.  Thla 
would  tend  to  d.a<*ha.l*e  tha  effect  of  tha  u  ter.. 
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Change  in  Work  Function  with  Mechanical  Stress 

We  consider  at  first  only  free-electron  like  metals 
to  which  the  Wigner-Seitz  method  can  be  applied. 

The  average  energy  £er  electron  is  given  (Raimes  p.  276, 
Eq.  9.92)  by 


E< 
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r  +7. 8 
e 
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7  saH  (v  J  i.e.,ra«  atomic  ratios  in  Bohn 
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Therefore,  in  terms  of  r 
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The  chemical  potential  is  defined  as 
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Now  a  strain,  caused  by  mechanical  work  increases  nE(r_)  » 

*  G 

Er*r  “  Vk62/2  ^  "  strain'‘  k  "  modulus).  Thus  if  v  * 

volume  per  electron 

All  *  v  k  2/2  ■  Aeo  +  AEk  +  AEcx  +  AW 
where  A  *>  f  r  ' )  -  f  (r  )  with  r  ’  referring  to  effect  in  the 

6  6  G 

electron  radius  for  the  strained  system.  Thus, 


Ae  o  -  AU  -  AEk  -  AEcx  -  AW 
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72  +  .66  x  2.21  llfTT-  +  .4Z‘/3  [|t|t]  “  •  305(f7?T 


.293  fr'-r |  _  _  .293  Ar 

r+7Tff  (lT77ffj  (F+7.TTT2 

Ar *  2  .4Z2/3Ar  .  . 3Q5Ar  .293Ar 

AM*  -  kfi*/2  +  1.47  -  £jhr-  -  — yj -  +  “r7 - (T+OT 

whore  we  have  approximated 
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also,  —  *  36 


AU  for  compressive  stress  is  9 (1-vT  ^v]  per  unit  volume‘ 

where  k  =  Young's  modulus,  and  v  -  Poisson's  ratio  ^.3 

AU/electron  is 
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To  convert  to  Rydberg 
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note  on  density  determinations 
on  amorphous  materials 

Robert  Gomer 

Abstract 

A  possible  method  of  measuring  the  density  of  amorphous 
films  is  described. 
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NOTE  ON  DENSITY  DETERMINATIONS 
OF  AMORPHOUS  MATERIALS 


Robert  Gomer 

It  appears  that  the  determination  of  the  density  of 
amorphous  films,  for  example  of  Ge,  is  of  some  importance 
in  the  interpretation  of  the  optical  electrical  and  structural 
properties  of  such  materials.  The  following  scheme  may  be 
useful  in  this  connection.  In  order  to  determine  the  density 
it  suffices  to  know  the  mass  and  volume  of  the  film.  The 
former  can  be  determined  with  great  accuracy  and  sensitivity 
by  means  of  a  quartz  oscillator  microbalance1.  The  volume 
can  be  obtained  from  a  knowledge  of  the  area  of  the  quartz 
crystal  onto  which  the  film  is  evaporated  or  sputtered  and 
the  thickness  of  the  film.  If  the  film  is  thin  enough  for 
optical  transmission  its  thickness  can  be  determined  accurately 
by  ellipsometry 2 . 

For  opaque  (but  reflecting)  films  interferometric 
techniques  also  exist3  for  determining  film  thickness,  In 
order  to  compensate  for  the  roughness  of  the  original  quartz 

O 

surface,  which  may  well  be  of  the  order  of  1000A,  it  might 
be  necessary  to  evaporate  a  pre-deposit  of  this  order  of 
thickness,  of  the  material  to  be  studied,  heat  it  to  near 
melting,  and  thus  obtain  an  artificially  smoothed  surface. 

If  a  mask  of  somewhat  smaller  dimensions  is  now  put  in  front 
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of  the  quartz  crystal,  the  weight  and  additional  thickness  of 
any  further  deposit  may  be  determined  with  respect  to  the 
smoothed  substrate.  The  degree  of  roughness  of  the  original 
quartz  and  of  the  smoothed  surface  can  of  course  be  determined 
interferometrically. 
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MODIFIED  NULL-FLUX  MAGNETIC  SUSPENSION 
AND  PROPULSION  SYSTEM  FOR  IIZGII-8PKKD  TRANSPORTATION 

M.  Tinkham  and  P.  L>  Richarda 


Abstract 

A  detailed  Fourier  analysis  is  given  of  a  new  hybrid 
system  for  magnetic  suspension  and  propulsion  of  high-speed 
trains  ("300  mph).  The  hybrid  system  combines  the  advantages 
of  null *flux  (low  drag  and  feasible  synchronous  propulsion) 
with  those  of  the  image-force  scheme  (a  cheap  smooth  track, 
typically  1/4"  aluminum  sheet)}  its  disadvantage  is  that  it 
requires  a  double  set  of  opposing  train  magnets  (as  does  one 
of  the  null-flux  system  already  proposed  by  Powell  and  Danby). 
The  analysis  shows  that  a  drag/lift  ratio  as  low  as  1/80  should 
be  obtained  with  reasonable  parameter  values,  far  superior  to 
any  simple  image-force  system,  and  much  less  than  air  drag 
over  the  useful  speed  range.  Another  advantage  of  this  system 
to  the  image-force  scheme  is  that  its  strong  magnets  facilitate 
synchronous  propulsion.  It  is  shown  that  the  active  track  re¬ 
quired  for  this  propulsion  could  be  energized  in  sections  of 
several  miles  without  undue  power  loss.  The  stability  of  this 
drive  is  studied,  and  shown  to  offer  no  serious  problems  for 
small  fluctuations,  but  there  may  be  a  serious  problem  in  main- 

Pneinmi  Mak 

-33- 


taining  aynchroruam  during  piannad  or  accidental  or  acce l era tionn 
and  decolorations. 
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/ 


Introduction 

Richards  and  Tinkham  have  prosentod  an  analysis*  of 
magnetic  levitation  of  high  speed  trains  which  compared  two 
proposed  systems:  1)  a  periodic  array  of  magnets  moving  over 
a  conducting  ground  plane  (the  "image-force”  scheme)  and, 

2)  the  Powell-Danby  "null-flux"  scheme.  The  latter  uses  a 
symmetric  system  of  coupled  coils  for  the  track  to  obtain 
lower  drag,  hut  at  the  expense  of  a  more  complicated  track 
which  would  increase  costs  to  some  degree  as  well  as  introduce 
*  certain  amount  of  vibration  in  the  suspension. 

It  ha.  been  suggested**  that  a  modified  null-flux 
scheme  using  a  thin  conducting  sheet  (rather  than  coild) 
between  two  set.  of  opposing  train  magnets  might  combine  the 
;  l0W*dr*9  feature  of  the  null-flux  scheme  with  the  simple  smooth 
Mck  construction  of  the  ground  plane  scheme,  at  the  expense 

ot  .(oubling  the  magnet  reguiroment  on  the  train,  since  there 

will  be  hundreds  of  miles  of  track  t ^ 

track,  and  relatively  few  trains, 

•uch  a  tradeoff  could  be  quite  attractive.  A  further  advantage 
of  the  null-flux  schemes  i,  that  synchronous  propulsion  by  an 
active  track  is  facilitated  by  the  stronger  magnets  which  such 
scheme,  us.  to  get  a  stiffer,  lower-drag  suspension  than  is 
feasible  in  image-force  suspensions,  since  dc  superconducting 
magnets  u.o  no  power,  it  is  evidently  desirable  to  capitalize 

♦Last  year’s  ARPA  Report. 

c^icStlor^  <R°itZ  ^erts..  indirect  private 
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on  the  cheap  availability  of  such  strong  fields. 

In  this  report,  we  present  results  of  an  analysis  of 
this  modified  null-flux  scheme  which  confirms  that  ~uch  a 
scheme  offers  some  very  desirable  features. 


General  Expressions  for  Lift  and  Drag  Forces 


We  assume  throughout  that  all  fields  vary  as  e  , 


with  k  =  2TT/i,x,i,x  being  the  magnet  period.  Then  the  lift  and 
drag  forces  per  unit  area  are  given  by 


PL  “  Fz  " 


-  |  Re 


J  *  B  dz 
y  x 


1 

F_  =  F  =  —  Re  J  *  B  dz  , 

D  x  c  y  z 

where  r.m.s.  values  are  implied  throughc  .t,  and  the  integration 
is  through  the  thickness  of  the  conducting  sheet.  It  is  con¬ 
venient  to  re-express  these  results  in  terms  of  the  field  only, 

-►  4tt  ■£ 

using  Maxwell's  equations  VxB  ■  —  J  and  V*B  ■  0.  Thus 


where  i,,u  refer  to  tne  lower  and  upper  sides  of  the  plate. 
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This  result  could  be  written  down  by  inspection  us  the  differ¬ 
ence  in  the  magnetic  pressures  on  the  two  sides  of  the  pinto. 

Under  all  useful  regimes,  |B  i  <<  In  I  ■**.  *.1 

z1  lBxl  at  the  surface,  so  that 

this  can  be  simplified  to 


PL  =  ~ 


V’  -  I  Bm|* 


8tt 


Tn  Re  V  ABX 


ere  ABx  ~  (BX£_BXU)  measures  the  net  current  in  the  sheet 

anHn  -  /n  ... 


(1) 


(la) 


'x  “  x£  Xu 

and  Bx  ,  (BxA+Bxu)/2  is  the  appropriate  average  field. 


-x  “  '"xATiW 

Similarly,  the  drag  force  is 
,3B* 


FD  *  (tt)  Ref  [jT  +  ^Bz*|bz  dz  , 

The  second  term  is  purely  imaginary  and  drops  out.  Using 
V*B  *  0  and  the  skin  effect  equation 


where 


3^  =  (7’  -  B  -  (|4  +  k*jB 


6  2  =  c2/27raw  =  c2/27rakv 


the  first  term  can  be  transformed  so  that,  after  dropping  an 

imaginary  term  and  dropping  the  minus  sign  to  get  the  magnitude 
of  the  force,  we  have 


D 


2  rr 


JL_  [ 

k6-  j 


B 


dz 


ov 

c7 


B. 


dz 


(2) 


JL  _Y_  <  d  2  > 

2ir  v  1  z 1  av 

a 


(2a) 


where  v  =  c?/2irad  is  the  characteristic  velocity  (~15  mph  for 
o 

a  1/4"  aluminum  plate)  introduced  in  our  previous  report.  This 
result  can  be  obtained  more  simply  (but  with  loss  of  sign  infor¬ 
mation)  by  considering  the  power  dissipation 


oEy 2dz ,  where 


E  =  (v/c)  B  ,  and  equating  it  to  F_v. 
y  z  u 

The  results  (1)  and  (2)  are  general  formal  results, 
not  limited  to  the  thin  sheet  case. 


Determination  of  Fields 

The  fields  in  the  sheet  are  determined  by  matching  them 
to  the  external  fields  at  the  boundaries.  These  external  fields, 
being  periodic  in  x,  are  exponential  in  z,  and  have  the  general 
form 


B  *  B+e 


kz 


+  B  e 


-kz 


The  magnet  currents  uniquely  determine  the  strength  of  the  term 
which  decays  toward  the  sheet.  This,  in  turn,  fixes  a  linear 
combination  of  the  field  and  its  derivative.  For  example, 


B  + 


1  dB 
k  dz 


2B+e 


kz 


If  we  specify  the  strength  of  the  source  in  terms  of  the  field 


-39- 


“°.tt  tHe  hei?ht  “  °f  thG  ma9not  abovo  ‘ho  shoo,,  thon 

+  -  V  Tllus'  “owe  just  outside  tho  upper  and 

lower  surfaces  ,at  ,  .  W2>  raUst  satisfy 


n  4.  1  dB  “Jth 

B  +  £  gr  =2Be  u 
az  u  ou 


ij  _  1  dB 

“  p  3? 


=  2I3_  .  e 


Using  div  B  and  curl  B  =  0  »•  .  tun 

'  Bz  *  -ifcD  and  B*  «  ikB 

:::rin9  the  —  — -  theiundary 

conditions  become  ^ 


BV11  +  iB  =  h 
xu  zu  u 


^vp  ™  X  B  n  as  K 
X*  2JI  • 

The  conditions  ,3a,  are  „,ore  convenient  that  ,3,,  sinoe  j  ,, 

continuous  across  tho  boundary,  whereas  dB^/d,  is  not. 

We  now  must  find  the  field  _ 

with  these  boundary  conditions.  Both  J  ^  C°n8iStent 

ns.  Both  components  of  this 

obey  the  equation  field 


fr  B 


so  that 


3F?  “  (fr  +  k 2  j  b  *  |A 


since  (k<5)2  (2tt6/£  )2 


typically  S  IS.  Tho  solutions 
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this  second-order  differential  equation  have  two  Adjustable 
constants,  which  can  be  takon  to  be  the  value  and  slopo  at 
z  ■  o,  the  midplane  of  the  sheet*  Then  the  solutions  have 
the  form 

U(z)  •  U  (0 )  1  +  -jt  -  ♦  •  •  • 


♦  !»'  (0) z  1  ♦  3  fy  -  ^  fr  ♦  ••• 

(5) 

Moreover,  the  Maxwell  equations  relate  the  x  and 

z  components 

as  follows: 

“i  ■  (£  ♦  H  "T  5  v^a  **»  • 

(6a) 

“i  -  -il>  Ux  • 

(6b) 

where  again  we  have  dropped  kd  compared  to  v/vQ,  since  for 
useful  ranges  of  parameter  values,  kdv  /v  <  0.01.  Thus,  the 
internal  fields  are  completely  specified  by  any  suitable  pair 
of  parameters  among  the  set  B  (0),  B'(0),  t»  (0),  B'(0). 

A  A  Z  * 

In  applying  tho  boundary  condition  (3a)  to  determine 
these  parameters,  it  is  convenient  to  form  the  sum  and  differ¬ 
ence: 


bu 

♦  ut  - 

<bxu  ♦ 

Dxt> 

♦  i(D 
'  zu 

D« 

bu 

-  bt  - 

<nxu  - 

Bxt> 

♦  i  (B  4 

'  zu 

"rl 

or,  using  (5)  and  carrying  only  the  lcadim  toms  in  d’/A7 
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bu  *  bt  •  *V#><»  ♦  id>/44'>  ♦  l„idu  t 

bu  "  bt  *  UA,',,d<1  ♦  idl/126>)  ♦  2UI.(0)U  ♦  id'/46’l. 
Replacing  the  derivative,  using  (6),  thin  become, 

b“  *  b‘  ‘  aV*>«  *  W’/M'l  .  »,dVo,(l  .  ,dVl2aO. 


•  2Ux<0)  (1  ♦  ld,/46t)  , 


(Bn 


■lnce  kd  <<  1.  Similarly,  one  find* 

bu-b,-«l<«)^(w^j  +  (1.|iTj  .  „b, 

New,  It  V.  drop  th.  correction  term.  In  d>/4\  (8)  l..d.  lo 
the  simple  ro.ultet 


B*(OI 


Vbt 


bu’bi 


V#l  -refeny 


(9) 


Which  complete ky  determine  the  field  ,.nd  „e„ce  th.  lorco)  i„ 
term,  of  th.  .ource  strength.  bu.  b(.  Since  detailed  ex.nln.tl 
Of  the  effect,  of  the  d»/4*  term.  .how.  th.t  they  load  to 
corrections  in  the  force,  which  .re  typic.ll,  «»/!«’.  we  ex¬ 
pect  those  simple  re.ult.  to  be  quite  reliable  ,o  long  a.  d<4. 
Although  the  detailed  formulation  given  here  in  needed  to  in¬ 
vestigate  how  good  the  approximation  in,  these  simple  result, 
can  be  obtained  by  considerably  more  elementary  means. 
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Computation  of  Forcec, 


Using  (1)  and  carrying  only  leading  terms,  the  lift 
force  can  bo  written 

kL  “  4V  1,0  K  Al'x  ’  Ro  V0)*  "i'°> 


.  <1  f  2v  | 

■nr  IviJ 


Re  DM0)  B,  (0) 
X  z 


v  <bu-b.) 

*£r0  Ro(VbI>*  77571- 

bu’-V  t 

5n  l'+v  »/v»  ' 


(10) 


(The  chango  in  sign  convention  relative  to  (1)  arises  since  we 
want  the  lift  force  on  the  magnet  structure,  not  tho  track.) 

We  take  bu  and  b  an  real,  which  can  bo  done  so  long  ns  the 
upper  and  lower  magnet  structures  are  not  relatively  displaced 
along  the  x-axis.  In  view  of  the  definitions  of  bu  and  b^  in 
(3),  wo  see  that  this  reduces  to  our  earlier  result  for  the 
single-sided  case: 


single- 

sided 


B  ?  -2kh 
_  o  e _ 

i+v0Vv» 


T*v77^ 


(li) 


(The  old  formula  had  D _//4u  rather  than  B  */2*  because  B  was 

o  o  o 

a  peak  value;  hero  it  is  an  RMS  value. 

Now  let  us  consider  instead  of  a  symmetric  arrangement, 
ono  with  displacement  from  the  symmetry  plane,  the  configu¬ 
ration  which  provided  the  motivation  for  this  analysis.  Thon 


43- 


b  *  2B  e 
u  o 


-k(hQ-Ah) 


b.  »  2B  e 
X  o 


“k  (h  +Ah)  , 


(12) 


so  that 


kAh 


F  *  — 2l_  e_2kho  S-inH.2kAh  B  2  2  -2kh  ___ 

L  tt  i+v'Vv*  7T  Bo  °  I+v""Vv4 

O  0 


(13) 


5  F 


kAh 
°°  i+v  2/v 2 


since  kAh  will  be  small  in  reasonable  applications.  As  expected 
in  a  null-flux  geometry,  the  lift  force  increases  linearly  with 
the  displacement  from  the  symmetry  plane. 

Using  (2),  the  drag  force  is 


F  »  *  JL  <IB  1 2> 

o  2tt  v  •  zJ 
o 


|8g(0)|»  +  |B'(0)|*  d:!/12 


.<3/2 


|BZ(0)  +  b;(0)|Mz 


-d/2 


.  ; 


2  J  2 


SO 


H  ;r  |BZ«»I!  +  Srf-|BX  (0)  I  1 


(14) 


P  _  1  v  <L>u-L>A ^  2  kzd2  M  .  , 

fd  "  37  T+v~r/vo !  +  ~TT  (bu+ba)  •  (15) 

Again,  this  reduces  properly  to  the  usual  single-sided  result 
if  one  sets  b^  *  o  and  drops  the  negligible  term  in  k2d2.  But 
for  the  nearly  symmetric  case,  this  term  cannot  be  dropped 
since  it  provides  irreducible  minimum  drag  even  when  b  =  b0 . 

U  Xt 
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/ 


Using  (12) ,  the  drag  force  becomes 

-2kh 


Fn  =  \  B2e 
D  TT  O 


o  v  sinh 2  kAh  .  k2d2  ___u2 

~  r+vVv  2  tt  cosh  kAh 

0  0 


2  A  2 


~  2  Q2  ~2kho  _v_  (Ah) 2  .  ..  >. 

7T  O  V„  1 +V2/V  2  12 

0  0 


k'd 


(16) 


for  small  displacements  Ah. 

To  carry  the  analysis  further,  it  is  convenient  to 
examine  the  drag  normalized  to  the  lift,  which  will  of  necessity 
have  the  constant  value  Mg,  whore  M  is  the  mass/area  of  the 
train.  (This  is  just  the  reciprocal  of  the  more  commonly  used 
lift-to-drag  ratio.)  Combining  (13)  and  (16),  we  have 


v  k2  (Ah) 2  k2d2 

V  l+v2/v  2  12 


I+VqVv2 

kAh 


_  uu  j.  _  _d2  Vo  kd2  v 

"  kAh  1  +  12  (Ah)  2  ~  +  T3OT  v~ 


In  the  useful  regime  where  v  >  vQ  and  d  <  Ah,  the  correction 
term  d2/12(Ah)2  is  always  small.  Thus  we  can  write 


FD  vo  ,  kd 2  v 

ft  -  kAh  —  +  T2Sh  — 

L  0 


(17) 


This  normalized  drag  has  a  minimum  value 


(F/F).  =  —  =  £L_  ^  _1_ 

U  D' 1  L  nun  /j  ^  80 

at  a  characteristic  velocity 


(18) 


_  n  /T  Ah  n  C‘  M  „  , 

v  -  2/J  vo  T  T  -5JT-  *  50  m-P-h 


/3  c 2  Ah 


(19) 
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aluminum 


(The  representative  values  quoted  are  for  a  1/4" 
sheet,  a  magnet  period  of  6  feet,  and  Ah  ~  1/4".)  Thus,  (17) 
has  the  normalized  form 


Vfl 


min 


1  v 

2  V 


(20) 


Note  that  the  drag  is  within  25%  of  its  minimum  value 
over  the  velocity  range  from  V/2  to  2V.  Thus,  if  2V  were 
chosen  to  be  the  full  speed  of  the  train,  say  300  mph,  then 
the  drag  from  75  mph  to  300  mph  would  be  nearly  constant  and 
well  below  the  air  resistance  over  most  of  this  range  of 
velocity.  Even  down  at  30  mph,  where  v  -  2v  ,  so  that  F 0  has 
reached  80%  of  its  high-speed  value,  allowing  the  magnetic 
suspension  to  take  over  from  the  wheels,  the  drag  would  be  only 
about  3  times  its  minimum  value,  giving  a  very  acceptable  lift/ 
drag  ratio  of  about  25.  On  the  other  hand,  the  lower  value  of 
V  in  the  above  example  has  the  advantage  of  lowering  the  mag¬ 
netic  drag  at  low  velocities  (where  it  is  the  dominant  drag), 
while  allowing  it  to  rise  at  higher  velocities,  where  it  will 
still  be  dominated  by  air  drag.  This  is  illustrated  in  Figure  1. 


Magnet  Requirements 

The  above  very  favorable  estimates  hinge  on  the 
assumption  that  the  magnet  strength  required  by  Ah  ~  1/4"  is 
reasonable.  This  is  determined  by  the  relation  (13),  which, 
for  v  >>  vf) ,  can  be  written 
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(21) 


Mg  -  FL  -  Fu  kAh 

where 

-2kh 

Fu,  -  (2/n )  lio7e  .  (21n) 

In  this,  is  tlie  rma  strength  of  the  fundamental  Fourier 
component  of  the  x  (or  /. )  component  of  the  field  In  the  magnet 
plane,  and  hQ  is  half  the  separation  of  the  upper  and  lower 
magnet  conductors.  nQ,  in  turn,  is  (2n/c)  ^Q,  whore  <^Q  is  the 
rms  value  of  the  fundamental  Fourior  component  of  the  magent 
current.  That  is 


I) 


%  s  h 


-ikx 


dx 


(22) 


(The  curious  factor  2//?  is  inserted  to  take  account  of  the 
existence  of  equal  components  *Vikx  in  the  real  field,  and  to 
convert  to  rma  values.)  A  simplo  example  is  a  sequence  of 
magnet  loops  f^x/2)  long,  producing  alternately  up  and  down 
fields.  If  the  current  in  oach  if  IQ,  the  transverse  currents 
add,  and  are  equivalent  to  curronts  *2Io  spaced  t^/2  apart. 
Then 

°o  "  ~V’n'  TT  “  4/5  kI0/c  •  (2: 

x 


Thu3  UQ  is  simply  proportional  to  the  transverse  magnet  current 
per  unit  length  of  train.  From  (21)  we  have 


(24) 
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Holding  BQ  (i.e.,  the  average  current  density  along  the  train? 
constant  while  varying  k,  the  minimum  Ah  (i.e.,  the  atrongoat 
lift)  ia  found  Cor 

K  ■  ShQ  or  tK  .  4»h0  ,  (25) 
for  which  caao 


Ah 

£ 


(26) 


It  ia  worth  noting  that  for  thia  value  of  k,  the  fundamental 
Fourier  component  accounts  for  about  871  of  the  total  lift. 
Hence  the  ainglc  Fourier  component  approximation  ahould  be 
quite  good,  even  for  thia  ainple  current  pattern,  ao  long  aa 
*x  no*  9roflter  than  4*ho.  If  we  aeparatod  the  aucceaaive 
loopa  by  1^/6  (aa  outlined  in  the  appendix  of  our  earlier 
report)  to  cancel  the  Jrd  harmonic  content,  the  fundamental 
component  would  give  about  981  of  ;he  lift  at  thia  apacing 
^  wo  now  take  a  reaaonablo  magnet  current 
lQ  "  300,000  amporoa,  UQ  *  35,000  Gauaa/t^  (feet)  *  6, COO 
Gauaa.  Aaaumc  a  weight  of  100,000  lba.  supported  by  a  magnet 
atructuro  100  feet  long  and  3  feet  wide;  then  Mg  *  160,000 
dynca/cm’ .  Uaing  (26),  we  find 


0.04 


(27) 


ao  that  Ah  -  0.04ho  -  0.041^4*  *  0,2%  very  near  our  design 
target.  Thus,  there  seema  to  be  no  difficulty  in  finding  a 
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reasonable  combination  of  parameter  values. 


Optimization  of  Parameters 

How  lot  us  explore  the  possibilities  for  optimizing 
the  parameter  choices*  subject  to  the  constraints  of  the 
problem.  These  include  the  following:  the  minimum  drag  ve¬ 
locity  V  should  have  a  set  value  in  the  range  50-150  mph. 

Since  V  *  Ah/od2,  this  combination  is  thus  constrained.  For 

_  M„  „2kh0 

given  D  and  Mg,  Ah  -  \  2-^—  .  To  avoid  excess  harmonic 

®  o  2n 

content,  with  its  higher  drag/lift,  we  require  x  “  £x  5  4lTho' 

the  valuo  giving  maximum  lift  for  a  given  Bq.  Subject  to 

these  constraints,  we  want  fo  minimize  (FD/FL> | min  “  ^  by 

varying  d,  o,  hQ,  Ah. 

Making  appropriate  substitution,  we  have 


I'd] 

kd  , Ac*  Ah)1*  _ 

2kh 

Ma  c2  ke 

W 

■ 

min 

/3  t/3irovJ 

B  2  2/JoV, 
o 

Clearly  this  would  bo  minimized  by  making  k  as  small 
as  possible,  but  if  k  <  l/<2hQ),  the  harmonic  components  of 
the  field  increase  the  drag,  and  also  the  lift  for  given  Bq 
falls  off.  Thus,  we  are  limited  by  that  value,  which  also 
has  the  desirable  property  of  giving  maximum  lift.  Thus: 


Me  e  c2 

t  * 

'min 

B  2  4/1  h  oV 
o  o 

According  to  this,  one  could  lower  the  drag  indefinitely  by 
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increasing  hQ.  But  this  is  limited  by  the  fact  that  we  have 

neglected  the  effect  of  the  finite  width  of  the  magnet  structure, 

which  limits  the  validity  of  our  one-dimensional  solution.  As 

shown  in  the  Appendix  of  this  report,  however,  the  one- 

dimensional  solution  is  quite  a  good  approximation  so  long  as 

w  >  iv/2  ~  27th  ,  where  w  is  the  width  of  the  magnet  in  the  y- 
^  X  o 

direction.  Thus,  we  want  to  have  hQ  <  w/2ir.  The  width  also 
affects  the  weight  Mg  per  unit  area  of  magnet,  since  M'g  =  wMg, 
the  weight  per  unit  length  of  train,  is  really  the  fixed 
quantity.  Using  these  considerations,  (29)  becomes 


min 


> 


[ 7T  e  M'g  c2  | 

U/3  V  °VW’J 


(30) 


If  w  is  limited  to  ^3  feet,  the  values  used  in  our  numerical 
estimates  U  =  6  feet,  h  =»  6  inches,  Ah  *  0.25  inches, 

A  U 

V  =  50  mph,  o  (aluminum)  effectively  reaches  this  absolute 
limit  for  any  given  (M'g/bo2). 

Summarising  the  optimum  design  relations: 

iy/2  =  2TrhQ  -  w  ,  (31) 

so  the  coils  are  approximately  square.  With  theso  relations, 

Ah  *  1  •  (32) 

o 

Of  course,  consideration:;  of  overall  system  optimization  need 
not  coincide  with  minimizing  the  magnetic  drag  alone.  For 
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example,  efficient  synchronous  propulsion  favors  a  slightly 
smaller  value  of 

Linear  Synchronous  Propulsion 

We  can  take  advantage  of  the  powerful  magnets  in  the 
train  to  make  a  simple,  efficient  linear  synchronous  drive 
system  using  an  active  track  structure  to  produce  a  traveling 
magnetic  field  which  pulls  the  train  magnets  along.  The  phase 
velocity  v^  of  the  field  is  v&x,  where  v  is  the  frequency  of 
the  field  and  i  is  its  spatial  period  (the  same  as  that  of 
the  train  magnets).  If  we  restrict  attention  for  simplicity 
to  a  single-phase  drive,  the  track  winding  could  have  the  form 
indicated  in  Figure  2.  A  current  I  makes  a  complete  circuit, 
out  and  back,  from  a  source  at  one  end. 

For  a  specific  example,  let  us  assume  =  2w,  so  the 
loops  are  square.  In  that  case,  the  total  length  of  conductor 
is  4x  the  length  of  track.  If  the  conductor  were  1"  *  1"  square 
aluminum  bus  bar,  for  example,  the  round  trip  resistance  would 
be  ~0.25M/mile  of  track.  For  comparison,  a  typical  effective 
train  resistance  is  1.5 ft  (corresponding  to  O.lg  drive  force 
at  300  mph,  which  requires  6MW,  and  assuming  a  drive  current  of 
2000  amperes.)  Thus,  with  such  a  heavy  conductor,  track  losses 
would  be  less  than  the  useful  power  even  in  a  track  segment 
extending  for  5  miles  in  either  direction  from  a  power  source. 
The  track  inductance  will  be  ~0.006  H/mile,  which  gives  a 
reactance  of  ~2.5W/milc  at  60  Hz,  a  representative  drive 
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frequency  (corresponding  to  250  mph  and  l  =6  feet).  Thus, 
in  a  track  run  of  a  mile  or  more,  the  inductive  reactance 
would  dominate  the  impedance  seen  by  the  source  despite  the 
load  due  to  the  train,  giving  a  poor  power  factor  and  requir¬ 
ing  a  high  source  voltage.  These  considerations  might  make 
relatively  short  runs,  using  thinner  drive  loop  conductor, 
supplied  with  power  by  high  impedance  transmission  lines  through 
step-down  transformers,  and  of  course  only  switched  on  when  a 
train  is  passing  over  the  section,  more  economical  in  terms  of 
total  costs.  In  any  case,  it  seems  almost  certain  that  the 
track  inductance  will  effectively  filter  out  any  harmonic  con¬ 
tent  in  the  output  of  the  variable-frequency  power  source,  so 
that  the  drive  current  may  be  assumed  to  be  a  pure  sine  wave. 

The  instantaneous  drive  force  on  the  train  is  equal 
and  opposite  to  the  total  force  exerted  on  the  track  loop  con¬ 
ductors  by  the  field  of  the  train  magnets .  Because  the  spatial 
period  of  track  currents  and  train  field  is  the  same,  the  force 
on  each  track  conductor  is  the  same.  Thus,  we  may  restrict 
attention  to  a  single  one,  of  length  w,  carrying  a  current  I 
in  the  y-direction.  Since  the  local  drive  force  is  F  =  I  B  /c, 

the  total  force  per  conductor  is  (I/c)  / B  dy  =  I  wB  /c,  where 

z  z 

B  is  the  spatial  average  of  the  field  of  the  train  magent  along 
z 

the  track  conductor.  Since  I(t)  is  a  pure  sine  wave,  only  the 
fundamental  component  in  the  Fourier  analysis  of  B  (t)  (which 
arises  from  the  fundamental  spatial  Fourier  component)  gives  a 
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non- zero  time  average  in  the  product.  Thus,  we  can  write  the 
time-averaged  propulsion  force  per  conductor  as 


F  =  ;IW  B  ((d)  COS  , 

P  c  rms  z,rms 

where  <p  is  the  phase  angle  between  the  current  and  field,  and 
id  =  kv  =  2nv/£  for  synchronous  operation. 

In  our  simple  Fourier  analysis  of  the  fields,  we  have 
no  variation  of  B,  with  y,  so  that  RMS  values  are  given  by 

kl 

B  =  B  =13  e“kh  =  4/2  — -  o"kh  ,  (34) 

z  z  o  c 


where  Bq  specifies  the  train  magnet  strength  in  its  own  plane 
and  Iq  is  the  current  in  the  train  magnet  loops  (as  discussed 
earlier)  and  h  is  the  separation  of  the  magnet  plane  from  the 
plane  of  the  track  currents.  Thus,  the  average  propulsive 
force  per  track  conductor  is 


This  result  may  appear  unfamiliar  because  of  the  exponential 

dependence  arising  from  the  Fourier  analysis.  However,  if  one 

takes  the  separation  h  to  be  the  same  as  the  hQ  -  l/2k,  which 

-kh 

was  optimum  for  the  levitation  case,  then  the  factor  ke 
=  ,  and  one  recovers  the  more  familiar  form  Fp  ~  IQ  Irmg  w/h. 

Since  the  actual  conductor  array  in  the  train  magnets 
does  not  extend  to  y  =  ±°°,  as  assumed  in  the  simple  model,  but 
rather  consists  of  approximately  square  loops,  one  might 
question  the  quantitative  reliability  of  (34)  as  an  expression 
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for  the  strength  of  the  fundamental  Fourier  component  of  B  . 

To  test  this,  we  have  developed  an  exact  formula  (see  Appendix) 

for  B  from  a  rectangular  current  loop  of  the  same  width  w,  and 
z 

we  have  numerically  estimated  the  strength  of  the  fundamental 
and  third  harmonic  Fourier  components  for  the  special  case  of  a 
series  of  square  loops.  The  results  indicate  that  the  Fourier 
coefficients  computed  for  these  two  different  current  patterns 
differ  by  only  about  10%. 

Some  insight  into  this  result  is  given  by  the  following 
observations:  The  field  in  the  center  of  a  square  loop  of  edge 

w  carrying  current  I  is  8/2  I/cw  whereas  the  field  midway  between 
two  infinite  straight  wires  separated  by  w  and  carrying  I  is  only 
8  I/cw.  Thus,  closing  the  loop  gives  a  higher  f  f  eld  than  ex¬ 
tending  the  parallel  wires  to  infinity.  On  the  other  hand,  if 
we  take  account  of  the  presence  of  two  wires  on  each  side 
(because  of  the  contiguous  loops) ,  the  parallel  wires  given 
16  I/cw.  Similarly,  taking  account  of  the  two  adjacent  loops 
(by  a  ciipole  approximation)  in  the  loop  configuration,  each 
contributes  y/w3  ==  I  w2/cw3  =  I/cw,  for  a  total  of  (8/2  +  2)  I/cw 
=  13.3  I/cw.  If  we  continue  both  calculations  to  convergence 
for  an  infinite  series  of  parallel  wires  or  square  loops,  the 
results  are  12.5  I/cw  and  -13.1  I/cw,  respectively,  again 
differing  by  less  than  10%. 

Returning  now  to  the  real  case,  in  which  we  are  inter¬ 
ested  in  the  strength  of  the  fundamental  Fourier  component 
averaged  over  the  width  w  in  a  plane  separated  from  the  magnet 
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plane  by  a  distance  h,  rather  than  the  value  of  the  field  at 
the  singlo  point  in  the  center  of  a  loop,  the  corresponding 
numerical  results  are  "IS  I/cw  for  the  parallel  wires  and 
~17  I/cw  for  the  square  loops.  I In  these  estimates  we  have 

taken  h  =>  w/6,  a  typical  value;  also,  they  must  be  reduced  by 
a  factor  of  /2  to  correspond  to  the  RMS  value  (34).]  The  fact 
that  these  coefficients  are  greater  by  some  30%  than  those 
found  above  reflects  the  fact  that  the  third  harmonic  amplitude 
is  '•1/3  the  fundamental  amplitude,  and  the  third  harmonic  tends 
to  cancel  midway  between  conductors,  while  adding  to  the  funda¬ 
mental  near  either  side.  This  causes  the  field  to  sag  in  the 
middle,  as  indicated  in  Figure  2(b).  We  conclude  that  for  a 
typical  geometry  the  simple  Fourier  analysis  result  may  under¬ 
estimate  the  drive  force  by  ~10%,  but  that  it  is  good  enough 
for  preliminary  estimates. 

For  these  estimates,  it  is  convenient  to  characterize 

the  propulsive  force  F  by  an  equivalent  acceleration  g' .  If 

P 

M'  is  the  mass  of  the  train  per  unit  length,  then 


M'g'  «  F  f- 


or 


32tt/2w  _  2irh/fi.  I0Irins _ 

e  - ; —  cos  <p 


g  _  it _ 

g  MTgJiv2 


(36) 


Taking  the  reasonable  values  M’g  =  100,000  lbs/100  feet, 
w  =  3  feet,  2,x  =  6  feet,  h  =  6  inches,  IQ  =  300,000  amperes, 
this  leads  to 
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(36.1) 


2-1  -  0.5  x  10“  **  I  ,(amp«)  cob  4 
g  rms 

Thu*,  a  drive  current  of  2000  amperes  would  provide  up  to 
iO.lg,  depending  on  the  phase  of  the  train  magnets  relative 
to  the  current  in  the  track.  Evidently  the  drive  current  re¬ 
quirement  could  be  reduced  further  by  increasing  the  width  (w) 
or  strength  of  the  train  magnets  <IQ)  or  by  reducing  and/or 
h.  For  a  typical  clearance  h  »  w/2ir  between  train  and  track, 
given  train  current  density  (IQ/ix) ,  and  given  track  dissipation 

per  mile  -I*  (1  +  2w/i  ) ,  the  spacing  l  giving  maximum  pro- 

r  rms  x  x 

pulsion  is  l  ■  </Iw  »  2/Jirh.  This  is  not  very  different  from 
the  condition  (25),  =  4TthQ,  for  maximum  lift  at  separation 

hQ  between  magnets  and  the  conducting  plane.  Thus,  if  hQ  h, 
as  is  reasonable,  the  same  value  of  &x  will  be  close  to  being 
optimal  for  both  lift  and  propulsion. 

Transverse  Stability 

The  tight  magnetic  suspension  of  the  wide  magnet  coils 
all  along  the  train  will  provide  a  very  strong  restoring  force 
against  uniform  vertical  motion,  pitch,  and  roll. 

A  magnetic  restoring  force  against  uniform  sidewise 
motion  and  yaw  can  be  established  by  vertical  conductors  along 
the  edges  of  the  conducting  sheet  track  as  shown  in  Figure  3. 
Since  this  conductor  would  not  enjoy  the  benefit  of  a  null-flux 
configuration,  its  contribution  to  the  drag  will  be  significant 
if  the  restoring  force  is  made  very  strong.  This  drag  contri- 
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tribution  can  bu  estimated  as  follows:  The  force  Fy  will  vary 
as  o2ky.  Thus , 


The  associated  drag  force  (assuming  the  vertical  conductor  is 
thicker  than  tho  skin  depth  6)  will  be  given  by 


drawing  on  tho  results  of  our  previous  report.  Thu3 


If  we  want  a  restoring  force  to  give  an  acceleration  g'  at 
displacement  Ay  from  equilibrium,  we  have 


Mg'  “  |  FD 


Dividing  by  the  weight  of  the  train,  and  rearranging,  we  have 


FD  _  6  al 
<T5y  g 


(37) 


Taking  the  representative  values  5  =  0.4"  and  g'/g  -  0*2  for 
a  maximum  excursion  of  Ay  -  4",  this  gives  FD/FL  =  1/100. 

Since  this  drag  would  double  (because  6  doubles)  on  reducing 
the  speed  from  300  mph  to  75  mph,  this  drag  is  not  negligible. 
A  carefu.  analysis  should  be  made  to  find  how  strong  the  re¬ 
storing  force  must  be  for  proper  operation.  If  the  drag  from 
this  form  of  lateral  stability  scheme  is  excessive,  one  could 
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instead  derive  the  restoring  force  from  a  more  complex  arrange¬ 
ment  of  null-flux  conductors.  For  example,  one  could  use  a 
pair  of  magnet  arrays,  canted  up  from  the  horizontal  on  either 
side  of  the  center  line,  to  derive  a  centering  force  from 
gravity.  Alternatively,  one  could  use  a  separate  null-flux 
arrangement  with  vertical  coils  to  provide  a  transverse  re¬ 
storing  force.  This  scheme  has  the  attractive  feature  that  the 
drag  would  be  essentially  zero  in  the  centered  position,  and 
considerably  smaller  than  (37)  when  a  restoring  force  was 
generated  in  an  off-center  position. 


Longitudinal  Stability 

It  is  well-known  that  there  is  a  potential  instability 
associated  with  a  drag  force  which  decreases  with  increasing 
velocity.  In  general,  we  have 


M  if  -  PP  -  Vv) 


(38) 


where  Fp  and  F^  are  the  propulsion  and  drag  forces,  respectively 
If  one  attempts  to  maintain  a  constant  velocity  v'  by  setting 
Fp  =  Vv'>'  we  have'  for  small  changes  in  velocity, 


dv 


w  UV 

M  at  =  FP  "  fd(v,)  -  (v-v) 

Now,  if  Fp  remains  constant,  this  leads  to 
M  d(v-v')/dt  »  -F^(v')  (v-v') 


so  that 
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(v-v‘  )  ~et//x 


where  the  time  constant  t  is  given  by 


x  =  -M/F^(v') 


(39a) 


Thus  fluctuations  in  velocity  will  grow  exponentially  if 
t  >  0;  that  is,  if  F^(v')  <  0,  as  is  always  the  case  for  the 
magnetic  drag  in  conventional  image-force  or  null-flux  schemes. 

In  our  hybrid  scheme,  however,  the  magnetic  drag  increases  for 
v  >  V.  When  the  air  drag  is  added  in,  all  these  systems  become 
stable  in  this  sense  at  sufficiently  high  velocities.  The  hybrid 
scheme  is  again  most  favorable,  becoming  stable  somewhat  below 
V,  which  might  be  ~50  mph.  In  fact  this  instability  is  not  very 
serious  because  x  is  so  long.  The  expression  (39a)  can  be  re¬ 
written  in  the  form 


t  =  V  L  “D  (40) 

g  Fq  Fd  dv 

from  which  we  see  that  at  100  mph,  x  is  typically  200  seconds. 
This  is  slow  enough  to  permit  stabilization  by  a  simple  feed¬ 
back  system. 

More  fundamentally,  the  above  analysis  is  incomplete 
because  it  is  based  on  the  assumption  that  the  propulsive 
force  F  remains  constant,  independent  of  v.  This  might  be  a 
fair  approximation  for  propulsion  by  a  jet  engine,  but  it 
certainly  is  inappropriate  for  either  of  the  two  magnetic  drive 
systems  which  are  under  consideration. 
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In  tne  induction  drive  system,  the  propulsive  force 
is  of  the  form 

Av/v 

Fp  ~  2Fo  1+  (Av/vq )  2  '  (41) 

where  is  the  maximum  propulsive  force,  which  occurs  when 
the  slip  velocity  Av  *  v^-v  relative  to  the  traveling  magnetic 
field  has  the  value  vQ  =  c2/2rrcd  (-15  mph  for  1/4..  aluminum). 

So  long  as  Av  <  vq,  (41)  gives  a  driving  force  tending  to 
stabilize  the  velocity.  Instability  could  result  only  from 

fluctuations  large  enough  to  decrease  v  to  a  value  near  (v  -v  ) 

<p  o'' 

where  the  propulsive  force  reaches  a  maximum,  allowing  the  de¬ 
stabilizing  effect  °f  <  0  to  reassert  itself.  By  operating 
at  a  slip  velocity  well  below  vq ,  e.g.  with  Fp  -  Fq/2,  such 
fluctuations  can  be  excluded.  Thus,  with  a  suitable  choice  of 

vo  ^or  t*le  reacti°n  rail,  one  could  certainly  produce  a  stable 
propulsion  system  using  a  linear  induction  motor. 

The  stability  analysis  of  the  linear  synchronous  drive 
is  more  complicated  since  the  propulsive  force  F  depends  on 
the  instantaneous  displacement  between  the  driving  field  and 
the  train  magnets,  rather  than  on  their  relative  velocities. 

That  is,  our  equation  of  motion  becomes 

dv 

M  art  *  Fo  sin  k  (V-*>  -  Vv>  •  (42) 

In  synchronous  motion,  v  =  dx/dt  =  v,,  and  x  =  -x  +  v  t. 

r  O  $ 

Thus,  the  equilibrium  lag  xQ  is  determined  by 
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ro  ,in  kxo  ■  VV 


xpanding  about  thio  operating  point, 


I 

m* 


dv 


M  "  “Fo  COB  k<v*t_x>  kAx  ■  Av 


.! 


■  -  po  -  fd(v0»  h  kA»  -  'd'V  Av  • 

If  we  now  assume  that  Ax  and  Av  vary  as  eiut,  this  requires 
that 


or 


-Mu>2  +  ip^w  +  ktP^-P^)1*  -  0 


u> 


—  (F2-FJ  )  **  - 
M '  o  rD) 


(43) 


where  t  -  -M/F^v^)  was  defined  in  (39a).  Note  that  if  Fq  -  fq, 
so  that  the  propulsive  force  is  constant  at  its  maximum  value, 
this  reduces  to  the  exponential  solution  (39) ,  which  describes 
an  instability  if  F^fv1)  <  0.  In  normal  operation,  however, 

FD  ~  FQ/2#  and  w  becomes  predominantly  real.  It  is  convenient 
to  define  a  natural  frequency  of  longitudinal  oscillation  by 


“o'  "  Fok/M  "  gpk  "  2irgp/S,x  ’  (44) 

where  gp  Fq/M  describes  the  maximum  acceleration  capability 
of  the  propulsion.  For  the  typical  values  =  6  feet  and 

9p  "  0*2g,  (wq/2tt)  =  0.4  Hz.  Since  u>0  >>  1/t,  we  can  approx¬ 
imate  (43)  by 
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(45) 


u>  -  lw0U  -  (FD/r0),)S  -  i/2i 


ThUHf  if  FMv.)  <  0  so  that  r  >  0,  thoro  will  still  bo  an 

U  T 

Instability,  but  in  the  form  of  an  exponentially  growing 
osoillatoiy  motion. 

Using  tho  paramotor  estimates  above,  the  amplitude 
would  increase  a  factor  of  o  in  *7  minutes,  during  which  some 
1000  oscillationu  obout  the  equilibrium  displacement  xQ  would 
occur.  Again,  dynamic  foedback  could  bo  used  to  damp  out  such 
a  weak  instability,  However,  there  is  the  following  automatic 
stabilizing  effect  from  the  induction  force  which  arises  if  v 
departs  from  its  synchronous  value  v^.  (It  is  the  analog  of 
the  use  of  "damper"  windings  in  a  rotary  synchronous  motor.) 
For  small  departures  from  v^,  (41)  becomes 


Pp  .  -2Fi(V-v4i)/v< 


(46) 


where  Fj  is  the  maximum  induction  drive  force  from  the  eddy 
currents  "incidentally"  induced  by  the  track  coils  in  normal 
metal  surrounding  the  superconducting  train  magnets.  When  (46) 
is  added  to  the  right  member  of  (42),  it  replaces  -FD(v^)  by 
(-Fp(v^)  -  2FI/v0]  in  the  equation  of  motion  about  the  operating 
point.  Thus,  the  exponential  will  become  a  decaying  rather  than 
growing  one  provided  that 


Fi  ”  •Fi<v*)V2  • 

If  one  estim.--t.es  Fj  -  FQ  Utrack^train’  '  FQ/100,  and 


(47) 
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-p*  (v, )  =  P  /2v  »  F  /4v,  this  leads  to  the  requirement  that 

D  9  D  O 

v  '  v/12.  Since  v  *  4  mph  for  1"  aluminum  plate,  we  see 

(j  0 

that  this  inductive  stabilization  effect  could  be  quite  sub¬ 
stantial.  The  only  troublesome  regime  will  be  the  low  velocity 
one,  in  which  some  sort  of  wheeled  support  would  be  used  in  any 
case,  so  that  an  analysis  of  specific  systems  would  be  required. 

In  summary,  after  taking  account  of  air  drag  and  the 
induction  effect,  the  linear  synchronous  drive  will  be  stable 
at  most  velocities,  particularly  with  the  hybrid  levitation 
system,  and  any  instability  would  be  so  weak  that  it  could 
easily  be  cured  by  a  simple  feedback  system. 

Acceleration  to  Speed 

In  addition  to  the  question  of  stability  about  a  desired 
velocity,  just  discussed,  there  is  the  question  of  intentional 
acceleration  and  deceleration  to  change  speed.  This  is  relatively 
simple  in  the  case  of  the  induction  motor,  since  there  is  sub¬ 
stantial  propulsion  over  a  wide  range  of  slip  velocities.  Thus, 
amplitude  control  could  supplement  frequency  control  to  a  con¬ 
siderable  degree  in  controlling  acceleration. 

The  problem  is  more  severe  with  the  linear  synchronous 
motor,  a  reflection  of  the  notoriously  low  starting  torques 
of  ordinary  synchronous  motors.  This  means  that  a  variable 
frequency  source  to  vary  the  synchronous  speed  v^  =  v&x  will 
be  essential,  at  least  during  planned  accelerations,  and 
probably  throughout  the  track  for  reasons  of  safety  and  con- 
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venience  in  unexpected  situations.  So  long  as  exact  synchronism 
is  maintained,  the  full  drive  force  given  by  (35)  and  (36)  is 
available.  But,  how  large  is  the  velocity  range  from  which  the 
drive  can  pull  the  train  into  synchronism? 

This  can  be  estimated  by  using  the  equation  of  motion 
(42).  (The  inductive  term  (46)  is  negligible.)  If  v  /  v^ ,  the 
synchronous  drive  term  averages  to  zero,  except  for  the  change 
in  v  induced  by  the  force  during  a  single  cycle  of  slip.  This 
change  from  the  average  v  can  be  estimated  by  integrating  (42) 
over  the  time  interval  At  =  Jl^/4  (v^-v)  ,  with  the  result 


Av  = 


F  4 
o  _x 

M  2tt 


<VV> 


(48) 


Equating  this  to  (v^-v) ,  we  get  the  condition  for  synchron¬ 
ization: 


(VV) !  i  TT  2F 


fl  .  IT  FD) 

l1  ?H 


(49) 


If  we  neglect  drag,  and  set  Fq  =  Mg' ,  we  have 


<vv)  - 


2tt 


2  mph 


(49a) 


for  typical  parameters.  Unless  this  estimate  is  far  from  the 
mark,  it  will  be  necessary  to  maintain  very  fine  control  of 
v^  (and  hence  of  the  frequency)  to  avoid  going  out  of  synchron- 


ization  velocity.  This  appears  to  be  the  major  problem  with 
tho  synchronous  drive  system. 


Figure  1.  Velocity  dependence  of  the  magnetic  drag  in  the 
hybrid  system,  compared  with  air  drag.  For  this  plot  we  have 
assumed  F„/FT  |min  =  2Trd//l£  *  1/80  and  V  =  /5  c2  Ah/irod2 
ss  50  mph,  which  are  appropriate  for  an  aluminum  plate  of  thick¬ 
ness  d  =  1/4",  a  6  foot  magnet  period  with  the  magnets 
strong  enough  to  hold  the  sag  of  the  train  Ah  to  1/4  •  The  air 
drag  is  assumed  to  rise  as  v2  and  reach  10%  of  the  weight  of 
the  train  at  300  mph. 
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THRUST  LOOP  CONFIGURATION 


TRAIN  MAGNET  CONFIGURATION 


Figure  2.  (a)  Configuration  of  thrust  loop  conductors  for 

single-phase  synchronous  propulsion.  (b)  Spatial  variation 

of  B  ,  the  average  of  13  over  width  w ,  in  the  plane  of  the 
z  z 

thrust  loops  due  to  the  train  loop  currents.  Note  the  rather 
square  waveform  due  to  the  high  3rd  harmonic  content. 

(c)  Train  magnet  current  configuration  which  produces  the 
field  shown  in  (b) . 
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Synchronous 
Drive  Loops 


Superconducti 
Magnets 


Conducting 
Track 


Figure  3.  Schematic  diagram  of  a  possible  train  configuration 
using  the  hybrid  system  for  levitation  and  propulsion.  The 
conducting  sheet  track  might  be  1/4"  aluminum  supported  mechan¬ 
ically  by  a  strong  non-conducting  material  such  as  fiberglass- 
epoxy.  The  vertical  conductors  on  either  side  of  it  provide 
transverse  stabilization  forces  (see  text).  Possible  con¬ 
figurations  for  the  magnets  and  drive  loops  are  shown  in 
Figure  2. 
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Appendix 


Calculation  of  B  for  a  Sequence  of  Rectangular  Magnet  Loops 

z _  _ _  _ 

We  first  consider  a  single  rectangular  magnet  loop 

bounded  by  y  =  o,  w  and  x  =  x , ,  x2,  where  x2  =  xt  +  &x/2,  and 

carrying  a  current  I  in  a  counter-clockwise  sense.  We  wish  to 

compute  B  ,  where  the  average  is  taken  between  y  =  o  and  y  =  w 
z 

along  the  line  specified  by  x  =  o  and  z  =  h.  This  is  done  by 
first  computing  B  (y‘) 


Bz (y*) 


u  dBz 


I 

c 


(ds  x 


(Al) 


where  R  =  -x  k  +  (y'-y)$  +  h2  is  the  vector  distance  from  ds  to 

(o,y',h).  Since  ds  is  either  along  &  or  $,  it  is  convenient 

to  rearrange  the  triple  product  to  (£  *  ds)  •  R,  so  that  only  R 

R  dx  or  -R  dy  appears  in  the  numerator.  Thus,  the  contribution 
y  x 

of  the  loop  at  x,  is 


[B  (y ’ ) ] ,  =  (i/c) 


x , 


X, 


y  *  dx 


(xz+y ' 2+h 2 ) 


3/; 


x 


X  , 


(y 1  -w)  dx 


[Xj  2+ (y'-y) 2+h2 ] 3/2 


x.dy 


x,dy 


w 

+  [  [xZ-My'-yl’+h2]1^  +  l  [x7  ?+  (y '  -y)  2+h7  ] 


.  (A2 ) 


The  integrations  are  straightforward.  After  a  second  inte¬ 
gration  over  y'  to  get  the  average,  one  finds 
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(B  )  .  =  — 

z'  1  CW 


2x 


h2+x  2 
2 


(h2+w2+x2  2 )  **  -  (h2+x2  2 )  ^ 


2x 

- - —  (h2+w2+x  2)^  -  (h2+x  2),s 

2+v  2  1  1 


+  in 


(h 2+w2+x 1 2)?5+xl 
(h2+w2+x  1 2 ) ^-x  j 


(h2+x  j  2)Js-xl 
(h  2+x  j 2 )  **+x  j 


(h2+w2+x22)*s-x2 
(h2+w2+x2  2 )  J*+x2 


(h2+x  2),5+x 
2 _ 2 

(h2+x?2)?5-x2 


(A3) 


By  using  this  expression,  with  x  =  x  +  £  /2,  we 

n+l  n  x 

can  calculate  the  contribution  to  §  of  each  loop  of  the  train 

z 

magnet  system,  and  sum  them  to  get  the  total  field.  Because 
of  the  complexity  of  (A3) ,  however,  it  is  not  convenient  to 
make  extensive  calculations  of  that  sort.  Rather,  we  note 
that  since  the  total  B?  must  be  periodic  witli  period  Z  ,  it 
can  be  described  by  a  Fourier  series.  Moreover,  the  symmetry 
forbids  even  harmonics.  Thus,  the  dominant  terms  will  be  the 
fundamental  and  third  harmonic  terms,  which  can  be  characterized 
by  just  two  numbers.  Those  may  be  estimated  by  fitting  the 
total  Bz  computed  at  two  points  Ip,  tho  cycle.  For  this  purpose, 
it  is  particularly  efficient  to  cIioobo  tho  center  of  the  loop 
”xi  =  X2  =  a  tt/2),  whore  the  fundamental  and  third 

harmonic  appear  in  full  amplitude  but  out  of  phase,  and  the 
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point  where  -5Xj  =  x2  (k|xj  =  tt/6)  where  the  third  harmonic 
adds  to  the  fundamental,  which  comes  in  with  half  amplitude. 
Mathematically  stated,  if  we  neglect  all  higher  harmonics, 

Bz(tt/2)  =  Bj  -  B3 

BzU/6)  =  Bj/2  +  B3 

Thus : 

Bx  =  |  Bz(7T/2)  +  Bz  (tt/6) 

B3  =  |  Bz(tt/6)  -  1sBz  ( tt/2 )  .  (A4) 

What  remains  is  to  calculate  B  (tt/6)  and  B  (tt/2), 

z  z 

taking  account  of  all  the  loops,  not  just  the  central  one 
which  includes  x  =  0.  Clearly  the  corrections  from  the 
distant  loops  are  small,  and  one  might  hope  to  approximate 
the  effect  of  each  by  the  field  of  a  dipole  \i  =  Iw£x/2c. 
Neglecting  the  small  z-displacement  h,  the  contribution  of 
the  n-th  loop  becomes 

±  Iw£  /2c 

(B  )  =  - 2 - r  .  (A5) 

zn  [(xl+x,)/2  +  nHx/2] 

The  t  sign  alternates  along  the  line  of  ±  loops,  the  n  is  a 
positive  or  negative  integer.  For  the  tt/2  case,  (Xj  +  x2)/2 
=  0,  and  it  is  for  the  tt/6  case.  The  reliability  of 

this  procedure  was  tested  by  computing  the  exact  contribution 
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of  an  adjacent  loop  for  the  tt/2  case,  assuming  the  representative 
values  w  =  ^x/2  and  h  =  Jcx/12  and  comparing  with  the  dipole 
estimate.  The  results  were  1.04  I/cw  and  I/cw,  respectively, 
confirming  the  satisfactory  accuracy  of  the  procedure. 

Using  (A3)  for  the  central  loop,  and  the  dipole  approxi¬ 
mation,  summed  over  enough  loops  for  convergence,  we  compute! 
that 


B  (tt/2)  =  11.6  I/cw 

Z 

B„  (rr/6)  =  13,8  I/cw 
z 


(A6) 


where  we  have  retained  the  square  loop  geometry  w  =  il^/2  and 
the  height  h  =  &x/12.  In  both  cases,  the  non-central  loops 
contribute  about  17%  of  the  total.  When  these  results  are 
inserted  in  (A5),  the  results  are 


Bt  =  16.9  I/cw  =  33.9  I  cJlx 

B .  =  5.3  I/cw  =  10.6  I/cJ l 
3  x 


(A7) 


Since  the  corresponding  results  from  a  simple  Fourier  analysis 
of  currents  running  to  y  =  +«  are  Bj  ■  30  I/c£x  and  B3  = 

10.4  I/c&x  for  the  same  values  of  h/  ,  but  w  «•,  we  may 
presume  that  the  finite  value  of  w  has  little  effect  on  the 
validity  of  the  simple  Fourier  analysis  at  least  so  long  as 
w  >  Ax/ 2. 
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MAGNETIC  SUSPENSION  AND  PROPULSION  SYSTEMS 
FOR  HIGH-SPEED  TRANSPORTATION 

P.  L.  Richards 
M.  Tinkham 


Abstract 


High  speed  transportation  vehicles  (trains)  carrying 
superconducting  magnets  can  be  levitated  by  repulsion  from 
diamagnetic  currents  induced  in  a  conducting  track.  Various 
approximate  methods  are  presented  for  calculating  the  lift 
and  drag  forces  foi  such  magnetic  suspensions.  Fourier 
analysis  of  periodic  train  magnet  fields  is  used  to  analyze 
"image  force"  and  "hybrid  null  flux"  systems  which  involve 
homogeneous  conducting  sheet  tracks.  A  lumped  circuit  analysis 
is  used  to  discuss  the  "null  flux"  principle  and  related 
systems  with  structured  tracks.  The  stability  and  efficiency 
of  linear  induction  and  linear  synchronous  motor  propulsion 
systems  are  studied  using  related  methods. 


-73- 


MAGNETIC  SUSPENSION  AND  PROPULSION  SYSTEMS 
FOR  HIGH-SPEED  TRANSPORTATION 


P.  L.  Richards 
M.  Tinkham 

I.  INTRODUCTION 

Magnetic  suspensions  are  being  seriously  considered 
for  high  speed  ground  transportation  in  several  countries. 

The  failure  of  adhesive  drive  systems  such  as  steel  wheels  on 
steel  rails  at  speeds  in  excess  of  300  km/h  has  forced  con¬ 
sideration  of  nonconventional  approaches  for  both  suspension 
and  drive.  Vehicles  levitated  by  magnetic  repulsion  were 
first1  considered  in  1912  and  discussed  for  transportation 
applications  in  the  1960's.2  These  are  generally  not 
practical  without  the  large  ratio  of  strength  to  weight  avail¬ 
able  from  modern  magnets.  Although  repulsive  levitation  from  a 
ferromagnetic  track  may  be  feasible 3 '4 ,  we  confine  our  attention 
to  systems  in  which  levitation  is  obtained  from  the  interaction 
of  induced  currents  in  a  conducting  (normal  state)  track  with 
the  field  from  superconducting  magnets  on  the  train. 5  The 
optimal  configuration  of  train  magnets  and  track  is  being 
vigorously  debated  at  the  present  time. 5-20  In  order  to  select 
the  system  for  a  given  application  there  is  need  for  simple 
semi-quantitative  calculations  which  will  permit  comparison  of 
the  relevant  parameters  for  widely  different  geometries.  In 
this  paper  we  discuss  various  approximate  methods  for  calcu- 
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lating  the  efficiency  of  magnetic  suspensions. 

In  Section  II,  we  Fourier  analyze  the  periodic  magnetic 
field  and  compute  the  lift  and  drag  produced  on  a  line  of 
electromagnets  above  and  below  a  flat  conducting  sheet  as 
illustrated  in  Fig.  1.  This  method  of  Fourier  analysis  yields 
particularly  simple  physical  formulas  relevant  to  designs  in¬ 
volving  homogeneous  sheet  tracks.  Detailed  results  are  obtained 
for  the  case  of  a  single  line  of  train  magnets  above  the  track 
(the  image  force  system).  An  analysis  is  then  presented  of  a 
(hybrid  null  flux)  system  which  has  train  magnets  both  above 
and  below  a  sheet  track  that  is  thin  compared  with  the  skin 
depth.  This  system  combines  the  homogeneous  sheet  track  with 
some  features  of  the  "null  flux"  schemes  of  Powell  and  Danby,12'13 
in  that  both  lift  and  drag  forces  become  small  when  the  track 
is  located  at  the  symmetry  plane  between  the  magnets.  Section 
III  develops  a  complementary  lumped  circuit  analysis  which  is 
useful  for  understanding  the  null  flux  track  illustrated  in 
Fig.  2(b)  and  (c) .  When  the  train  magnet  is  located  in  the 
symmetry  plane  no  flux  threads  the  track  loop  so  that  lift  and 
drag  forces  approach  zero.  Lift  forces  increase  linearly  and 
drag  forces  as  the  square  of  the  (small)  displacement  Ah  from 
the  symmetry  plane.  The  analysis  developed  in  the  preceding 
sections  is  used  in  Section  IV  to  discuss  the  stability  and 
efficiency  of  passive  track  induction  and  active  track  syn¬ 
chronous  linear  motor  drive  systems.  A  portion  of  this  work 
has  been  made  available  previously.21 
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II.  FOURIER  ANALYSIS  OF  MAGNETIC  SUSPENSION  ABOVE  A  CONDUCTING 

GROUND  PLANE 

A.  Formulation  of  the  Method 

In  proposed  magnetic  suspension  systems  there  is 
typically  a  periodic  array  of  "up"  and  "down"  superconducting 
magnets  along  the  direction  of  motion.  When  the  train  moves 
over  a  conducting  ground  plane,  the  resulting  time-varying 
fields  induce  eddy  currents  which  interact  with  the  magnetic 
field  to  produce  both  a  lift  and  a  drag  force  on  the  train. 

We  present  here  a  treatment  which  takes  advantage  of  the 
periodicity  of  the  fields  to  allow  a  straightforward  solution 
of  the  electromagnetic  equations  over  a  wide  range  of  conditions. 

The  geometry  r_ f  the  problem  is  sketched  in  Fig.  1,  where 
for  generality  we  have  included  the  possibility  of  magnet 
structure  both  below  and  above  the  plane.  This  will  allow  us 
to  model  the  "hybrid  null-flux"  as  well  as  the  "image  force" 
schemes.  The  x-variation  will  be  given  by  a  sum  of  terms 
aelkxX,  with  k  =  n  (2tt/£  ),  where  n  is  restricted  to  the  odd 
integers  if  the  current  distribution  is  symmetric  in  x  about 
the  center  of  a  magnet  coil  and  antisymmetric  about  a  point 
midway  between  an  up  and  down  coil.  Any  variation  in  the  y- 
direction  is  taken  to  have  period  but  this  variation  plays 
a  less  crucial  role  because  it  doesn't  cause  time-variation 
with  a  train  velocity  along  x. 

Since  displacement  current  effects  may  be  safely 
neglected,  the  magnetic  field  D  satisfies  Laplace's  equation 
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V2B  =  0  in  the  non-conducting  regions  I,  II t  anc^  v 

Fig.  1.  Given  a  periodic  variation  in  the  xy  plane  as 
gi (kxx+kyy ) ^  this  equation  then  requires  real  exponential 

variation  with  z,  namely  * 

Hf  ±kz  i(kxx+kvy)  (1) 

where  k2  =  k  2  +  k.2.  Only  exponential  solutions  which  decay 
x  y 

as  z  -*•  ±  «  are  physically  allowed  in  regions  I  and  V.  In  regions 
II  and  IV,  both  exponential  solutions  are  required  to  satisfy 
boundary  conditions  at  the  surfaces  of  the  ground  plane,  but 
the  inward  decaying  exponentials  will  dominate  the  solution. 

The  coefficients  of  these  terms  are  uniquely  determined  by  the 
corresponding  Fourier  components  of  the  current  distributions 
in  the  magnet  planes. 

Because  the  higher  Fourier  components  (nx  =  3,5...) 
decay  more  rapidly,  we  shall  henceforth  confine  our  treatment 
to  the  case  of  a  single  dominant  Fourier  component  with 
k  =  2tt/£  with  the  understanding  that  it  may  be  necessary  to 

X  x 

superpose  results  for  two  or  more  values  of  kx  to  get  a  quanti¬ 
tative  treatment  in  some  cases.  The  relative  size  of  the  first 
Fourier  component  is  illustrated  in  Fig.  3.  The  field  vari¬ 
ation  in  the  y-direction  only  contributes  to  the  exponential 
attenuation  by  making  k  >  kx  without  any  qualitative  changes  in 
the  results .  We  give  no  further  attention  to  it  here  except  to 
retain  the  notation  k  in  the  exponential  factors  as  a  reminder. 
The  field  in  the  metal  satisfies  the  differential 
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Since  the  magnet  period  is  much  greater  than  the  skin  depth, 
allowing  neglect  of  k2  compared  to  1/62,  the  solutions  are  well 
approximated  by  the  form 


§  a  e1  (1+i) 2/6  eikxx 


(3) 


in  the  metal . 

The  most  general  solution  can  be  built  up  from  these 
parts  with  coefficients  selected  to  satisfy  the  boundary  con¬ 
ditions.  Although  such  a  solution  is  rather  straightforward, 
it  leads  to  complicated  results  needing  numerical  evaluation, 
with  consequent  loss  of  simplicity  and  insight.  We  sidestep 
this  frontal  attack.  Instead,  we  first  deduce  convenient 
general  expressions  for  lift  and  drag  forces;  then  we  treat  the 
two  limits  in  which  simple  solutions  in  closed  form  can  be 
obtained,  namely,  the  limits  in  which  the  thickness  d  of  the 
ground  plane  is  either  much  less  than  or  much  greater  than  the 
skin  depth  6.  Finally,  we  propose  a  way  to  piece  these  two 
solutions  together  to  yield  simple  expressions  which  should 
also  be  reasonable  approximations  even  in  the  cross-over  region, 
where  d  -  6.  These  results  are  used  to  explore  the  image  force 
suspension  which  has  a  line  of  train  magnets  over  a  homogeneous 
conducting  sheet  track.  They  arc  then  extended  to  treat  a 
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novel  form  of  the  null-flux  suspension  with  train  magnets  both 
above  and  below  the  sheet  track. 

B.  General  Expressions  for  Lift  and  Drag  Forces 

The  Lorentz  force  per  unit  area  is  (1/c)  / (5  x  B)dz, 
where  the  integration  is  over  the  thickness  of  the  metal  sheet. 
The  forces  on  the  magnet  structure  are  equal  and  opposite. 

Using  the  Maxwell  equations,  simple  expressions  for  the  lift 
and  drag  forces  may  be  deduced  from  this  formula. 


The  lift  per  unit  area  on  the  magnets  is  simply  the 


difference  in  the  magnetic  pressures  due  to  the  rms  fields  $ 
and  at  the  upper  and  lower  surfaces  of  the  sheet: 


F 


L 


(4) 


Taking  advantage  of  the  fact  that  B  » 

y 

geometry  and  that  either  B  is  small  (~ 

z  ' 

Buz  ~  Blz'  this  can  be  written  to  good 


B 


F. 


ux 


-  B 


8  TT 


lx 


=  Re 


0  in  cur  one-dimensional 
kx6Bx<<Bx)  or  else 

approximation  as 

_  * 


B  AB 
x  x 


(5) 


where  Bj<  =  (Bux  +  B,x)/2  and  ABy  =  (Bux  -  B£j{)  =  4,  j>y/c,  the 
net  sheet  current  density  in  the  metal. 


The  magnitude  of  the  drag  force  per  unit  area  can 
be  inferred  by  equating  the  power  dissipation  in  the  plate 
a  ^1^1  dz  to  F^v.  In  the  strictly  one-dimensional  case, 
the  current  flows  only  along  $,  and  it  is  given  by  Jy  =  oEy 
=  u(v/c)Bz  by  Faraday's  law  of  induction.  In  that  case 
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1'd  ’  fr  /loj'dz. 


(6) 


Now.  if  thc  width  „  of  tho  shoot  is  finite,  th(.  requirement 
of  closed  current  loop,  (div  3  .  0)  introduces  terns  in 
»>.d  J/,  which  are,  respectively,  corrections  of  order 
«x/2w)-  and  the  smaller  of  (d/w) '  or  («/w)».  The  first 
correction  is  of  order  unity,  but  a  similar  correction  appears 
In  tho  lift  calculation,  so  it  essentially  cancel.  i„  the 
1 lft/drag  ratio.  The  J,*  correction  is  generally  negligible. 
Thus,  we  should  get  quit,  reliable  results,  especially  for  the 
litt/drag  ratio,  by  using  our  one-dimensional  approximations  (5) 
and  (6),  even  in  realistic  finite-width  geometries.  Accordingly 

we  shall  us.  the  one-dimensional  approximation,  in  the  following 
without  further  discussion. 

TO  use  these  formulas,  we  must  relate  the  fields  in  the 
sheet  to  the  magnet  source  strengths.  The  fields  in  the  space 
between  the  sheet  and  the  magnets  are  of  the  form  B  -  B+ekz 
♦he  7 .  For  such  fields. 


2h  o*7'  «b  a  B 

x  x  j?  dz  ux  Bv  • 


(7) 


u,£ 


since  curl  &  .  0.  Thus,  the  boundary  conditions  at  the  upper 
and  lower  surface,  can  be  expressed  in  term,  of  parameters  b 
which  depend  on  both  the  strengths  of  the  fields  in  the  planes 
of  tho  magnets  Bou<t  and  the  exponential  attenuation  over  the 
distances  hu<(  separating  the  magnet,  from  the  surfaces: 
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(8) 
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.  20  e"khu 
ou 


B  +  i  B  , 
ux  uy 


b*  ;  2Bole 


-kh  i 


Bl*  ’  1  Blz 


The  inns  source  strengths  BQ  are  given  directly  in  terms  of  the 
Fourier  coefficients  of  the  sheot  current  densities  as 


■w  -  (2/57/cv  C fU*(x)e'ikXdx  ’  (9) 

where  the  somewhat  curious  coefficient  takes  account  of  the 
presence  of  both  ei3,kx  components  and  of  the  conversion  to  rms 
values  from  the  dc  value  ^(x).  As  an  example,  a  close  spaced 
series  of  3  ft.  square  loops  carrying  persistent  currents  of 
300,000  A  would  give  BQ  ~  6,000  G. 

C.  Thick  Ground  Plane  or  High-Velocity  Limit 

As  our  first  application  of  the  general  method,  we  treat 
the  case  of  a  single  set  of  magnets  moving  over  a  ground  plane 
at  sufficient  speed  that  6,  the  skin  depth,  is  much  less  than  d, 
the  thickness  of  the  sheet.  In  this  case,  =  0,  and  we  work 
only  with  the  boundary  condition  at  the  upper  surfaces;  moreover 
since  the  field  in  the  sheet  must  decay  downward,  it  must  have 
the  form  I  =  ^1+i ^ z/6eikx.  Using  div  B  =  0,  iBz  =  kSBx/(l+i) 

Thus,  the  boundary  condition  (8)  yields  Bux  =  bu(l+k6/ (1+i) ]  l. 
To  find  the  lift  force,  we  simply  insert  this  in  (5) ,  with  the 

result 
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where 


F  = 


I  b  ,2 

u 


TT*  = 


B2  e 
ou 


-2khu 


2tt 


(11) 


is  the  limiting  value  of  FL  when  v  *  ~  so  that  k6  .  o.  In 
obtaining  (10),  we  have  dropped  all  terms  of  order  <k()*  and 
higher.  To  get  a  more  accurate  result,  one  must  include  the 
|BZ|!  term  and  also  note  that  d!B/dzJ  =  (V’-3!/3x!)B  =  (2i/si 
+k!)B,  so  that  a  k-dependence  enters  the  skin  depth.  When 
this  is  carried  through  consistently,  one  finds  that  the  first 
corrections  to  (10)  are  actually  of  order  k>«’,  so  (10)  should 
be  quite  a  useful  approximation. 

NOW  let  us  calculate  the  drag  force  using  Eq.  (6).  It 
is 


F  - 

D 


f  0 

-  (ov/c2)Ib  I2  I  g2  (1+i )  z/ /  ..  , 

'  '  1  uz*  J  e  az  =  (av6/2c2) |Buz j 2 


Using  our  relation  between  and  Bux,  this  become 


(12) 


fd  =  k6  |  Buj£  j  2/8tt  =  k<5  FT 


k6 

TTET 


(13) 


These  results  for  the  lift  and  drag  forces  are  plotted  vs 
velocity  in  Fig.  4.  The  velocity  scale  is  normalized  in  terms 
of  a  characteristic  velocity  Vj  -  „»/*„<>  at  which  kf  =  1. 

(For  the  typical  design  parameters  listed  in  Table  I, 

V2  •  H  km/h.)  Thus,  the  approximation  k«  <  1  is  only  valid 

for  v/v,  i  1,  but  in  practical  situations  this  is  always 
satisfied. 
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Note  the  particularly  important  result  that  the  normal¬ 
ized  drag  (or  inverse  of  the  lift/drag  ratio)  has  the  simple 
form 

F_/F.  =  k<$  =  2tt6/1  -  c/u  av)*1  .  (14) 

U  Jj  XX 

Physically  speaking,  this  is  the  small  ratio  imposed  by  the 

skin  effect  on  the  fields  B  and  B  ,  with  which  J  interacts 

z  x  y 

to  give  the  two  forces.  Using  numerical  values  from  Table  I, 
F_/Ft  =  1/30  for  aluminum  when  v  ■  500  km/h.  Even  with  the  less 
favorable  speed  of  100  km/h,  F_/FT  *  1/13,  which  is  still 
workable  and  comparable  to  the  wind  resistance  at  higher  speeds. 
At  these  two  speeds,  6  «  1  cm  and  2.3  cm,  respectively,  so  that 
the  results  should  apply  quite  well  for  the  case  of  a  2.5  cm 
aluminum  ground  plane. 

D.  Thin  Ground  Plane  or  Low  Velocity  Limit 

We  now  consider  the  other  simple  limit,  d  <<  6,  which 

always  holds  at  sufficiently  low  velocities,  and  which  is  quite 

adequate  at  all  speeds  of  interest  for  aluminum  of  d  <  0.6  cm. 

First  we  treat  the  single-sided  case,  in  which  b^  =*  0.  For 

this  case,  it  is  a  satisfactory  approximation  to  replace  the 

actual  sheet  by  one  of  infinitesimal  thickness  but  the  same 

finite  conductance  per  square  ad  as  the  actual  sheet.  The 

boundary  values  on  the  upper  and  lower  surfaces  are  then 

related  by  B  „  =  B.  =  B„  and 
UZ  SLZ  z 

Ti  (Bux  -  BJtx>  “  $  y  a  odEy  ad  (v/c)Bz  .  (15) 


-83- 


Combined  with  (8) ,  this  gives 


Buz  -  Bi2  -  -i  BtJ[  -  (i*2v/v,)-‘  Bux  -  bu/2(i*v/vt>,  (16) 


where 


v#  ■  c*/2sod  ■  2cRq/Z##  (17) 

is  a  characteristic  velocity.  Here,  Rq  +  1/od  is  the  resistance 
per  square  of  the  plane#  while  Z#  •  4n/c  is  the  impedance  of  free 
space  (which  is  377  U  in  practical  units).  The  physical  signifi¬ 
cance  of  this  velocity  is  that  when  v  -  v#,  the  angular  frequency 
(d  of  the  currents  induced  in  the  sheet  equals  their  decay  rate 
T->  ■  R/L.  For  a  2.5  cm  thick  aluminum  sheet#  v#  ■  6.7  km/h. 

When  the  relations  (16)  are  used  to  compute  the  lift  and 
drag  forces  using  (5)  and  (6),  the  results  are 


v7v#J 
fL  "  l+vVv0- 


(18) 


and 


v/v# 

Fu  ■  F-  UvVv,»  ' 


(19) 


where  F^  is  as  defined  in  (11).  Thus  the  lift  starts 
quadratically  in  velocity#  reaching  half  its  full  value  at 
v  ,  and  saturates  at  the  same  value  Fm  as  for  the  thick  ground 
plane.  The  drag,  on  the  other  hand#  initially  rises  linearly# 
roaches  a  maximum  of  Fw/2  at  v0  and  then  falls  as  v0/v.  The 
normalized  drag  again  has  a  remarkably  simple  form: 
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VPL  "  Vv  ' 


(20) 


SO  that,  below  V,  the  drag  force  predominate,,  whereas  above  v, 

the  lift  force  is  dominant.  Note  that  this  result  (20)  is 

independent  of  the  Fourier  component,  depending  only  on  Rq  of 

the  ground  plane.  Thus,  for  velocities  sufficiently  low  that 

4  d'  t,llS  rosult  should  have  general  validity  for  any  field 
configuration. 

E-  intermediate  Velocities,  General 

Having  worked  out  the  behavior  to  be  expected  in  the 
limiting  cases  in  which  the  skin  depth  0  is  either  much  greater 
or  much  less  than  the  thickness  d  of  the  ground  plane,  we  must 
now  put  them  together  to  get  an  overall  view.  From  (2),  the 
characteristic  velocity  v,  at  which  d  .  U.  v,  .  v,/k  d. 

If  we  compare  the  two  approximation  schemes  at  v  »  v 
where  they  should  be  approximately  equally  good,  we  find  exactly 
the  same  lift/drag  ratio  for  both,  namely, 

VPd|v  ■  v,  *  ^  •  (21) 

Thus,  we  can  simply  piece  together  the  two  approximations, 

using  (14)  above  v,  and  (20)  below  v, ,  and  they  will  join 

together  continuously.  There  will  be  a  spurious  discontinuous 

change  of  slope  at  v,  due  to  the  change  in  approximation,  but 

generally  the  result  should  be  reasonably  close  to  that  of  the 
exact  wolution. 
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The  situation  is  less  favorable  with  the  lift  force 
itself  since  some  errors  which  cancel  in  the  ratio  FL/FD  do 

not  do  so  in  F^  itself.  At  v  .  the  low  and  high  velocity 
results  for  Ft/F„  are  lit (v./v, ) ’ ]- ■  and  (l+<v,/v, ) ]- ■ , 

respectively,  so  long  as  v./v.  »  1,  these  are  both  nearly 
unity  so  the  difference  is  not  very  important.  For  the  values 
in  Table  1,  v/v,  =  12,  and  F^  from  the  two  limiting  formula, 
differs  by  4  percent  at  v  -  v,.  For  smaller  values  of  v./v,, 
the  discrepancy  is  more  significant. 

Although  straightforward  numerical  calculations  would 
give  the  exact  results,  eliminating  any  uncertainty,  it  is 
convenient  for  semi-quantitative  work  to  have  simple  analytic 
expressions.  We  suggest  the  following  prescription:  For  v  <  v, 
we  use  the  low  velocity  formulas  (18)  and  (19).  For  v  >  v,,  „e‘ 
use  these  same  formulae  with  d  replaced  by  the  skin  depth  s. 

This  has  the  effect  of  making  the  replacement  v  -  <v,v)*  in  the 

formulas  for  v  >  v  .  Th*»  m  /n 

1  e  ratl°  FL/FD  13  not  changed  from  the 

value  (14),  but  the  lift  force  (10)  becomes 


F  /F  =  _ 1 _  , 

L'  «•  T+v  Vv  v  '  (v  >  v.) 

0  '  1  * 


(22) 


which  has  the  advantage  of  joining  continuously  to  (18)  at  v 
but  the  disadvantage  of  a  less  exact  asymptotic  approach  to 
unit.  The  latter  disadvantage  is  not  serious  for  train  geome¬ 
tries  where  v,/v,  »  1  because  FL/F„  »  1  i„  any  oase  for  „  >  y_ 

These  results  are  presented  graphically  in  Fig.  5  for 
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several  values  of  Vj/v0.  Since  we  plot  against  v/v0,  the  low 
velocity  regime  (v  <  v  )  is  independent  of  magnet  configuration, 
following  the  heavy  curves.  Above  the  various  values  of  v, , 
the  various  light  curves  are  appropriate.  Note  that  they  vary 
more  slowly  than  the  heavy  curves  because  (VjV)^  replaces  v  in 
the  formulae. 

One  consequence  of  this  iH  the  change  of  shape  of  the 
Fp  curve  from  a  sharply  peaked  one  to  one  which  rises  quickly 
and  falls  slowly.  The  latter  behavior  is  characteristic  of  the 
experimental  data  reported  by  Coffey,  et  al . 7 •  8  Their  data 
were  obtained  from  a  test  geometry  with  v1/vQ  *  1,  so  the  above 
prescription  is  not  expected  to  apply  very  accurately.  Rather, 
the  thick  ground  plane  results,  shown  in  Fig.  4,  are  probably 
more  applicable  over  most  of  their  velocity  range.  These 
results  give  an  extremely  slow  fall  of  FQ  from  its  maximum 
(-  0.37  F^) ,  in  reasonable  agreement  with  the  data. 

F .  Double  Magnet  of  "Null-Flux"  Geometry 

As  our  final  application  of  this  method,  we  treat  a 
novel  configuration  in  which  the  metal  sheet  lies  between  two 
rows  of  oppositely  polarized  train  magnet  coils,  so  that  both 
bu  and  b^  are  non-zero  in  (8).  If  the  sheet  is  thick  compared 
to  6,  its  two  surfaces  can  be  treated  independently.  This  leads 
immediately  to  the  conclusion  that  the  drag  forces  add,  while 
the  lift  forces  tend  to  cancel,  causing  a  degraded  performance 
of  little  interest. 

The  interesting  case  is  when  d  <  5,  so  that  the  con- 
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tributions  of  the  top  and  bottom  magnets  to  B  [which  gives  the 

drag,  according  to  (6)]  tend  to  cancel,  as  does  AB  [which  gives 

the  lift,  according  to  (5)].  Since  the  drag  vanishes  as  B  2 

z 

whereas  the  lift  vanishes  only  linearly  with  ABx,  it  is  quali¬ 
tatively  obvious  that  the  drag/lift  can  be  made  arbitrarily 
small  by  making  the  cancellation  arbitrarily  complete.  This 
is  essentially  the  same  physical  idea  that  underlies  the  null- 
flux  scheme  of  Powell  and  Danby  1 2 '  1 3  We  now  develop  this  model 
in  quantitative  detail  to  show  that  it  is  feasible  to  obtain 
the  low  drag  of  the  null-flux  scheme  without  the  need  for  the 
structured  track  of  coils  characteristic  of  the  Powell-Danby 
configuration. 

If  we  retain  the  approximation  of  replacing  the  sheet 
by  one  of  infinitesimal  thickness  but  the  same  R[-]  ,  we  have  the 
boundary  condition  that  B  is  continuous,  so  B  *  B.  ,  and  B 
suffers  a  discontinuity  4tt^^/c  =  2vB/vfl  as  above.  Combined  with 
the  conditions  in  (8),  imposed  by  the  sources,  this  leads  to 
the  results 

Bx  -  (Bux  +  BlX>'2  -  (bu  +  \)/2  ■ 

iBx  S  Bux  -  Blx  ■  2vVv.  ■  (bu  -  bl>/(1  +  iv./v)-  (23) 

Inserting  these  in  our  force  equations  (5)  and  (6) ,  and  taking 
b  and  b„  real,  yields 

U  X* 

bu’-y  vvy 

^  L  §TT  1+V*/V0  S 
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and 


„iVV?  v/vo 

B  8tt  1+v'/v0  7  *  (25) 

Since  B£  -  bu  as  the  sheet  approaches  a  symmetric 
position,  these  results  indicate  that  FD/FL  can  bo  made  arbi¬ 
trarily  small.  In  fact  the  finite  thickness  of  the  iheet  always 
causes  a  finite  drag,  and  we  must  evaluate  this  to  get  a  realistic 
result.  This  drag  arises  because  dB  /dz  ft  0  even  if  B  =  0  in 
the  symmetric  position.  Using  div  5  =  0,  B'  (0)  *  dB  /dzl 

2  Z  ’  |  o 

"lkBx|o  =  "lkBx  “  ik *bu+b4>/2*  If  we  approximate  B  (z)  in  the 

Z 

sheet  by  Bz(0)  +  B'  (0)z  when  evaluating  (6),  the  term  in  B' 

z 

gives  an  additional  contribution  to  the  drag,  proportional  to 
k2d2.  Thus  (25)  is  replaced  by 


v 

5tFv7 


(• 


(b  -bj2 
u  Jr 

I+vT/vn  2 


k2d2 

IT" 


(W 


) 


(26) 


All  further  correction  terms  are  down  by  factors  of  order 
d2/106  2  ,  and  will  be  ignored  hereafter. 

It  is  now  useful  to  re-express  the  parameters  bu  and  b^ 
in  terms  of  the  magnet  strengths  and  distances  as  given  in  (8). 
For  simplicity  consider  a  symmetric  magnet  structure,  so  that 

Bou  "  Bo l  *  V  Further ,  define  the  "sag"  of  the  train  below 
the  symmetry  plane  by  Ah  =  hQ-hu  =  h^,  where  2hQ  is  the 
separation  of  the  upper  and  lower  magnet  planes.  Then 

evaluating  (24)  and  (26)  carrying  only  leading  terms  in  Ah, 
we  obtain 
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(27) 


2  B  > 
7T  o 


,-2kh0  v'/v, * 


I ♦ v 2 / v  *  ^Ah 


and 


FD  *  f  “o'  <^kh< 


V  fk’ 

"7  (T+ 


— t  k’dM 

*v/v, 1  *  ~rrj 


Ac  expected  qualitatively,  F,  .  4h.  whereas  ^  .  (Ah),  fJ)r 

d  >  0.  Also  note  that  for  fixed  magnet  strength  Do<  F,  is 

maximum  for  £x  -  4nho,  which  suggests  that  this  relation  be 

used  a.  a  design  guide.  It  is  consistent  with  the  numerical 
values  chosen  in  Table  I. 

To  carry  the  analysis  further  it  is  convenient  to 
consider  the  normalised  drag  F^.  After  dropping  a  term 

dVl2  (4h,!  COmpi,rPd  to  “"ity,  this  has  the  simple  form 


VPL 


kih-1*  Mli 

v  rm  v. 

o 


(29) 


This  normalized  drag  has  a  minimum  value 


^D^l^min 


kd  t  2_n  _d_  1 

/I  /3  lx  ' 


(30) 


at  a  characteristic  velocity 


,  *  2  /3  v0  Ah/d  -  /J  c2  Ah/nod2  *  80  km/h 


(31) 


Thus  (29)  has  the  normalized  form 


tm 


so  long  ns  fL  cqunls  the  weight  of  the  train,  it  cancels  out, 

and  the  ratio  V'Vmin  uil1  al,°  bC  9iVCn  by  <32’ ' 

Since  the  drag  force  has  a  broad  minimum  near  v  =  v,, 

and  since  (FD)min  in  so  small  compared  to  the  high  speed  axr 
drag  (*  0.1  FL  at  500  km/h),  it  is  not  critical  to  minimize  the 
magnetic  drag  at  cruising  speed.  Rather,  the  parameters  should 
be  chosen  to  set  v,  well  below  the  maximum  speed  of  the  train, 
so  as  to  reduce  the  dominant  magnetic  drag  at  lower  speeds. 

Fig.  6  illustrates  this  point  with  the  parameter  values  in 

Table  I. 

Evidently,  the  potential  performance  of  this  system  is 
very  attractive  compared  to  the  single-sided,  image-force 
systems,  at  least  from  the  standpoint  of  low  magnetic  drag. 

Its  primary  disadvantage  is  the  requirement  of  a  double  set  of 
magnets,  with  the  related  str  ctural  complications.  Also,  as 
in  the  null  flux  system,  the  magnets  must  be  considerably 
stronger  than  required  in  the  single-sided  system,  because  of 
the  substantial  cancellation  of  lift  forces  described  above. 
This  poses  no  serious  difficulty;  300,000  A  loops  are  adequate 
for  typical  train  weights,  and  these  arc  well  within  present 
capabilities.  In  fact,  as  Powell  and  Danby**  have  pointed  out, 
the  stronger  magnets  offer  the  advantage  of  making  possible  an 
efficient  linear  synchronous  propulsion  system.  A  schematic 
diagram  of  such  a  combined  levitation-propulsion  system  is 
shown  in  Fig.  7. 
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III.  LUMPED  PARAMETER  ANALYSIS  OF  LEVITATION  EFFICIENCY 
A.  General  Formulation 

We  can  sain  very  sencral  in.ight  into  the  comparative 
properties  of  various  systems,  such  as  the  rowell-Danby  "null- 
flux"  auspension  (which  use.  coil.)  and  the  simpler  ground 
plane  "image  force",  by  a  lumped  parameter  equivalent  circuit 
analysis.  Imagine  that  we  are  levitating  one  coil  above 
another  by  passing  alternating  current  1,  through  one  coil 
which  sets  up  a  magnetic  field  which  repel,  the  current  1,  it 
induces  in  the  other  coil.  The  force  can  be  expressed  ln\.rm. 
of  the  mutual  inductance  as  *  .  -1,1^8.  Since  I,  is  induced 

by  the  coupling  to  I ,  it  is  obtained  by  solving  the  differential 
equation 

dla  dl 

L>  ir  ♦  x2*,  -  "  jr  •  03) 

Taking  an  ei,Jt  time  dependence,  and  solving,  ve  find 

”TTI7Tut  *  (34) 

where  t  -  La/R,  is  the  ordinary  time  constant  of  the  secondary 
circuit.  Thus,  the  resulting  lift  force  is 

“ !  I , I *M (dM/dh) 

PL  “  L,  *  (35) 

Here  1 1 , 1 2  has  the  significance  of  the  rms  value,  and  h  measures 
the  vertical  separation  of  the  coils.  Drive  forces  could  be 
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obtained  from  the  horizontal  components  of  in  a  more  complete 
model . 

As  in  Section  2  we  compute  the  drag  force  F^  by  equating 
Fqv  to  the  dissipated  power 


P 


(M/Lj  )  *  llj*  R, 
I+I/u't* 


so  that 


rD  ■  v'h  i*l 


(37) 


Thus ,  Fl/Fd  is  proportional  to  velocity,  insofar  as  M  and  i  are 
independent  of  frequency,  that  is,  ignoring  skin  depth  effects. 
Equation  (37)  is  our  fundamental  result,  which  can  be  applied  to 
any  geometry  of  suspension  with  suitable  evaluation  of  the 
parameters. 

B.  Suspension  Over  Ground  Plane 

In  the  levitation  of  a  coil  a  distance  h  above  a  per¬ 
fectly  conducting  ground  plane,  the  field  configuration  and 
energies  can  be  found  by  assuming  an  equal  and  opposite  current 
in  an  image  coil  an  equal  distance  below  the  surface.  The 
mutual  inductance  M  for  two  parallel  conductors  of  length  l  and 
separated  by  2h  <<  t  varies  as  l  InU/h)  so  that  (1/M)  |dM/dh| 
1/h.  Generally,  we  expect  the  numerical  coefficient  to  be  of 
order  unity.  For  a  pair  of  square  loops  90  cm  on  a  side 
separated  by  30  cm  it  is  1.1/h.  T*us,  the  lift/drag  ratio 
should  be  approximately 


-93- 


(38) 


Image 


_  VT 

"  h"  * 


We  estimate  x  by  taking  the  inductance  of  a  square  loop  of 
edge  i  and  diameter  <<  i 


L  -  §T  dn  3  +  -17) 


201 

C2 


(39) 


A  rough  estimate  of  the  resistance  of  the  current-carrying 
material  is  that  of  a  loop  of  perimeter  4£,  width  2h,  and 
thickness  d,  namely  R  ~  2i/ohd,  so  that 


L  lOohd 
R  c 2 


(40) 


Thus,  from  (38) 


F 

L  _  lOovd  ,  v 

The  good  agreement  of  this  result  with  (20)  gives  us  some 
confidence  in  the  present  approach  although  it  is  not  well 
suited  for  treating  the  case  of  a  conducting  ground  plane, 
since  it  is  far  from  a  lumped  constant  situation. 

Even  further  from  the  lumped  parameter  situation  is 
the  case  of  a  periodic  magnetic  field  over  a  homogeneous 
conducting  sheet  treated  in  Section  II.  In  this  case,  the 
exponential  variation  of  the  field  leads  to  (1/M) |dM/dh| 
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=  k  =  2 7t /&x,  so  the  lift/drag  ratio  (40)  becomes 


/ 


Vfd  =  2ttvt/Ax  =  WT 


where  u  is  the  angular  freq  sency  of  the  ac  field  seen  by  the 
track.  This  agrees  with  our  result  FT /F_  =  v/v  (20)  if 
t  =  adi^/c  ,  which  is  reasonable  considering  that  the  sinusoidal 
currents  flow  in  strips  whose  width  is  *  We  may  there¬ 

fore  consider  the  condition  v  -  vq  as  equivalent  to  wt  =  1. 

For  lower  velocities  the  track  currents  decay  before  the  train 

moves  on.  For  higher  velocities  current  is  left  behind  in  the 
track. 

C .  Null-Flux  Suspension 

The  real  utility  of  the  method  comes  in  dealing  with  a 
system  using  coils  such  as  the  Powell-Danby  null-flux  sus¬ 
pension.  1 2 ' 1 3  We  represent  this  by  three  parallel  square  coils 
of  edge  A,  sketched  in  Fig.  2(b)  and  (c) .  The  outer  two  coils 
are  connected  in  series  opposition  to  form  the  secondary.  Then, 
if  the  primary  is  centered,  the  mutual  inductance  to  the  two 
halves  of  the  primary  cancel.  If  it  is  displaced  by  a  distance 
Ah,  the  net  mutual  inductance  is  given  by 


Thus, 

and 


M 


a  16&Ah 
’  dh0 


(Ah  <<  hQ  <<  i) . 


1/M  | dM/dh |  *  1/Ah 


Fl/FD  “  VT/Ah* 


(43) 


We  can  compare  this  result  with  the  formally  similar 
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(38)  for  the  image  force  problem.  Although  differences  do  arise 
from  the  various  values  of  t  in  the  different  suspensions,  the 
large  benefits  of  the  null-flux  scheme  arise  from  the  fact  that 
by  increasing  the  train  magnet  current,  Ah  can  be  made  arbi¬ 
trarily  small.  There  is  no  mechanical  obstruction  since  Ah  is 
measured  from  a  reference  plane  in  space.  In  the  null-f]ux 
system,  therefore,  the  suspension  stiffness  can  be  adjusted 
almost  independently  of  the  mechanical  clearances  and  the 
stiffer  suspensions  have  larger  values  of  FT/F„..  As  is  the 
case  in  the  hybrid  system  discussed  in  Section  II. F,  this  high 
efficiency  arises  from  the  fact  that  F^  is  proportional  to  the 
product  of  train  and  track  currents  divided  by  their  separation. 
The  drag  F^,  however,  arises  from  dissipation  in  the  track  only. 
It  decreases  as  the  inverse  square  of  the  train  magnet  current 
when  Fl  is  kept  constant. 

Because  of  the  large  critical  currents  available  from 
modern  superconductors  it  appears  possible  to  achieve  the 
increased  efficiency  of  the  null  flux  suspension  in  practical 
systems.  The  stiffer  suspension  would  require  finer  track 
tolerance  or  a  secondary  suspension  to  protect  passengers  from 
unacceptable  transverse  accelerations.  The  suspension  would 
also  have  to  smooth  out  any  vibration  due  to  the  loop  structure 
in  the  track.  (This  problem  would  be  eliminated  in  the  con¬ 
figuration  analyzed  in  Section  II. F. )  In  order  to  maintain  t 
as  large  as  for  the  homogeneous  ground  plane  at  low  velocities, 
it  would  be  necessary  to  use  a  comparable  amount  of  metal 
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are  much  too  large  to  permit  the  required  =  10  -  100  Hz 
excitation  of  the  train  magnets.  Therefore  the  linear  in¬ 
duction  drive  motor  must  have  normal  state  (copper)  stator 
windings  and  be  separated  from  the  levitation  system.  The 
train  then  contains  two  linear  induction  motors  pulling  against 
each  other.  The  design  freedom  obtained  by  separating  the 
motors  allows  some  improvements  such  as  increasing  the  re¬ 
sistance  of  the  reaction  rail  near  stations  to  provide  large 
starting  and  braking  forces  at  large  slip  Av.  In  the  language 

of  Section  II,  we  increase  v  to  increase  F_.  at  large  v.  This 

o  u 

reduces  the  need  for  widely  adjustable  drive  frequencies.  For 
optimum  drive  force  the  motor  should  be  operated  at  a  slip 
velocity  Av  =  vQ  by  varying  the  excitation  frequency. 

The  drive  motor  must  be  strong  enough  to  accelerate 
the  train  past  the  drag  peak  at  v  =  v(.  It  also  requires  a 
similar  force  to  accelerate  the  train  with  0.2g  in  the  inter¬ 
mediate  speed  range.  The  force  required  to  overcome  air  re¬ 
sistance  at  top  speed  will  also  be  comparable.  The  drive  motor, 
therefore,  must  be  at  least  as  strong  as  the  levitation  "motor" 
without  its  advantage  of  superconducting  magnets.  The  use  of 
the  more  efficient  double-sided  geometry22  with  iron  flux 
returns  would  partially  compensate  for  the  lower  stator  current 
densities.  The  magnetic  reluctance  of  a  large  clearance  gap, 
however,  would  still  produce  a  poor  power  factor.  Even  with 
variable  frequency  drive  it  will  be  difficult  for  an  induction 
motor  to  provide  adequate  drive  force  with  the  large  train- 
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track  clearances  which  are  a  desirable  characteristic  of  super¬ 
conducting  magnetic  suspensions.  A  more  complicated  system 
involving  a  separately  suspended  induction  motor  operating  very 
close  to  a  reaction  rail  appears  to  be  the  only  solution.  Kvcn 
if  the  double  suspension  can  be  made  to  operate  satisfactorily, 
onboard  induction  drive  requires  large  amounts  of  power  to  be 
transmitted  to  the  rapidly  moving  train.  This  appears  to  be  a 
difficult  technical  problem. 

B.  Active  Track 

The  obvious  way  to  escape  the  troubles  of  the  linear 
induction  motor  drive  is  to  pull  the  train  along  by  a  traveling 
flux  wave  from  an  active  track.  Since  this  temoves  the  heavy 
induction  motor  from  the  train,  the  train  weight  is  substantially 
reduced  and  no  drive  power  needs  to  be  transferred  to  it.  One 
could  conceive  of  retaining  the  induction  principle,  but  for 
any  reasonable  clearance,  the  efficiency  of  the  system  would  be 
very  low  considering  the  need  to  activate  miles  of  track.  Thus 
we  are  led  to  give  favorable  consideration  to  a  linear  synchronous 
drive.  Such  a  drive  takes  advantage  of  the  existence  of  strong 
superconducting  permanent  magnets  in  the  t  ain  to  obtain  adequate 
propulsive  force  with  much  lower  track  currents  than  would  other¬ 
wise  be  possible.  The  principal  disadvantage  of  the  synchronous 
drive  is  the  requirement  of  wide-range  variable  frequency  power 
tc  give  adequate  propulsion  at  all  speeds. 

In  principle  the  linear  synchronous  motor  can  be  used 
with  the  homogeneous  ground  plane  levitation  system  of  Section  II 
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f >r  the  track.  At  high  velocity,  on  the  other  hand,  an  increase 
in  t  or  a  reduction  in  the  amount  of  metal  used  (compared  with 
the  homogeneous  ground  plane)  can  be  obtained  if  the  coils  are 
wound  from  many  turns  of  wire  to  avoid  skin  effect  loses. 

IV.  MAGNETIC  PROPULSION 

A.  Passive  Track 

Any  high  speed  vehicle  needs  substantial  amounts  of 
drive  power.  Linear  electric  motors  are  a  favorable  drive 
mechanism  because  they  produce  less  environmental  pollution 
than  alternatives  such  as  jet  engines.  Induction  motors  with 
the  elertro-magnets  (stator)  on  the  train  and  a  conducting 
reaction  rail  (rotor)  have  been  suggested  for  driving  con¬ 
ventional  wheeled  trains  as  well  as  air-cushion  and  magneti¬ 
cally  levitated  vehicles.  The  theory  developed  in  Section  II 
for  the  drag  force  F^  of  a  passive  magnetic  suspension  pulled 
over  a  plane  homogeneous  track  is  directly  applicable  to  the 
design  of  a  linear  induction  motor.  The  suspension  can  be 
cons  dcrod  as  an  induction  motor  with  zero  synchronous  velocity. 
The  curve  of  FQ  versus  velocity  v  in  Fig.  5  can  thus  be 
interpreted  as  the  drive  force  (torque)  versus  slip  rate. 

The  simplest  levitation  and  drive  system  is  one  in 
which  the  train  magnets  of  Section  II  (Fig.  2(a))  are  excited 
with  suitably  phased  ac,  so  that  a  periodic  magnetic  field 
moves  back  along  the  train  with  a  phase  velocity  v^.  We  then 
replace  v  by  Av  -  (v-v^)  in  our  formulas  and  obtain  a  negative 


Fd  which  is  now  the  force  driving  the  train.  There  would  be 
adequate  slip  Av  to  provide  levitation  during  acceleration, 
but  in  the  absence  of  any  external  drag  force  such  as  air 
friction  the  train  would • approach  synchronous  speed  v  =  v^  and 
drop  onto  the  track.  Even  allowing  for  air  drag,  care  would 
be  required  to  design  a  system  which  would  be  stable  at  all 
drive  speeds  because  the  drive  decreases  with  increasing  slip 
in  the  range  where  levitation  is  strong.  It  appears  that  the 
stability  problem  could  be  solved  by  introducing  standing  wave 
as  well  as  traveling  wave  excitation  of  the  train  magnets. 

Such  a  system  could  hover  at  rest,  accelerate,  and  brake. 

In  the  low  velocity  range  v  <  v1#  the  power  required 
to  levitate  a  train  if  PD  =  FpV  =  FLv0  =  Mgvfl  from  (20).  It 
is  independent  of  velocity  because  the  same  amount  of  track 
current  is  required  to  lift  the  train  at  any  speed.  The 
dissipated  power  is  proportional  to  track  resistance  which 
increases  only  at  high  velocities  where  the  skin  depth  limits 
the  effective  track  thickness  and  (20)  is  no  longer  valid.  We 
may  compare  the  power  required  to  overcome  drag  with  the  power 
required  to  accelerate  the  train  at  O.lg.  This  reversible 
power  PR  -  0.1  Mgv  is  greater  than  PD  for  v  >  10  v0 .  Using 
the  numerical  values  from  Table  I,  10  vD  2  65  km/h,  so  most 
of  the  power  handling  capacity  of  the  motor  would  be  required 

for  acceleration,  not  levitation. 

The  idealized  system  described  above  is  unfortunately 
not  practical  at  present  because  ac  losses  in  superconductors 
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if  portions  of  the  train  loops  are  exposed  so  that  the  track 
drive  loops  can  couple  to  them  without  excessive  shielding 
from  the  ground  plane.  In  practice ,  however,  stronger  train 
magnets  are  required  for  efficient  drive  than  for  image  force 
levitation.  Such  strong  train  magnets  are  a  feature  of  the 
various  null- flux  suspensions  described  above.  Powell  and 
Danby18  have  studied  specific  examples  of  these  systems. 

Here  we  re-examine  some  of  the  design  considerations  for  linear 
synchronous  propulsion,  including  questions  of  stability,  from 
a  more  general  point  of  view. 

For  simplicity,  we  restrict  our  attention  to  a  single¬ 
phase  drivo,  with  a  track  thrust  winding  of  the  form  shown  in 

Fig.  8(a).  The  phase  velocity  of  the  wave  is  v.  -  vl  ,  where 

a  x 

v  is  the  frequency  of  the  rms  current  I l  and  is  the  spatial 
period.  Such  a  configuration  actually  produces  a  standing 
wave  which  could  drive  a  train  in  either  direction.  Additional 
windings,  or  more  likely  a  full  three-phase  system,  would  be 
used  to  define  a  sense  to  v^.  For  a  given  direction  of  motion, 
however,  the  effects  of  the  several  windings  are  simply  additive, 
and  our  simple  analysis  is  readily  adapted  to  give  the  appro¬ 
priate  numerical  results. 

For  an  initial  orientation,  it  is  useful  to  compare 
typical  track  impedance  values  with  the  load  imposed  by  the 
train.  For  definiteness,  consider  a  configuration  with  lx  ■  2w, 
so  that  the  loops  are  square.  Then  the  total  round-trip  con¬ 
ductor  length  is  4  times  the  length  of  the  track.  If  the 
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conductor  were  0000  gauge  aluminum  (1.2  cm  diameter),  the 
reeiatancc  per  km  would  be  about  1.1  0;  2.5  *  2.5  cm  square 
aluminum  bus  would  give  »  0.15  Q/km.  In  either  case,  the 
inductance  per  km  would  be  about  3.6  mti,  corresponding  to  an 
inductive  reactance  of  *  1.5  l)/km  at  60  Hz. 

For  comparison,  we  must  know  the  load  imposed  by  the 
train.  The  instantaneous  back  cmf  follows  the  variation  of  D 

z 

shown  in  Fig.  3,  but  only  the  fundamental  Fourier  component 
gives  any  time  average  effect  if  the  track  current  is  purely 
sinusoidal.  This  is  nearly  the  case  because  of  the  highly 
inductive  nature  of  the  track  impedance.  The  back  emf  induced 
by  the  train  will  be 


c  -  (4wL/ix)bv/c,  (44) 

where  L  is  the  total  length  of  the  magnet  structure.  By 
conservation  of  energy,  F  v  -  cl,  cos#,  where  F  is  the  pro- 
pulsive  force,  I,  is  the  track  current,  and  *  is  the  phase 
angle  between  I,  and  c.  Evidently  Fp  has  its  maximum  value 

*p,max  w^*n  co*^  "1#  in  which  case  the  impedance  is  purely 
resistive,  and  its  value  is 


c/I,  ■  ca/F 


p,max 


16  B* vw*L*/F  c 
p#inax 


V 


(45) 


If  less  propulsive  force  is  required,  a  phase  shift  ♦  /  0 
develops,  and  the  train  impedance  acquires  a  reactive  component. 
The  significance  of  (45)  is  that  the  impedance  varios 
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as  B  in  comparing  systems  of  the  same  physical  size.  Thus, 
the  null-flux  systems  which  typically  have  at  least  three  times 
stronger  magnets  than  image  force  suspensions  will  have  im¬ 
pedances  an  order  of  magnitude  larger.  To  relate  the  actual 
values  of  resistance  to  system  parameters,  it  is  convenient  to 
assume  that  the  clearance  between  magnet  and  drive  winding  is 
the  same  as  that  between  the  magnet  and  the  track.  One  can 
then  eliminate  U'  in  terms  of  the  weight,  and  deduce  the  result 

JL  a  8  WL  q  y 

ZQ  fT"Vc  '  (46) 

where  l'p  lrtax  -  Mg’,  ZQ  .  4s/c  »  377  n  i9  thc  impedanco  of  f r(c 
space,  and  f  »  1  for  image  force  systems  and  f  »  2Ah/ho  -  0.1 
for  null-flux  systems.  Thus,  at  v  .  400  km/h,  we  have^  .  0.1  0 
for  image-force  and  R  »  1  n  for  null-flux  suspensions,  since 
th.  drive  power  is  »  5  MW  i„  our  example,  it  is  of  considerable 
importance  to  maintain  high  efficiency.  This  requires  that  the 
track  impedance  of  0.1  -  1  u/km  be  1...  than  R.  Thus,  whatever 
system  of  suspension  is  used,  a  linear  synchronous  drive  is  made 
most  practical  by  using  the  strongest  possible  train  magnets. 

The  strotg  magnets  characteristic  of  null-flux  systems  give  high 
enough  impedance  to  allow  reasonable  efficiency  with  track  seg¬ 
ments  of  1  -  J  km  on  either  side  of  a  feed  point  to  be  activated 
at  once.  A  track  current  1,  »  2,000  A  would  be  required  for  a 
typical  null-flux  magnet  strength  of  1,  .  300,000  A.  The  weaker 
magnets  characteristic  of  image  force  aystem.  would  require  .  3 
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times  the  track  current  and  thus  -  10  times  the  number  of 
transformers  and  switches  to  have  the  same  efficiency.  Image 
force  systems  can  of  course  be  driven  from  an  active  track  if 
extra  train  magnet  strength  is  added  which  is  not  used  for 
levitation. 

An  alternative  system  which  is  closely  related  to  the 
linear  synchronous  motor  is  the  linear  dc  motor.  If  current 
reversing  switches  controlled  by  the  position  of  the  train  are 
placed  on  each  drive  loop  of  the  track,  a  direct  current  can  be 
used  to  propel  the  train.  When  compared  with  the  above  dis¬ 
cussion  of  the  linear  synchronous  motor,  the  importance  of  track 
inductance  is  decreased,  but  strong  train  magnets  are  still 
desirable  for  high  efficiency.  The  practicality  of  the  linear 
dc  motor  depends  on  the  cost  of  the  very  large  number  of  switches 
required. 

C.  Longitudinal  Stability 

It  is  well-known  that  there  is  a  potential  instability 
associated  with  a  drag  force  which  decreases  with  increasing 
velocity.  In  general,  we  have 


M 


dv 

dt 


F 

P 


-  Fd(v) 


(47) 


where  Fp  and  F D  are  the  propuls tion  and  drag  forces,  respectively. 
If  one  attempts  to  maintain  a  constant  velocity  v  by  setting 
Fp  =  FD*vc*'  we  have'  for  small  fluctuations  in  velocity  6v, 
and  assuming  Fp  remains  constant, 

M  ~~gfV)  “  -  V  (vc)5v  (48) 
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so  that 


(49) 


6v  »  e 


t/\ 


where  the  time  constant  x  is  given  by 


i  -  -M/F‘d(vc) 


(50) 


Thus  flucutations  in  velocity  will  grow  exponentially  if  i  >  0, 

that  is#  if  F'(v  )  <  0,  as  is  always  the  case  for  the  magnetic 

drag  in  conventional  image-force  or  null-flux  schemes.  In  the 

hybrid  scheme,  however,  the  magnetic  drag  increases  for  v  >  v,. 

When  the  air  drag  in  added  in,  all  those  systems  become  stable 

at  sufficiently  high  velocities.  In  fact  this  instability  is 

not  very  seriouu  bocauno  i  »  200  sec  is  long  enough  to  permit 

stabilization  by  a  simple  foodback  system. 

More  fundamentally,  the  above  analysis  is  imcomplete 

because  it  is  based  on  the  assumption  that  the  propulsive  force 

F  remains  constant,  independent  of  v.  This  might  be  a  fair 
p 

approximation  for  propulstion  by  a  jet  engine,  but  it  certainly 
is  inappropriate  for  either  of  the  two  magnetic  drive  systems 

which  are  under  consideration. 2 * 

In  the  induction  drive  system,  the  propulsive  force 

has  the  form  of  FD  in  (19)  and  Fig.  5t 


Av/v# 

Fp  ’  2FI  T*7Ev7v7P' 


(51) 


where  ?1  is  the  maximum  propulsive  force  of  the  induction  drive, 
which  occurs  when  the  slip  velocity  Av  -  v^  -  v  relative  to  the 
traveling  magnetic  field  has  the  value  v#  -  c2/2nod  (-  24  km/h 
for  0.64  cm  aluminum).  So  long  as  Av  <  v#,  (51)  gives  a  driving 
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force  tending  to  stabilir.  the  velocity.  Instability  could 
result  only  from  fluctu.tlon.  l.r,e  .„ou9h  to  push  .he  opera- 
tin,  point  over  the  peat  i„  the  drive  curve.  By  operating  at 
a  slip  velocity  well  below  v,,  on.  could  certainly  produce  a 
stable  propulsion  system  u.in,  a  linear  induction  motor. 

The  stability  analysis  of  tha  linear  synchronous  drive 
is  more  complicated  since  the  propulsive  force  Fp  depend,  on 
the  in.tant.neou.  displacement  bat.e.n  the  driving  field  and 

the  train  magnets,  rather  than  on  th.ir  relative  velocities. 
Thue,  our  liquation  of  motion  becomes 

M  SHE  "  Ft  #An  Mv^t  -  x)  «•  i  ,  (52 

where  F,  .  Fp>lw|x.  In  synchronous  motion,  v  .  dx/dt  .  v 
and  x  -  -x.+v^t.  Thu.  the  equilibrium  la,  x,  1.  determined  by 
F,  Sin  kx,  .  F0(v^),  Expanding  about  this  operating  point, 

M  3F  "  'lrt  ”  fp1 kfix  -  F'd(v^)4v.  (53) 

If  w.  now  ...urn.  that  ix  and  4v  vary  a.  .*•*  d<fln#  p 

natural  frequency  of  longitudinal  oscillation  ut»  .  F  k/M  we 
obtain  '  ' 


u  *  1  -.t1  -  (vVi1*  *  Jt  • 


(54) 


■i«co  1/t  -  F'd(v^)/H  «  uifc.  Nota  that  if  f#  .  F  , 


D»  ao  that 
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the  propulsive  force  is  constant  at  its  maximum  value,  the 

exact  form  reduces  to  the  exponential  solution  (49)#  which 

describes  an  instability  if  F'D(vc)  <  0.  In  normal  operation, 

however,  Fp  -  Fq/2,  and  w  becomes  predominantly  real.  Thus, 

if  F'  (v  )  <  0  so  that  t>  0,  there  will  still  be  an  instability 
D  4> 

but  in  the  form  of  an  exponentially  growing  oscillatory  motion. 
For  a  maximum  acceleration  capability  F0/M  =  0.2g,  we  find 
uo/2n  ■  0.4  Hz. 

The  amplitude  would  increase  a  factor  of  e  in  «  7 
minutes,  during  which  some  1000  oscillations  about  the  equi¬ 
librium  displacement  xfl  would  occur.  Again,  dynamic  feedback 
could  be  used  to  damp  out  such  a  weak  instability.  However, 
there  exists  an  automatic  stabilizing  effect  from  the  induction 
force  which  arises  if  v  departs  from  its  synchronous  value  v^. 
(It  is  the  analog  of  the  use  of  "damper"  windings  in  a  rotary 
synchronous  motor.)  For  small  departures  from  v^,  (51)  becomes 

Fp  -  -2FI(v  -  v^/v,,  ,  (55 

where  Fj  is  now  the  maximum  induction  drive  force  from  the 
eddy  currents  induced  by  the  track  coils  in  normal  metal 
surrounding  the  superconducting  train  magnets.  When  (55)  is 
added  to  the  right  member  of  (52),  it  replaces  “F'pfv^)  by 
(-F'p(v^)  -  2FI/v#l  in  the  equation  of  motion  about  the 
operating  point.  Thus,  the  exponential  will  become  a  decaying 
rather  than  growing  one  provided  that  Fj  >  |f'd(v^) |v0/2.  If 
one  estimates  Fj  *  F#  dtrack/  train*  "  Fo/100'  and  "FVV 
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-  fd/2v  -  F0/4v,  this  leads  to  the  requirement  that  v„  <  v/12. 
Since  v0  ■  6.5  km/h  for  a  2.5  cm  aluminum  plate,  we  see  that 
this  inductive  stabilization  effect  could  be  quite  substantial. 
The  only  troublesome  regime  will  be  the  low  velocity  one,  in 
which  some  sort  of  wheeled  support  would  be  used  in  any  case, 
so  that  an  analysis  of  specific  systems  would  be  required. 

In  summary,  after  taking  account  of  air  drag  and  the 
induction  effect,  the  linear  synchronous  drive  will  be  stable 
at  most  velocities,  particularly  with  the  hybrid  levitation 
system,  and  any  instability  would  be  so  weak  that  it  could 
easily  be  cured  by  a  simple  feedback  system. 

D.  Acceleration  to  Speed 

In  addition  to  the  question  of  stability  about  a 
desired  velocity,  just  discussed,  there  is  the  question  of 
intentional  acceleration  and  deceleration  to  change  speed. 

This  is  relatively  simple  in  the  case  of  the  induction  motor, 
since  there  is  substantial  propulsion  over  a  wide  range  of 
slip  velocities.  Thus,  amplitude  control  could  supplement 
frequency  control  to  a  considerable  degree  in  controlling 
acceleration. 

The  problem  is  more  severe  with  the  linear  synchronous 
motor,  a  reflection  of  the  notoriously  low  starting  torques  of 
ordinary  synchronous  motors.  This  means  that  a  wide  range 
variable  frequency  source  will  be  essential.  So  long  as  exact 
synchronism  is  maintained,  the  full  drive  force  is  available. 
The  velocity  range  over  which  the  drive  can  pull  the  train  into 
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synchronism  can  be  estimated  by  using  the  equation  of  motion 
(52).  (The  inductive  term  (55)  is,  unfortunately,  negligible 
in  this  context.)  If  v  /  Vy  the  synchronous  drive  term 
averages  to  zero,  except  for  the  change  in  v  induced  by  the 
force  during  a  single  cycle  of  slip.  This  change  from  the 
average  v  can  be  estimated  by  integrating  (52)  over  the  time 
interval  at  ■  i^/4 (v^  -  v) .  Equating  the  result  to  (v^  -  v) , 
we  get  the  following  condition  for  synchronization! 


F. 

V)I  s  T 


l 

X 

TF 


(1  - 


7T  FD. 

5f7‘ 


(56) 


For  typical  parameters  wo  obtain  the  condition  (v  -  v  )  S  3 

km/h.  It  will  clearly  be  necessary  to  maintain  very  fine  feed 

back  control  of  the  drive  frequency  to  avoid  going  out  of 
■ynrhroniam. 


VI.  CONCLUSIONS 

We  can  draw  several  conclusions  about  magnetic  trains 
from  the  model  calculations  presented  here.  Of  these,  the 
first  is  that  if  a  magnetic  drive  system  (linear  motor)  is  used 
for  propulsion,  the  suspension  and  drive  systems  should  be 
considered  together  in  seeking  an  overall  optimum  system. 

The  image  force  suspension  system  appears  to  have  many 
satisfactory  features.  The  cost  of  both  train  and  track  is 
relatively  low.  Although  it  is  less  efficient  than  other  system, 
the  magnetic  drag  can  probably  be  made  adequately  low  from  the 
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viewpoint  of  power  cost.  This  system  is  relatively  difficult 
to  drive,  however,  since  losses  in  available  superconducting 
materials  prevent  ac  excitation  of  the  train  magnets.  A  con¬ 
ventional  linear  induction  motor  is  required,  which  operates 
with  close  tolerance  on  a  reaction  rail.  Such  a  motor  would 
require  an  independent  tight  suspension  system  and  also  the 
transmittal  of  large  amounts  of  power  to  the  rapidly  moving 
train. 

Because  they  have  stronger  train  magnets,  it  is  practical 
to  drive  null-flux  suspensions  from  an  active  track,  eliminating 
the  need  to  transmit  power  to  the  train.  Image  force  suspension 
systems  can  also  be  driven  from  an  active  track  if  strong  train 
magnets  are  used  which  are  not  efficiently  coupled  to  the  part 
of  the  track  which  causes  levitation.  Possible  systems  include 
synchronous  drive  from  track  loops  excited  with  variable  fre¬ 
quency  alternating  current  (linear  synchronous  motor)  or  a  dc 
system  in  which  the  direction  of  the  current  in  the  track  loops 
is  switched  on  command  from  the  train  (linear  dc  motor). 

The  Powoll-Danby  null-flux  scheme  uses  a  looped  track 
to  obtain  cancellation  of  drag  forces.  The  expense  and  possible 
vibration  from  a  looped  track  can  be  avoided  (while  the  low  drag 
is  retained)  by  a  hybrid  system  which  uses  train  magnets  on 
either  side  of  a  thin  homogeneous  track.  If  the  train  magnet 
design  is  efficient,  this  hybrid  null-flux  system  may  prove  to 
be  an  optimum  one  for  many  applications,  especially  those  with 
long  runs  of  track  and  relatively  few  trains. 
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The  longitudinal  stability  of  a  train  in  the  speed  range 
in  which  total  drag  is  decreasing  with  velocity  depends  on  the 
drive  system  used.  First-order  analysis  shows  that  the  insta¬ 
bilities  encountered  in  practical  systems  are  weak  and  can  be 
eliminated  fairly  easily  with  feedback  control. 
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Figure  1 


Schematie  diagram  showing  periodic  magnet  currents 
at  heights  hu  and  hjt  above  and  below  a  conducting 
ground  plane  of  thickness  d.  Magnet  array  is  fixed 
in  the  train,  and  moving  with  velocity  v  along  the 
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<o)  IMAGE  FORCE  TRACK 


(b)  NULL  FLUX  TRACK 


(c)  COMPLETE  NULL  FLUX  TRACK  LOOP 


Figure  2.  Schematic  diagram  contraating  the  significance  of  the 
characteristic  heights  in  the  image  force  suspension 
(a)  and  the  null-flux  suspension  (b) .  If  the  train 
magnet  strength  is  increased,  h  increases  in  (a) 
f*  train  higher.  By  contrast,  Ah  decreases 

in  (b)  giving  a  stiff  efficient  suspension.  (c)  shows 
a  full  null-flux  track  loop  of  a  typo  which  could  be 
cheaply  punched  and  folded  from  sheet.  A  more  expensive 
design  which  would  cause  less  drag  at  high  velocities 
because  of  roduced  skin  effect  losses  consists  of  two 
multi-turn  coils  connected  in  series  opposition.  Both 
the  magnet  and  track  loops  should  be  visualized  as 
being  extended  periodically  in  the  direction  of  train 
motion  v. 


116- 


i 


Figure  3.  The  z  component  of  the  average  field  due  to  a  typical 
rectangular  train  magnet  compared  with  ita  fundamental 
Fourier  components  This  field  haa  been  averaged  over 
the  width  of  the  magnet  in  the  y-direction. 
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Figure  6. 


iviteitJfdS£S??enC?T°£  ra**netlc  dr*9  in  the  hybrid 
system  of  Section  II. F,  compared  with  the  air  drag. 

ar*  FD/FLlmin  -  1  m  and  v, 
(the  velocity  for  minimum  magnetic  drag}  ■  80  km/h. 

JPPf°Priate  fo*  a  0.64  cm  aluminum 
sheet,  with  Ah  -  0.64  cm,  and  f.x  -  1.8  m.  The  air 

drag  i&  assumed  to  reach  0.1  of  the  weight  at  r>00 
Km/h  # 


-120- 


WHEEL 


SUPERCONDUCTING 
MAGNETS 


SYNCHRONOUS 
DRIVE  LOOPS 


CONDUCTING 
SHEET  TRACK 


r 

1 

r  i 

| 

f  \ 

i  n  r 

1  — a - c 

i _ _ ^ ■ 

1 

} 

Figure  7.  Schematic  cross-section  of  train  using  hybrid  null- 

flux  levitation  with  a  linear  synchronous  motor  drive. 
Horizontal  stability  is  maintained  by  the  (non-null- 
flux)  repulsion  from  the  vertical  pieces  at  the  edges 
of  the  track.  Alternatively  *  a  "V"  shaped  magnet 
track  configuration  could  be  used  to  derive  a  centering 
force  from  gravity ,  or  another  orthogonal  null-flux 
system  could  be  used. 
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THRUST  LOOP  CONFIGURATION 


TRAIN  MAGNET  CONFIGURATION 


Figure  8. 


Schematic  diagram  of  track  thrust  loop  and  train 
magnet  configurations.  An  ac  current  is  supplied 

to  the  normal  metal  track  loops;  a  dc  supercurrent 
circulates  in  the  train  loopsT  upercurrent 
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CONSERVATION  LAWS  AND  ENERGY  RELEASE  RATES 


D.  Budiansky 
J.  R.  Rice 


Abstract 


New  path-independent  integrals  recently  discovered  by 
Knowles  and  Sternberg  are  related  to  energy  release  rates 
associated  with  cavity  or  crack  rotation  and  expansion.  Complex- 
variable  forms  are  presented  for  the  conservation  laws  in  the 
cases  of  linear,  isotropic,  plane  elasticity.  A  special  point 
concerning  plastic  stress  distributions  around  cracks  is  dis¬ 
cussed  briefly. 
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CONSERVATION  LAWS  AND  ENERGY  RELEASE  RATES 


D.  Budiansky 
J.  R.  Rice 


I.  Introduction 

The  well-known  J  integral  of  fracture  mechanics 1 • 3 • 4 
has  been  related  to  potential-energy  release  rates  associated 
with  moving  or  extending  cracks  in  linear  or  non-linear  elastic 
materials.  Some  new  path-independent  integrals  (or  conservation 
laws)  have  recently  been  discovered  by  Knowles  and  Sternberg2. 

In  this  note  these  new  laws  are  related  to  energy  release  rates 
associated  with  cavity  or  crack  rotation  and  expansion  rates. 

In  addition,  the  conservation  laws  are  displayed  in  complex- 
iriable  form  for  the  case  of  linear,  isotropic,  plane  elasticity. 
Finally,  an  implication  concerning  plastic  stress  distributions 
around  cracks  is  discussed  briefly. 

II.  Conservation  Laws 

Consider  a  two-dimensional  deformation  field  for  which 

the  displacement  vector  u  depends  only  on  x,  and  x2.  The  J 

integral  *s  J  =  (Wdx, -T^u^ ^  ^d&)  where  C  is  a  closed  curve  in 

C 

the  x j ,  x2  plane,  W  is  the  energy  density,  and  tL  is  the  stress 
vector  acting  on  the  outer  side  of  C.  The  J  integral  is  actually 
the  first  component  of  the  vector 
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(la) 


0-(Wnk-Vi,k)d* 

c 


where  p  is  the  unit  outward  normal  to  C,  lying  in  the  same 
plane.  Each  component  of  J  vanishes  (trivially  for  J3)  for  all 
closed  paths  C  bounding  a  region  in  which  W  depends  only  on  the 
strain  n^j  =  (u^  j+uj  ^)/2,  and  in  which  the  stresses  ^ ,  re¬ 
lated  to  Tj  on  C  by  a^n^  satisfy 


a 


ij 


1  M  .  3W 
1  3ni:) 


9 


and  =  0.  This  implies  hat  (a  =  1,2)  has  the  same 

value,  not  necessarily  zero,  for  all  paths  that  enclose  a  hole 


or  crack. 

The  new  Knowles- Sternberg  integrals,  in  2-D,  are 


-<> 


^ij<WXjVTiuj-Tkuk(ixj)d* 


and 


(2a) 


M 


(J)  (Wx^-T^ , ixi ) d£ 

C 


(3a) 


where  is  the  alternating  tensor.  Under  the  same  conditions 

specified  for  g ,  L  vanishes  if,  in  addition,  W  depends  only  on 
the  scalar  invariants  of  .  For  M  to  vanish  it  is  necessary 
that  V/  be  a  quadratic  function  of  the  components  of  n^j. 

The  results  apply  not  only  for  any  combination  of  plane 
and  anti-plane  straining,  but  also  for  the  2-D  theory  of 
generalized  plane  stress  in  which  u  and  c  denote  thickness 
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averages.  Also,  with  suitable  redefinitions  of  the  basic 
variables,  JQ  and  L  vanish  when  geometrical  non-linearity  is 
admitted2'3;  and  if  W  is  a  homogeneous  function  of  degree  m 
in  the  strain  components,  M  will  still  vanish  if  it  is  redefined 
by  adding  the  quantity  (m-2)T^u^  to  its  integrand. 

In  three  dimensions  the  integrals  generalize  to 

JR  "  |(WWi,k>dS  (lb» 

s 

Lk  ■  Kij(wxjni+TiVTiu*.ii,j,ds  <*»> 

s 

M  -  |{Wxini-TjU^ixi-^Tiui)dS  (3b) 

S 

where  S  is  a  closed  surface  with  outer  normal  o,  and  analogous 
conservation  theorems  have  been  shown  to  hold  by  Knowles  and 
Sternberg. 

III.  Energy  Release  Rates 

Eshelby3'1*  and  Rice*  have  shown  that  can  be  inter¬ 
preted  as  the  energy  release  rate  when  a  void  or  a  crack  tip 
is  translated  in  position  relative  to  a  material  body.  We  show 
that  and  M  have  similar  interpretations  here. 

Consider  a  3-D  elastostatic  boundary  value  problem 
associated  with  the  material  contained  within  the  surface  S+s, 
for  which  the  portion  s  of  the  boundary  is  traction-free,  and 
external  loading  is  imposed  only  by  tractions  on  S.  Without 
changing  the  boundary  conditions  on  S,  contemplate  the  contin- 
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uouHly  varying  sequence  of  .t.tic  solutions  for  the  displacements 
u  generated  as  the  spatial  specification  of  a  Is  varied  with  a 
tinc-Ukc  parameter  t.  The  potential  energy  of  the  system  at  any 

time  Is 


n  -  j  W  dv  -  Blu] 

V(t) 

where  V(t)  ia  the  volume  enclosed  by 
S*a(t)  and  B(u)  ia  the  potential  of 
the  loading  specified  on  S.  At  each 
point  in  V(t),  W  ia  a  function  of  the 


time-varying  atraina 


compatible  with  u.  Then 


dn  =  ft  .  f  WdV-^  {BlpU  ♦  {  W  vjmjda 

*  V  (t)  »<*> 

where  vA  denotea  the  "velocity”  of  pointa  on  a  and  mL  ia  the 
current  outward  normal  to  a.  (Note  that  only  the  normal  com¬ 
ponent  of  vL  ia  determined  uniquely  by  a  given  motion  of  the 
cavity  boundary.)  But  by  the  principle  of  virtual  work  the 
firat  two  terra  in  II  cancel  (aaauming  that  ia  an  admissible 

function  in  V(t),  so  that 


ft  •  j  W  v^m^da 

a 

Thia  reault  has  been  derived,  leaa  conciaely,  by  Rice  and 
Drucker*. 
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Next,  suppose  that  s  is  the  boundary  of  a  cavity,  and 
let  v j  *  this  corresponds  to  a  conceptual  translation  of 

the  cavity  with  a  unit  velocity  in  the  i  direction.  Let  n^  =  -nK 

• 

be  the  unit  inward  normal  on  the  cavity  surface;  then  =  -It  is 
the  rate  of  energy  release  per  unit  of  cavity  translation  in  the 
i  direction,  and  is  given  by 


;i  “  j  W  nids 


But  by  the  first  conservation  law  (lb) ,  we  have 


q  =  J.  (lc) 

wherein  the  integral  in  Ji  can  be  calculated  on  any  closed 
surface  surrounding  the  cavity.  This  last  equation  is  Eshelby's3 
result,  and  takes  the  same  form  as  his  equation  for  "forces"  on 
point  defects  in  solids1*. 

Next,  consider  a  unit  angular  velocity  about  the  i  axis 
of  the  specif ieu  cavity  wall;  then  v^  ■  and  this  leads 

to  the  result 


q  -  -L.  (2c) 

for  the  rate  of  energy  release  per  unit  cavity  rotation  about 
the  i  axis  (with  the  usual  right-hand-rule  sign  convention  for 
rotation. ) 

Finally,  let  the  cavity  boundary  expand  uniformly 
according  to  the  rule  v^  *  x^.  This  gives  the  energy  release 
rate 
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£  ■  M 


(3c) 


Here  the  rate  ia  with  respect  to  relative  scale  change  dl/i, 
where  l  ia  any  characteristic  length  of  the  cavity. 

The  2-D  versions  of  these  energy  release  relations, 


for  plane  or  anti-plane  conditions,  are  self-evident. 

Since  the  final  results  are  expressible  as  integrals 
over  surfaces  or  curves  off  the  cavity  boundary,  there  is  no 
reason  to  doubt  their  validity  when  the  cavity  is  a  crack. 

In  2-D  crack  studies,  the  J  (-Jj)  integral  has  bean 
exploited  for  closed  paths 
of  the  type  shown  in  the  ad¬ 
jacent  sketch.  Since  the 
integrand  vanishes  on  the  crack 
edges,  it  follows  that  the  J 
integral  has  the  same  value  for 
all  open  paths  connecting  any 
points  A,  B  on  opposite  sides 
of  the  crack,  as  shown  in  the 
second  sketch.  In  this  case, 


I 


I 


the  integral  provides  the  energy  release  rate  per  unit  crack  tip 
extension1 » *. 


IV.  Complex  Variablo  Forms 

In  isotropic  plane  elasticity,  the  standard  complex 
potentials  $(z)  amd  tp (z )  are  analytic  functions  of  z  ■  x+iy 
related  to  the  stresses  by 
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o  ,  ,  ♦  a t3  -  2  •  ) 

°7  2  “  0  It  ♦  2i0  |  J  "  2  > 


The  following  results  have  been  derived  for  plane  stress : 


J 


t 


♦  iJ 


(♦'J’d* 


L  -  |  Re0Tzi|4Hdz 
C 

-  |  Re(J>*'  (♦-z«J/')dz 
C 

M  -  |  z+  •  ip  •  dz 

C 


(Id) 


(2d) 


(3d) 


where  E  is  Young's  modulus.  For  plane  strain  E  should  be  re¬ 
placed  by  E/(l-v*),  where  v  is  Poisson's  ratio.  In  the  deri¬ 
vation  of  each  formula,  it  was  assumed  that  the  region  within 
C  was  free  of  any  resultant  forces,  so  that  the  potentials  ♦ 
and  \ ip  were  single-valued. 

If  the  integration  path  in  (la)  is  open,  extending 
from  A  to  B,  the  extra  quantity 

must  be  appended  to  (Id).  Thus,  the  J  integral,  when  taken 

around  a  crack  tip,  is  just 

U 

J  -  |  Im  (j  ((♦')’  ♦  20 '  ip '  Jdz  +  [5  (0* ) 7  )®> 

A 
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Similarly,  extra  termo  appear  in  (2d)  and  (3d)  if  tho  inte¬ 
gration  patlia  in  (2a)  and  (3a)  are  open* 

In  tho  cane  of  anti-plane  ohcar,  tho  relations 

0  ii  *  io  it  "  u'  (*) 

ui  "  TT5  (u““) 

provide  the  stresses  and  the  displacement  in  terms  of  an  ana¬ 
lytic  function  u(z)j  G  is  the  shear  modulus.  Then  formulas 
(lc) ,  (2c),  and  (3c)  can  be  written  as 

J,  -  1J,  - 

c 

and 

L+iM  * 

C 

The  same  formulas  also  hold  for  open  paths. 

V.  Crack-Tip  Stresses  in  tho  Plastic  Range 

In  conjunction  with  the  simple  deformation  theory  of 
plasticity,  the  Jj  integral  has  been  used  to  calculate  asymptotic 
plastic  results4'7"’  for  so-called  "small-scale  yielding"  near 
the  tips  of  cracks  loaded  in  Modes  I,  II,  and  III.  (Modo  I, 
in  the  jargon  of  fracture  mechanics,  moans  crack  oponing, 
and  Mode  II  is  shearing  parallol  to  tho  crock}  in  each  case, 
tho  loading  and  geometry  is  symmetrical  about  tho  crack.  Mode 
III  is  anti-piano  shear.)  In  these  solutions,  tho  dominant  part 
of  the  singular  solution  near  the  tip  in  tho  far  plastic  range 
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is  determined  to  within  a  scalar  factor;  the  factor  is  then 
found  from  the  invariance  of  J1  evaluated  for  paths  around  the 
crack  tip  at  small  and  largo  radii,  where  conditions  are, 
respectively,  purely  plastic  and  purely  elastic.  But  this 
method  has  been  successful  only  for  loadings  that  are  purely 
in  one  of  the  throe  modes  mentioned.  Thus,  for  a  mixture  of 
Modes  I  and  II,  two  scalar  quantities  are  needed  to  establish 
the  stress  distribution  near  the  crack  tip,  and  the  Jx  integral 
does  not  supply  enough  information  for  their  determination. 

Unfortunately,  contrary  to  some  initial  hopes,  use  of 
the  new  L  integral  does  not  appear  to  supply  the  missing  data 
in  mixed-mode  cases.  It  does,  however,  provide  an  unexpected 
result.  The  earlier  pure-mode  solutions  indicated  that  W  may 
be  expected  to  vary  inversely 
with  the  distance  r  from  the 
crack  tip.  Now  consider  the 
evaluation  of  L,  for  a  mixed¬ 
mode  situation  on  the  path 
shown.  Since  L  has  a  bounded, 

unique  value  for  all  paths  enclosing  the  crack,  and  since  the 
contributions  to  L  due  to  the  small  circles  remain  bounded  as 
their  radii  shrink  to  zero,  it  follows  that 

j  x[W+-Wjdx 
crack 

must  be  bounded,  where  W+  and  W_  are  evaluated  on  the  top  and 
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bottom  faces  of  the  crack,  respectively.  This  means,  therefore, 
that  the  singular,  (1/r)  parts  of  W  must  be  equal  at  opposing 
points  on  either  side  of  the  crack.  This  is  surprising  when 
one  considers  arbitrary  mixtures  of  Mode  I  and  II.  On  the 
crack,  W  depends  only  on  |ax|  in  simple  deformation  theory. 
Hence,  the  equality  of  W+  and  w_  near  the  crack  tip  implies  that 
the  ratio  of  the  dominant  singularities  in  (a  )  and  (o  )  must, 

X  *  X  ** 

in  all  mixed-mode  cases,  be  either  1  or  -1.  This  ratio  is  +1 
for  Mode  I  and  -1  for  Mode  II.  If,  then,  one  Imagines  the 
loading  mode  to  change  continuously  from  I  to  II,  this  ratio 
will  have  to  jump  suddenly  from  1  to  -1  at  some  particular  mode 
mixture. 

The  equality  of  the  (1/r)  contributions  to  W  on  opposite 
sides  of  the  crack  must  persist  even  if  some  Mode  TII,  which  has 
a  Txz  contribution  to  W,  is  also  present.  It  may  be  noted, 
finally,  that  these  conclusions  could  have  been  reached  by  a 
consideration  of  the  J2  integral. 
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APPLICATION  OF  A  DE  SCT  MODEL 
TO  VITREOUS  HOI.  IDS 

R.  A.  Huggins 


Abstract 

The  translation  of  the  concepts  of  defect  chemistry 
developed  for  crystalline  solids  to  the  description  of  the 
structure  of  one  class  of  "amorphous"  materials ,  the  vitreous 
oxides,  is  discussed.  Of  specific  interest  are  the  types  and 
concentrations  of  unusual  local  structural  configurations  and 
the  influence  of  oxygen  activity  and  solute  concentrations. 
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application  of  a  defect  model 

TO  VITREOUS  SOLIDS 
R.  A.  Huggins 


Introduction 

Partly  as  a  result  of  recent  progress  and  controversies 
relating  to  various  switching  and  memory  effects  in  non- 
crystalline  semiconductors,  greatly  increased  attention  is 
presently  being  directed  toward  understanding  the  structure 
and  properties  of  a  wide  variety  of  "amorphous”  materials. 

One  of  the  obvious  procedures  that  is  being  followed  in  many 
quarters  involves  the  Investigation  of  the  extent  to  which  the 
concepts  and  tools  that  have  been  developed  to  a  considerable 
degree  of  refinement  for  use  in  other  areas,  such  as  the 
physics  of  crystalline  metals  and  semiconductors,  can  be 
applied  to  the  study  of  solids  which  do  not  have  structures 
with  long  range  order.  Although  there  is  much  to  be  gained 
by  building  upon  this  knowledge  base,  one  has  to  be  quite 
careful  to  avoid  blind  translation  from  crystalline  systems 
without  giving  attention  to  their  appreciable  differences,  as 
well  as  their  similarities. 

one  of  the  obvious  important  differences  that  is  found 
between  these  two  general  classy  of  materials  involves  the 
relative  importance  of  short  range,  compared  to  long  range, 
interactions.  As  a  result,  models  and  tools  that  relate  more 
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directly  to  short  range  or  localized  features  and  phenomena 
should  be  particularly  appropriate  to  investigate  with  regard 
to  their  application  to  noncrystalline  systems. 

A  general  concept  that  has  been  especially  valuable 
in  dealing  with  many  phenomena  and  properties  in  crystalline 
insulators  and  semiconductors  is  what  is  sometimes  called  the 
defect  model  of  the  solid  state.  The  basic  approach  that  is 
used  involves  the  focussing  of  attention  upon  the  description 
and  behavior  of  structural  perturbations;  that  is,  upon  devi- 
ations  from  the  normal  or  "ideal"  structure.  Deviations  from 
the  normal  regularly  repeating  structure  within  crystals 
involve  linear  defects  (dislocations)  and  so-called  point 
defects,  such  as  vacancies,  interstitials,  substitutional 
atoms  or  ions,  etc.  In  the  case  of  "electrically-active" 
solids  one  of  the  powerful  techniques  that  has  been  developed 
for  describing  and  handling  such  structural  features  and  the 
properties  that  relate  to  them  is  known  as  defect  chemistry. 

In  this  approach,  structural  defects  are  treated  as  quasi¬ 
chemical  species,  and  many  of  the  standard  techniques  of 
chemical  thermodynamics  and  kinetics  applied  to  them.  This 
has  been  a  very  useful  methodology,  and  has  helped  achieve 
an  understanding  of  many  of  the  structure-dependent  properties 
of  crystalline  solids.  It  has  been  particularly  valuable  and 
straightforward  when  dealing  with  materials  in  which  the 
individual  defects  can  be  considered  to  be  essentially  non¬ 
interacting.  Defect  interactions  can  also  be  handled  by  making 
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use  of  the  same  procedures  employed  in  concentrated  solution 
theory,  but  at  the  price  of  a  reduction  in  simplicity. 

One  group  of  amorphous  materials  to  which  this  approach 
seems  most  appropriate  involves  simple  vitreous,  or  glassy, 
oxides.  On  the  basis  of  relatively  recent  experimental  work 
using  optical  spectroscopy,  EPR,  NMR  and  sophisticated  X-ray 
diffraction  techniques,  it  is  now  well  recognized  that  such 
vitreous  materials  contain  very  well-defined  local  configu¬ 
rations.  These  local  structural  arrangements  are  virtually 
identical  to  those  found  in  similar  crystalline  solids;  this 
has  specifically  been  pointed  out  for  silicates  and  borates.1  5 

A  start  has  already  been  made  toward  the  application 
of  the  principles  of  defect  chemistry  to  such  simple  vitreous 
systems,1”8  using  the  "structon"  as  the  elementary  structural 
unit.  Each  type  of  structon*”12  signifies  a  particular  type 
of  atom  with  specified  kinds  and  numbers  of  close  neighbors. 

The  overall  structure  of  a  vitreous  material  can  be  expressed 
as  the  sum  of  all  structons  present,  both  those  which  are 
"normal"  (analogous  to  the  regular  repeating  structure  of  a 
perfect  crystal)  and  those  which  are  different  (analogous  to 
crystalline  defects).  The  concepts  and  techniques  of  defect 
chemistry  can  be  applied  to  these  different  structons,  called 
"defect  structons",  as  well  as  to  electronic  perturbations 
("extra"  electrons  or  holes).  The  equilibrium  concentrations 
of  the  various  types  of  defect  structons,  electrons  and  holes 
within  the  vitreous  structure  can  be  found  as  functions  of  the 
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macroscopic  thermodynamic  variables;  specifically  use^al  are 
the  influence  of  temperature  and  the  concentrations  or  chemical 
activities  of  the  various  chemical  elements  present. 

In  the  case  of  silica,  the  structure  of  both  the 
crystalline2  *  3  and  vitreous1  states  can  be  expressed  in  terms 
of  just  two  types  of  normal  structons;  a  silicon  surrounded 
tetrahedrally  by  four  oxygens,  and  an  oxygen  bridging  between 
two  silicon  neighbors.  Both  of  these  struccon  types  can  be 
treated  as  having  a  zero  effective  charge  relative  to  the  rest 
of  the  structure. 

Deviations  from  this  normal  (or  ideal)  vitreous  structure 
can  be  described  either  in  terms  of  a  set  of  defect  structons 
centered  about  electropositive  atoms  (silicon)  or  a  different 
group  centered  upon  the  electronegative  species  (oxygen) .  The 
total  close-neighbor  structure  can  be  determined  by  either  set 
of  structons,  as  they  are  directly  related  to  each  other,  but 
in  vitreous  oxides  it  is  more  convenient  to  deal  only  with 
oxygen-centered  structons. 

It  has  been  shown6'7  that  the  most  probable  oxygen- 
centered  defect  structons  in  high  purity  vitreous  silica  are 
of  just  two  types,  oxygen  atoms  with  either  one  (called  a 
"non-bridging"  oxygen)  or  three  close  silicon  neighbors.  In 
these  cases  the  formal  charges  associated  with  the  structons 
are  -1  and  +1,  respectively.  There  is  a  large  body  of  ex¬ 
perimental  evidence  for  the  existence  of  non-bridging  oxygens 
in  silicates  containing  cations  such  as  H+,  Li+ ,  Na+  or  K 
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in  addition  to  the  basic  constituent,  silicon  and  oxygen.  The 
second  type  of  defect  structon  ha.  not  yet  been  reported  ex¬ 
perimentally  in  Si02,  undoubtedly  because  of  the  practical 


difficulty  of  obtaining  silica  without  the  presence  of  small 

quantities  of  such  additional  cations.  Recent  observations'-. 

that  GeOj  can  contain  a  number  of  percent  excess  Ge  indicates 

that  a  positively  charged  structon  should  be  observable  in 
that  material. 


A  set  of  symbols  has  been  introduced7  to  describe  both 
the  normal  (background)  structons  and  the  defect  structon 

species  present  in  vitreous  silica  and  dilute  silicates.  These 
are  illustrated  in  Table  I. 


general  Methodology  used  in  Calculation  of  Defect 

Analogous  to  the  procedure  normally  followed  in  the 
defect  chemistry  of  simple  nonmetallic  crystals,  defect 
equilibrium  in  vitreous  oxide,  can  be  expressed  in  term,  of 
quasi-chemical  reactions  involving  the  pertinent  defect 
structon  species.  Standard  thermodynamic  treatment  results 
in  law  of  mass  action  expressions  in  terms  of  the  chemical 
activities  or  concentrations  of  such  species. 

If  proper  attention  is  given  to  the  construction  of 
these  quasi-chemical  reactions  with  regard  to  both  mass  and 
electrostatic  charge  balances,  a  completely  rigorous  result 
is  obtained  in  terms  of  the  activities  of  the  pertinent  species. 
Translation  from  activities  to  concentrations  involves  tho 
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introduction  of  assumptions,  as  is  the  case  with  crystalline 
materials.  Because  of  the  relative  importance  of  short  range, 
rather  than  long  range,  interactions  in  the  common  vitreous 
materials,  it  is  reasonable  to  expect  simple  linear  relations 
between  activities  and  concentrations  in  such  systems  to 
remain  valid  up  to  quite  large  concentrations. 

The  selection  of  the  appropriate  quasi-chemic  1 
reactions  to  be  used  to  solve  defect  equilibrium  problems  is 
straightforward.  The  Gibbs  phase  rule  indicates  that  at  a 
specified  value  of  total  pressure  and  temperature  a  system 
in  equilibrium  is  completely  determined  if  a  number  of  com¬ 
positional  variables  are  specified  that  is  one  less  than  thu 
number  of  chemical  components  present.  For  this  purpose,  we 
can  consider  each  chemical  element  to  be  a  component  Thus, 
in  a  binary  system  such  as  pure  silica,  in  which  the  components 
are  silicon  and  oxygen,  one  composition-determining  relation 
is  needed  to  establish  the  thermodynamic  state,  and  thus  the 
concentrations  of  all  the  structural  cpecies  present,  if  the 
pressure  and  temperature  are  specified.  In  a  ternary  system, 
such  as  sodium  silicate,  two  such  composition-determining 
relationships  are  needed  in  addition  to  the  pressure  and 
temperature. 

These  compositional  relations,  which  can  be  considered 
as  thermodynamic  constraints,  can  be  of  various  types.  The 
concentration  (or  chemical  activity)  of  one  of  the  components 
(or  one  of  the  structural  species)  is  one  type  of  such 
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relation.  The  ratio  of  specie  concentrations  (or  activities) 
is  another.  In  some  cases,  the  concentrations  or  activities 
of  species  are  determined  by  equilibrium  with  an  adjacent  phase 
of  known  properties  and  the  constraint  can  be  expressed  in 
terms  of  a  quasi-chemical  reaction  across  the  phase  boundary. 

In  addition  to  these  composition-determining  relations, 
other  independent  relationships  are  needed,  as  the  total  number 
of  constraints  must  equal  the  number  of  structural  species 
under  consideration. 

A  second  type  of  independent  relation  involves  the 
formation  of  conjugate  defect  pairs.  One  of  these  is  electron- 
hole  pair  formation.  Another  is  the  formation  of  a  pair  of 
structural  defects.  (In  the  application  of  defect  chemistry 
to  crystalline  solids  these  latter  species  would  be  vacancies, 
interstitials,  etc.)  Obviously,  the  selection  of  the  specific 
defects  to  be  included  in  this  defect  pair  formation  reaction 
depends  upon  the  disorder  or  structural  model  that  is  being 
used  to  describe  the  vitreous  state. 

One  further  constraint  must  always  be  considered  when 
treating  defects  in  nonmetallic  materials.  This  is  the 
requirement  for  electrostatic  neutrality;  that  is,  the  devi¬ 
ation  in  electrostatic  charge  balance  contributed  by  the 
presence  of  all  the  negatively  charged  defect  species  must  be 
balanced  by  that  contributed  by  the  presence  of  the  various 
positively  charged  species. 

As  a  general  rule,  the  total  number  of  defect  species 
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which  are  involved  in  the  pertinent  equilibria  in  simple  two- 
component  systems  within  any  given  range  of  chemical  constitution 
is  four.  Two  of  these  four  are  structural  defects;  the  other 
two  are  electronic.  As  a  result,  four  independent  relations 
need  to  be  solved  simultaneously  in  order  to  determine  tho 
concentrations  of  this  group  of  defects.  One  of  these  is  al¬ 
ways  the  electroneutrality  condition;  the  second  is  the 
electronic  defect  pair  formation  reaction,  the  third  is  a 
structural  defect  pair  formation  reaction,  and  the  fourth  is 
some  type  of  composition-determining  relation.  If  other  defect 
species  are  also  assumed  to  exist  (including  defects  with 
different  ionization  states  or  effective  charges)  further  in¬ 
dependent  reactions  are  obviously  required. 

After  an  appropriate  set  of  simultaneous  equations 
has  been  selected,  the  concentrations  of  all  pertinent  defect 
species  can  be  obtained  as  functions  of  the  prescribed  thermo¬ 
dynamic  variables.  For  purposes  of  simplification,  it  is 
often  found  useful  to  approximate  the  electrcnoutrality  con¬ 
dition  by  a  simple  equality  between  the  concentrations  of  the 
two  dominant  defects  (one  negative  and  one  positive)  in  any 
given  range  of  composition.1*  By  writing  this  simplified 
alectroneutrality  condition,  and  expressing  the  law  of  mass 
action  expressions  for  the  appropriate  quasi-chemical  reactions 
in  logarithmic  form,  a  simple  set  of  simultaneous  linear 
equations  results,  which  can  easily  be  solved.  A  number  of 
examples  of  the  use  of  this  method  have  been  presented.  0 
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Application  to  Defect  Equilibria  in  Pure  Vitreous  Silica 

Tho  calculation  of  the  defect  concentrations  in  puro 
silica7  involves  the  simultaneous  solution  of  a  set  of  four 


independent  equations: 

Kl  -  [e'J  [h+]. 

(1) 

Kd  -  l<s->]  [<•+>), 

(2) 

Kq  -  l<8*>  1 2  lh+]*  p-1*  , 

(3) 

and 

(<s“>]  ♦  (e"l  -  C<s***>3  ♦  [h+], 

(4) 

where  the  K  values  are  temperature-dependent  equilibrium 
constants  and  the  square  brackets  indicate  concentrations. 
Simultaneous  solution  produces  the  following  expressions  for 
the  pertinent  defect  concentrations! 

r  k .  +  r  -i' 

■•‘1  ■  Ki  [nrprrTj  •  (5) 


and 


where 


[h*]  - 


[<s~>] 


P  -  C  K0p*»  J  ** 


(6) 

(7) 

(8) 

(9) 


and  p  represents  the  partial  pressure  of  oxygen  gas. 
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These  equations  can  be  simplified  considerably  under 
certain  situations.  For  example,  because  of  the  large  band 
gsp,  it  is  reasonable  to  assume  that  the  concentrations  of 
the  two  types  of  defect  structons  are  much  greater  than  those 
of  either  electrons  or  holes  over  a  broad  range  of  intermediate 
values  of  oxygen  partial  pressure.  When  this  is  the  case,  the 
electroneutrality  relation  can  be  approximated  by 


and 


[<s“>]  *  l<s+>] 


Kd  >>  F  >> 


(10) 


so  that  equations  (5-8)  simplify  to: 

* 


[e“] 

[h+] 


KiKd 


F 

m7* 


and 


[<s">]  -  Kd 
[<s+>]  * 


(11) 

(12) 

(13) 

(14) 


Thus ,  we  see  that  in  this  range  of  oxygen  partial  pressure 
the  concentrations  of  both  minority  defects  (electrons  and 
holes)  depend  on  the  magnitude  of  the  oxygen  partial  pressure, 
while  the  concentration,  of  the  dominant  defect  structons  do 

not. 

influence  of  the  Presence  of  a  Third  Component 

Even  nominally  pure  silica  typically  contains  at  least 
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one  other  element  in  addition  to  silicon  and  oxygen,  and  many 
silicates  contain  appreciable  concentrations  of  one  or  more 
other  species.  The  most  common  case  involves  the  presence  of 
monovalent  cations  such  as  lithium,  sodium,  potassium,  or 
hydrogen.  The  presence  of  the  latter  is  related  to  the  frequent 
observation  of  OH'  bands  in  the  optical  absorption  spectrum. 

The  presence  of  these  other  species  in  solution  in  the  silica 
must  be  taken  into  account  in  considerations  of  the  structure 
of  the  silicate  in  terms  of  its  defect  description.  In  order 
to  specify  the  defect  equilibria  when  an  additional  species  is 
present,  an  additional  thermodynamic  constraint  must  also  be 
-tated,  increasing  the  number  of  equations  to  be  solved  simul- 
_aneously.  The  following  cases  can  be  considered: 

1*  An  additional  ionic  species  is  present  in  fixed 
concentration.  This  involves  the  use  of  an  equation  of  the 
form 


where  M  is  a  constant. 

2.  An  additional  species  is  present  whose  chemical 
activity  is  determined  by  equilibrium  with  an  adjacent  phase, 
either  external  or  present  as  a  precipitate.  This  involves 
the  use  of  a  quasi-chemical  reaction  of  the  form 

N  X  N+  +  e" 

which  leads  to  an  equilibrium  relation  of  the  form 
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(16 } 


IN'*-] 


KNaN 

Te^T 


3.  The  activity  of  the  oxide  of  the  third  component 
could  be  specified.  In  the  case  of  a  monovalent  cation  L+ 
this  would  mean  specification  of  the  activity  (related  to  the 
concentration)  of  La0.  The  oxide  activity  is  related  to  the 
activities  of  both  the  cation  and  oxygen  by  the  formation 
reaction 


2L  +  >s02  %  LjO 


which  leads  to  the  law  of  mass  action  relation 
K. 


‘L- 0 


(17) 


Furthermorei  if  essentially  all  the  L  is  ionized  (present  as 
L+)  we  can  write 

L  X  I/*  ♦  e" 

and 


K  .  JililSll 

L  a. 


Substituting  into  (17),  we  see  that 


(aLjO)KL* 


Ll°  tL+] *  t«~J  7 


which  can  be  rearranged  to  give 
fr+1  -  1  IV  VT 

lL  1  T=-T 


(18) 


(19) 


(20) 
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The  way  that  these  different  relations  enter  the  defect 
equilibrium  calculation  can  be  seen  by  examination  of  the 
electroneutrality  condition,  which  can  be  written  as 


[e“J  +  t<s->l  -  th+]  +  t<s+>I  +  (M4) 


(21) 


where  fM4, J  can  be  replaced  by  either  IN4)  or  (L4).  If  substi¬ 
tutions  are  made  to  write  this  equation  in  terms  of  the  electron 
concentration  (e“l,  it  can  be  written  as 


<•*> [l  +  iq]  *  TTT  [Ki  +  "V*  +  s] 


where  Si  ■  M/[e“] 


Sa  "  KNaN 


Si 


[iLarf 

L^o  p^j 


for  case  1, 
for  case  2,  and 

for  case  3. 


Solving  for  (e“), 


le“] 


[Jt_| 


IV1 


where 


M  * 

fM»  .  <VF,<Ki+F> 

Y1  - 

2  + 

F 

_ 

~(Kd+F)  (K^F) 

Ki+F 

[ 

Y  2  ■ 

F 

,^r 

l 

"(Kd+F) (Ki+F) 

Ki+F 

► 

Y3  " 

F  + 

l*i  1 

(^•n] 


(22) 


(23) 


V  *L,0 

k7TJ» 


for  case  1, 


for  case  2,  and 


for  case  3. 


146 


Similar  relations  can  ba  derived  for  the  concentrations 
of  the  other  defect  species*  producing  the  following  set: 


(e") 


"  (iqM 


m 


(h*)  -  (K^PHYJ 


-» 


[<s->J 

(<s*>) 


(Y) 


^(K.+P) 

^-4 -  (Y]-‘ 


and  either 


IM+]  -  M, 


or 


in*]  ■  (VN>^^^j|,^»r,  - 


(23) 


(24) 


(25) 


(26) 


(15) 


(27) 


(28) 


In  the  important  central  region  of  oxygen  partial 


pressure* 


Kd  >>  r  >>  K< 


and  these  relations  can  be  greatly  simplified*  to  give 


l<s“>]  *  UJ 


(31) 


Also,  in  this  range 
(M*J  -  M, 


(32) 

•  i 


(15) 


(33) 


(34) 


Influence  of  Oxygen  Partial  Pressure  on  Solubility 

From  those  relations  one  can  readily  obtain  information 
about  the  influence  of  the  oxygen  partial  pressure  upon  the 
solubility  of  a  constituent  in  a  ternary  silicate  system.  If 
the  species  N  precipitates  as  elemental  N,  for  which  the  value 
of  aN  is  defined  as  unity,  the  solubility  of  N  is  directly 
fourl  from  equation  (33)  to  be 


IN*] 


max 


V 

*r 


(35) 
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This  can  be  written  as 


[N+] 


max 


v 


if 


V 

«T 


>>  K . 


and 


if 


[N+] 


max 


v 


KiKd 


K,  >> 

a 


V 

K, 


(36) 


(37) 


There  is  also  a  temperature  dependence  to  the  solubility ,  as 
each  of  the  K  values  is  expected  to  vary  with  temperature 
according  to  a  relation  of  the  form 


K  -  Kq  exp(-Q/RT) 


(38) 


On  the  other  hand,  if  the  solute  precipitates  in  the 
form  of  its  oxide,  its  solubility  is  found  from  equation  (34) 
by  setting  the  oxide  activity  equal  to  unity.  Using  the  symbol 
L, 


(L+) 


max 


(39) 


if 


>>  K 


d 
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and 


(40) 


if 


[L+] 


max 


K. 


i 


Ik'k 

0 

•Ki  KL20 


Thus  it  is  seen  that  the  oxygen  partial  pressure  has 
an  important  influence  upon  the  solubility  of  a  third  component 
in  silicates  if  that  component  precipitates  in  elemental  form. 
On  the  other  hand,  if  it  precipitates  as  an  oxide,  the  solu¬ 
bility  will  be  independent  of  oxygen  partial  pressure. 

Influence  of  One  Solute  on  the  Solubility  of  Another 

The  presence  of  one  solute  can  influence  the  solubility 
of  another.  We  can  consider  the  influence  of  a  fixed  concen¬ 
tration  of  M+  upon  the  solubility  of  N+.  The  latter  species 
can  be  assumed  to  precipitate  as  elemental  N,  so  that  its 
solubility  is  reached  when  aN  is  equal  to  unity. 

In  this  case  there  are  six  defect  concentrations  to 
consider,  and  therefore  must  be  six  independent  relations. 

These  are 


K.  = 

l 

[e"J  [h+] 

(1) 

Kd  * 

t  <  s”> ] [<s+>3 

(2) 

Ko  * 

t<s”> ) 2  [h+]  2p-** 

(3) 
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and 


[M+] 

=  M 

(15) 

[N+] 

„  KNaN 

ITT 

(16) 

[e-] 

+  [<s“>]  =  [h+]  +  [<s+>]  +  [M+]  +  [N+] 

(41) 

Simultaneous  solution  of  these  relations  results  in 
the  following  expression  for  the  solubility  of  N, 


[N+] 


max 


(42) 


where 


„2  (Kd+F)  (K±+F)  KN(Ki+F) 


Ki 


R  ■  x 

This  can  be  simplified  somewhat  within  the  important  practical 

range  in  which  K,  >>  f  >>  K. 

d  i 


(43) 


to  give 


[N+] _ - 


V 


max  K. 


M  4. 

2  + 

H3~ 

+ 

X 

Q. 

+ 

knf 

Ki 

h~ 

p. 

L 

_ 

- 1 


(44) 


Further,  if 


and 


Hi  >>  k 
4  Kd 


H2  KNF 
V  Ki 


this  reduces  to 
[N+] 


V 


max  M 


(45) 
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Polyvalent  Iona 

Although  the  case.  that  have  been  described  here  all 
involve  monovalent  solute  ions .  similar  consideration,  apply 
for  polyvalent  species.  The  results,  although  different,  win 

be  Similar  to  those  found  for  monovalent  species,  and  win  not 
be  included  here. 

Redox  Reactions  in  vitreous  „ 

It  has  long  been  known  that  many  ions  can  undergo 
Changes  in  valance  or  effective  charge  in  oxide  glasses. 
Summaries  of  the  early  work  in  this  are.  have  been  compiled”.” 
but  as  was  pointed  out  by  Johnston”,  insufficient  attention 
-as  given  to  the  achievement  of  equilibrium  in  many  cases.  A 
liet  of  multivalent  ion.  that  have  been  shown  to  undergo  redox 
reactions  in  silicates  i,  presented  in  Table  n. 

The  factor,  involved  in  the  change  of  ionisation  state 
of  solute  species  within  vitreous  material,  should  be  amenable 
to  treatment  by  the  same  technique,  described  on  the  previous 

pages.  This  will  not  be  pursued  h«r»  ^ 

P  ued  here,  however,  but  will  be 

included  in  a  subsequent  report. 

Discussion 

A  general  methodology  has  been  developed  for  the 
treatment  of  structural  equilibria  within  vitreous  materials 
such  as  the  oxide  silicates  analogous  to  the  defect  chemistry 
which  has  been  successfully  used  for  many  crystalline  materials 
Several  examples  have  been  presented  of  the  use  of  these 
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techniques;  others  will  follow  in  later  reports.  One  of  the 
conclusions  that  results  is  the  significant  influence  that  the 
oxygen  partial  pressure  during  suiting  should  have  upon  the 
structure  and  the  properties  of  vitreous  oxides.  Although  this 
factor  has  not  received  a  great  deal  of  attention  in  glass 
technology  to  date,  the  few  studies  have  been  reported  tend  to 
confirm  the  validity  of  this  general  approach. 
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TABLE  I 


Structural  Units  in  Vitreous  Silica  and  Dilute  Vitreous 
Silicates  Containing  Oxides  of  Monovalent  Cations 


Structural  Species  Structon  Formula  Structural  Formal  Simplified 


Normal  Structons 

UiSU moxation 

1.  Predominant  Si- 
centered  structon 

<Si  (4*0' ' )> 

1 

0 

i 

-O-Si-O- 

I 

0 

2.  Predominant 
Oxygen-centered 
structon  (bridging 
oxygen) 

<0' ' ( 2  Si ) > 

0 

1 

Si-O-Si 

0 

Defect  Structons 

1.  Silicon-centered 
structon  with  one 
oxygen  neighbor 
nonbridging 

<Si  (O' ,3*0' • )> . 

l 

0 

1 

-O-Si-O- 

1 

0 

1 

-1 

2.  Silicon-centered 
structon  with  one 
oxygen  neighbor 
forming  a  3-way 
bridge 

<Si  (3*0'  '  ,0"  '  )> 

1 

0 

1  / 

-O-Si-O 

1  \ 

0 

1 

+1 

3.  Nonbridging 
oxygen  structon 

<0*  (Si) ”> 

Si-0" 

-1  <S"> 

4.  Most  probable 
oxygen-centered 
structon  with 
positive  charge 
(3-way  bridging 
oxygen) 

<0' ' '  (3Si) +> 

Si 

Si-0+  ' 

\ 

Si 

+1  <S+> 

5.  Monovalent  cation 
(eg.  Na,  K) 

<M+> 

+1  <M+> 

Electronic  Defects 

1. 

Electron 

-1 

e- 

2. 

Hole 

+  1 

h+ 
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TABLE  II 


Ions  With  Variable  Valence  Within  Silicates 

Ion  References 


Ce3  + 

- 

Ce4  + 

22-27 

Co2  + 

- 

Co3  + 

23,  28 

Cr2  + 

- 

Cr 3  + 

22,  24,  25 

Eu2  + 

- 

Eu3  + 

30 

Fe2  + 

- 

Fe 3  + 

22-25,  31- 

Mn2  + 

- 

Mn3  + 

22-24 

Ni2  + 

- 

Ni 3  + 

23 

Ti3  + 

- 

Ti**  + 

23 

v3+ 

- 

V4  + 

23,  35,  36 

v4+ 

- 

v5+ 

23,  35,  36 

As3  + 

- 

As5  + 

22,  24 

Sb3  + 

- 

Sb5  + 

22-24 

Sn2  + 

Sn4  + 

22-24 

29 
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THERMODYNAMIC  PROPERTIES  OF  LIQUID  METALS 


J.  L.  Margrave 


Abstract 

As  a  continuation  of  the  project  started  earlier ,  an 
extended  effort  has  been  made  to  collect  the  bast  available 
data  on  the  thermodynamic  properties  of  liquid  metals,  in¬ 
cluding  heats  and  entropies  of  fusion,  heat  capacities  and 
surface  tensions.  Attention  has  been  concentrated  on  the 
heats  and  entropies  of  fusion  and  the  heat  capacities  in  a 
search  for  parameters  which  would  allow  correlation  and  make 
possible  reasonably  reliable  predictions  for  the  many  high 
melting  elements  yet  unstudied  —  Cr* ,  Ilf,  Ir,  Mn*,  Os,  Re, 

Rh,  Ta*,  W,  and  Zr  —  as  well  as  the  hundreds  of  important 
refractory  compounds  and  alloys.  A  mutually  consistent  table 
of  such  liquid  metal  properties  has  been  assembled  and  various 
corrleations  are  presented  graphically. 

Special  attention  has  been  given  to  correlations  of 
the  entropies  of  fusion  with  structure  parameters  and  the 
literature  has  been  surveyed  for  information  regarding  theo- 

•Currontly  under  study. 
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reticai  approaches  for  explaining  the  rise  of  the  specific 
heats  of  both  elemental  solids  and  licuids  far  beyond  the  3D 
predicted  by  either  the  Debye  or  the  Uorn-von  Karman  theories 
The  predominant  literature  explanation  is  -anharmonic  effects 
but  now  experimental  data*  show  strong  correlations  with 
electronic  configurations  and  suggest  that  now  calculations 
which  take  into  account  the  actual  densities  of  states  at 
high  temperatures  might  yield  more  realistic  electronic  con¬ 
tributions  to  the  specific  heat  than  those  usually  predicted 
by  the  equation 


YT 


when  applied  in  the  evaluation  of  y  from  low-temperature 
heat  capacity  data. 


*Various  publications  making  use  of  lovit- -it- 1 i 
Thermodynamic3?tUre  SCi°"~  - 
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THERMODYNAMIC  PROPERTIES  OF  l.TQUIl)  METALS 


J.  L.  Margrave 

An  exploration  of  the  chemical  and  physical  literature 
reporting  theoretical  and  experimental  studies  of  the  high 
temperature  properties  of  liquid  metals  has  been  conducted.  A 
number  of  basic  references  were  located  and  these  are  cited  at 
the  end  of  this  report.1’"* 

It  is  also  worthwhile  to  recapitulate  the  conclusions 
from  a  paper"  which  represented  a  summary  through  1970  of  the 
available  literature  data  for  the  heats  and  ontropies  of  fusion 
and  heat  capacities  of  the  various  liquid  metals.  Basically, 
the  report  concluded  that  one  could  find  relatively  little 
experimental  data  on  metals  melting  above  2000°  except  for  the 
very  recent  work  cnan&ting  from  Rice  University  by  the  technique 
of  levitation  calorimetry.  The  data  were  relatively  few  but 
did  indicate  the  possibility  of  some  periodic  correlations  for 
estimating  "best"  values  when  no  experimental  data  were  available. 
During  the  interim,  more  information  from  lovitation  studies  has 
become  available’  and  also  a  number  of  correlations  have  been 
tested  for  the  various  parameters,  including  correlations  between 
heats  of  fusion  and  atomic  numbers  as  contrasted  with  melting 
points  and  atonic  numbers  between  entropies  of  fusion  and  atomic 
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numbers,  and  between  heat  capacities  of  ideal  gast-,  '  ten* 
capacities  of  liquid  metals  and  the  Gibbs  free  energy  function 
for  ideal  gaseous  atoms  with  a  standard  reference  temperature 
of  2000*K  being  used  for  the  gaseous  species.  (Figures  1-8). 
These  correlations  and  conclusions  therefrom,  form  the  basis 
for  a  new  table  of  thermodynamic  properties  which  is  Included 

in  this  report,  Table  1. 

In  tie  course  of  investigation  it  has  become  clear  that 
there  are  several  fundamental  types  of  questions  about  heat 
capacity  variations  and  high  temperatures  which  are  not  answer- 
able  by  means  of  currently  published  theory.  The  questions  can 
be  best  understood  by  referring  to  Fig.  9.  a  diagram  for 
elemental  Li,  taken  from  a  review  article  by  liorellus'  who  has 
been  actively  calling  attention  to  this  problem  for  tho  past 
twenty  years.  As  one  advances  up  the  Cp  vs  T  curve  for  a 
typical  solid  he  expects  to  find  increasing  Cp  as  is  consistent 
with  either  the  Einstein,  Debye  or  the  more  refined  Uorn-von 
Karman  theories  and  eventually  at  temperatures  which  are  high 
compared  with  the  Debye  temperature  one  predicts  Cp  should 
approach  tho  classical  limit  of  3R.  This  seems  not  to  be  the 
case  for  practically  all  of  tho  metals.  In  lookinq  at  the 
tabulated  data,  about  the  only  elements  for  which  Cp  stays 
anywhere  near  3R  at  the  melting  points  arc  those  whose  solid 
lattice  is  diamond  structure  —  C,  Go,  and  Si.  These  elements 
show  Cp  values  for  the  liquid  in  the  range  of  6-6. 6k  and  it  is 
conceivable  that  current  theory  would  predict  deviation  from 
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the  classical  3K  at  high  temperatures  of  the  order  of  10-20 
percent  so  that  those  values  are  at  least  consistent. 

It  is  important  to  recognize  that  the  sources  of  the 
10-20  percent  deviations  allowed  by  current  theory  and  those 
are  the  contributions  of  anharminic  effects  duo  to  the  unusually 
large  lattice  vibrations  expected  at  high  temperatures.  These 
deviations,  which  in  magnitude  are  about  10  percent,  should 
load  to  an  approximately  linear  variation  in  Cp  as  a  function 
of  temperature  and  one  would  anticipate  a  still  smaller  rate 
of  change  for  the  derivative  of  C  as  a  function  of  temperature 

r 

due  to  the  higher-order  anharmonicity  terms. ‘  The  other  con¬ 
tribution  to  the  specific  heat  of  all  temperatures  is  the 
electronic  contribution  given  normally  by  the  formula  Cp  -  yT 
where  Y  is  composed  of  a  group  of  constants  including  the 
Fermi-tcmporature  in  the  denominator  and  typical  values  for 
Y  run  in  the  range  of  10""  calorics  degrees'0.  Again,  this 
term  leads  to  a  linear  variation  in  the  heat  capacity  with  a 
total  change  in  the  absolute  value  of  Cp  of  approximately  a 
few  tncths  per  thousand  degree  temperature  change.  Neither  of 
these  factors  as  currently  interpreted  gives  any  kind  of 
explanation  for  the  tremendous  deviations  of  Cp  which  are 
observed  in  real  metals  even  at  relatively  low  temperatures 
like  300-500®C.  For  example,  the  alkali  metals  which  melt  in 
the  range  300-500°C,  all  show  Cp  values  of  greater  than  7.  The 
situation  is  even  worse  for  the  high  melting  metals  and  Cp 
values  for  solids  and  liquid  metals  ranging  as  high  as  12 


calories  degrees"'  mole"1  are  current  w 

currently  known  from  reliable 

experimental  studies. 

Borelius 1 ,  who  recognir.d  and  ha,  diacu.aed  in  groat 
detail  this  general  problem,  trie,  to  explain  the  uptake  of 
heat  at  rate,  greater  than  predicted  by  the  clae.ic.l  3R  heat 
capacity  on  the  ba.i.  „f  pre-melting  and  poat-meltin,  phenomena. 
Thu.,  in  rig.  1,  he  identifie,  the  area.  c,n  and  c,.  a,  indi¬ 
cative  of  the,e  prcmclting  and  po.tmeltin,  procen.e,  and  he 
account,  for  the  high  value,  of  Cp  by  .uggo.tin,  that  the 
structure  of  the  cry.tal  i,  undergoing  .ome  preliminary  breaking 

up  before  the  experimental  melting  point  i,  reached  and  that 
.ome  continued  .tructural  change.  occur  »(tcr  raclting.  Th(, 

additional  electronic  contribution  is  Ce  and  m  ^ 

is  Co  and  the  harmonic  lattice 

contribution  if  Ca. 

There  appear  to  be  seve.al  di.tingui.hable  problem 

areas: 

U>  The  rise  of  Cp,.0,id)  above  3R  i„  the  range  below  T  a 

Plot  of  Vrea„-3R)  a.  T  for  aeveral  real  metal,  should"  be 

informative  about  the  type  of  exce..- function  needed  to  explain 
this. 

(2.  The  fairly  good  correlation  of  ASf  with  .tructure,  except 

that  the  qualitative  trend  „ 

ttvc  trend  is  opposite  that  which  one  would 

predict.  Thus, 

«S£us(bcc)  <  hSfus,hcp)  <  iSfus(ccp) 
whiie  the  change  in  coordination  number  is  greatest  for  (beet). 
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(3)  The  large  and  essentially  constant  value  for  C  (t)  for 

r 

many  very  high  melting  liquid  metals  over  ranges  of  5G0-600°K 

to  a  precision  of  '0.5%.  Thus,  if  one  considers  the  maximum 

deviations,  the  range  for  C  is  much  less  than  one  might  have 

P 

predicted  if  either  anharmonic  or  electron  contributions  were 
contributing  the  usual  linear  terms  to  the  high-temperature 
heat  capacity. 

(4)  The  periodic  variation  of  Cp's  for  transition  metals  shows 
a  double-hump  and  correlates  best  with  functions  dependent  on 
energy  level  configurations  and  the  electronic  partition  function 


like  Cp (ideal  gas)  at  2000°K  or 


2000*K 


for  the  ideal  gas  atoms. 

(5)  The  general  failure  of  mass  spectrometer  methods  to  detect 
large  concentrations  of  polymers  over  liquid  metals4.  Typical 
studies  suggest  1-2%  or  less  dimer  in  equilibrium  vapors,  yet 
polymeric  species  would  have  to  be  predominant  in  liquids  to 
give  the  huge  premelting  and  post  mu  1 1 J ng  effects  observed.  Also, 
polymers  in  the  liquid  would  lm  subject  to  dissociation  with 
increasing  tempi* ratlin  In  a  liomn'iwiieoiin  equilibrium  and  one 
would  not  expect  Cp  to  bn  count  nut  for  a  liquid  of  rapidly 
changing  complexity.  Cp  should  decrease  a  1  moot  exponentially 
with  T,  at  least  for  an  appreciable  range,  after  the  melting 
point  if  the  molecular  complexity  is  really  decreasing  in  the 
liquid. 
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m  summary,  more  experimental  data  and  more  detailed 
theoretical  wort  win  be  retired  he  tore  a  complete  plctur0 

°  liquid  metal  thermodynamic  properties  can  be  developed 

however,  "eaningful  correlations  can  be  made  between  heats 

of  fusion  and  meltin,  point  and  between  Cp .liquid  metals,  and 

the  Oibb.  free-enerqy  factor,  .  Predictions 

but  crucial  measurement  needs  are  apparent  Wort  i 

pparenc.  Work  is  especially 

needed  on  element,  from  the  group,  Ur,  Rh  and  Ru),  (llf,  ,r.  0j 

TO.  Re  and  W, ,  and  on  Sm,  Ho  and  bu  to  mate  extrapolations  and/or 

interpolation,  core  reliable.  When  pure  metals  are  understood, 

one  can  then  consider  these  same  properties  for  alloy,  and  for 

refractory  compound,  liKc  carbides,  borides,  nitrides  and 
si licides. 
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TABLE  1 


Thermodynamic  Properties  of  Liquid  Metals 


Element 

MP 

K 

*Hfus 

|  Kcal  mole" 1 

AS* 
f  us 

Cal  deg-1  mole" 1 

0  (0  at  KP 
P  1 

Cal  deg"'  moL 

Ag 

1234 

2.6510.1 

2.15 

8.00  (11) 

A1 

933 

2.5810.03 

2.76 

7. 59  (11) 

Au 

1336 

3.0510.1 

2.29 

7.0  (11) 

B 

2303 

(4. 4-6.0) 

(1.9-2. 6) 

(7.8)  (11) 

Ba 

963 

1.8310.1 

1.86 

(7.510.5) 

Bo 

1557 

3.510.2 

2.25 

7.04  (11) 

Bi 

544 

2.610.05 

4.78 

7.30(11) 

C  (gr) 

(4073) 

(2512) 

(611) 

(6.2)  (11) 

C(dia) 

(4073) 

(2812) 

(711) 

Ca 

1116 

2.010.1 

1.79 

7.00(H) 

Cd 

594 

1.5310.04 

2.58 

7.10(H) 

Ce 

1071 

1.30510.05 

1.2^ 

9.01  (11) 

Co 

1765 

3.7610.04 

2.13 

11.25 (LC) 

Cr 

2130 

(4.0  ) 

(1.9  ) 

(9.410.5  ) 

Cs 

303 

0.5010.01 

1.65 

7.62(11) 

Cu 

1356 

3.11010.075 

2.29 

7 . 9  (LC) 

Dy 

1682 

2.64310.2 

1.57 

11.93(11) 

Er 

1795 

4.757 

2.65 

9.25(H) 

Eu 

1090 

2.2010.05 

2.02 

9.11  (11) 

Fe 

1809 

3.2410.06 

1.79 

10.35 (LC) 

Ga 

303 

1.33610.01 

4.41 

6.65 (H) 

Gd 

1585 

2.40310.1 

1.52 

8.88  (11) 

Ge 

1210 

8.810.3 

7.27 

6.60  (11) 

Ilf 

2493 

(5. 7-6. 8) 

(2. 3-2. 7) 

(9.010.5) 

Hg 

234 

0.5510.005 

2.35 

6.806  (11) 

Ho 

1743 

(2.7  ) 

(1.5  ) 

(10.5)  (ID 

In 

429 

0.7810.02 

1.82 

7.05(11) 

Ir 

2727 

(6. 2-7. 6) 

(2. 3-2. 8) 

(9.010.5) 

K 

337 

0.57110.005 

1.69 

7.68  (H) 

La 

1193 

1.48110.05 

1.24 

8.20(11) 

Li 

453 

0.7010.03 

1.54 

7.26 (H) 

Lu 

1936 

(3.0-4. 8) 

(1.5-2. 5) 

(1111) 

Mg 

923 

2.110.1 

2.28 

7.8 (H) 

Mn 

1517 

(3.0  ) 

(2.0  ) 

(9.010.5) 

Mo 

2839 

8.3210.07 

2.88 

8 . 2 ( LC ) 

Na 

371 

0.6310.02 

1.70 

7.61  (11) 

Nb 

2740 

7.910.2 

2.88 

9.4 (LC) 

Nd 

1289 

1.70710.1 

1.32 

11.66 (H) 

Ni 

1726 

4.110.08 

2.38 

10.30(11) 

OS 

3045 

(6. 9-8.6) 

(2. 3-2. 8) 

(9.010.5) 
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TABLE  1  (continued) 


Element 

MP 

K 

4Hfus 

Kcal  mole-1 

Pb 

600 

1.1510.03 

Pd 

1825 

4.0110.05 

Po 

519 

(1.2-1. 6) 

Pr 

1204 

1.64610.100 

Pt 

2042 

5.3010.15 

Ra 

973 

(1.9  ) 

Rb 

312 

0.52510.01 

Re 

3453 

(8.0-10.1) 

Rh 

2233 

(5. 1-5. 7) 

Ru 

2583 

(6. 1-7. 2) 

Sc 

1812 

3.369 

Se 

493 

1.510.3 

Si 

1685 

12.110.4 

Sm 

1345 

2.1310.1 

Sn 

505 

1.6910.03 

Sr 

1043 

(1.9  ) 

Ta 

3250 

(7.5-9. 3) 

Tb 

1630 

2.5810.10 

Tc 

2413 

(5. 6-6. 5) 

Te 

723 

4.1810.3 

Th 

2028 

(4. 0-5.0) 

Ti 

1940 

3.7810.06 

Tl 

576 

1.0310.03 

Tm 

1818 

4.02510.05 

u 

1405 

2.036 

V 

2193 

4.0510.15 

W 

3680 

(8.4-10.8) 

Y 

1793 

2.7510.1 

Yb 

1097 

1.83010.008 

Zn 

692 

1.7410.03 

Zr 

2125 

(4. 8-5. 2) 

4Sfus  CP<1>  at  MI> 
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Figure  1.  Correlation  of  Heats  of  Fusion  and  Melting  Points  for 
First-Row  Transition  Metals. 


Figure  2.  Correlation  of  Heats  of  Fusion  and  Melting  Points  for 
Second-Row  Transition  Metals. 
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Figure  5.  C  Correlation  for  First-Row  Transition  Metals. 


Figure  6.  C  Correlation  for  Second-Row  Transition  Metals. 
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Figure  8.  C  Correlation  of  Third- Row  Transition  Metals. 
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STRESS  CORROSION  CRACKING  IN  PLASTIC  SOLIDS 
INCLUDING  THE  ROLE  OF  HYDROGEN 

J.  J.  Gilman 


Abstract 

Small  changes  in  surface  environments  can  change 
the  energy  needed  to  create  a  surface  shear  step.  Increases 
in  this  energy  tend  to  shift  a  delicate  balance  between 
glide  and  cleavage  initiation  at  a  crack  tip.  By  inhibiting 
plastic  deformation  this  causes  an  increased  tendency  for 
cleavage.  Thus  a  material  that  is  ductile  in  a  vacuum  can 
become  quite  brittle  in  the  presence  of  certain  surface 
active  environments;  particularly  atomic  hydrogen. 

The  quantitative  criterion  for  deciding  whether 
flow  or  cleavage  will  prevail  is  the  ratio  of  the  appropriate 
glide  plane's  surface  energy  to  the  cleavage  plane's  surface 
energy. 

A  survey  of  the  strengths  of  the  interactions 
between  hydrogen  and  metals  has  been  made.  Throughout  the 
periodic  table  strong  diatomic  interactions  occur.  At 
surfaces  the  interactions  remain  strong  although  they  are 
somewhat  weaker.  In  solid  hydrides  they  tend  to  be  much 
weaker  or  nonexistent.  Thus  the  strength  of  the  interaction 
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depends  on  the  -t.l-m.t.1  distance.  It  is  shown  that  for 
a  typical  transition  metal  the  Interaction  with  hydrogen  is 
strong  enough  to  readily  cause  embrittlement. 
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STRESS  CORROSION  CRACKING  IN  PLASTIC  SOLIDS 
INCLUDING  THE  ROLE  OF  HYDROGEN 


J.  J.  Gilman 


I.  Introduction 

The  phenomenon  of  stress-corrosion  cracking  depends 
sensitively  on  various  parameters  of  a  system,  such  as  the 
magnitude  of  the  stress,  the  temperature,  applied  potentials, 
composition  of  the  environment,  etc.  Therefore,  it  is  a 
"critical"  phenomenon.  That  is,  it  is  associated  with  a 
balance  between  counter-vailing  forces  and  small  changes  in 
the  state  of  a  system  can  shift  it  dramatically  away  from  the 
balanced  situation  (Latanision  and  Westwood,  1970). 

Another  characteristic  is  that  the  counter-vailing 
forces  are  very  localized.  This  may  be  concluded  because 
stress-corrosion  cracking  sometimes  occurs  with  great  speed 
(of  order  10 3  cm/sec),  and  because  the  fractured  surfaces  are 
often  very  smooth  on  a  local  scale  (at  magnifications  of 
20,000  and  more).  Both  of  these  facts  indicate  that  the 
volume  of  materials  that  is  involved  in  the  critical  process 
is  very  small. 

Stress-corrosion  cracking  is  observed  in  purely 
elastic  solids  (completely  brittle) ;  in  elastic-plastic 
solids  (semi-brittle);  and  in  viscoelastic  solids.  In  the 
first  class,  which  is  typified  by  glass,  the  effect  consists 
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essentially  of  stress-induced  chemical  decomposition.  This 
has  recently  been  discussed  by  Tong  and  Gilman  (1971)  and 
will  net  be  discussed  further  here.  The  second  case,  which 
is  typified  by  metallic  alloys,  is  the  one  of  primary  present 


interest. 

In  discussing  stress-corrosion  cracking,  it  is  important 
to  keep  in  mind  that  cracking  cannot  occur  unless  two  conditions 
are  simultaneously  satisfied.  One  is  the  static  energy  balance 
or  Griffith  condition.  The  other  is  the  kinetic  condition  that 
the  local  driving  force  (normal  stress)  must  be  great  enough 
to  cause  the  solid  to  "break"  at  an  observable  rate.  Satis¬ 
faction  of  either  of  these  conditions  alone  does  not  necessarily 
lead  to  fracture.  In  the  discussion  that  follows  it  will  be 
assumed  that  the  Griffith  condition  is  always  satisfied  so  that 
the  behavior  of  the  system  depends  on  whether  the  local  stress 
does  or  does  not  exceed  the  cohesive  stress  of  the  solid  in  the 
appropriate  direction. 

For  a  purely  elastic  solid,  when  the  Griffith  condition 
is  satisfied  the  local  normal  stress  at  the  crack  tip  approxi- 
mately  equals  the  cohesive  stress  of  the  solid.  (Keer,  1964) 
However,  if  the  solid  is  ideally  plastic  this  stress  instantly 
relaxes  to  approximately  twice  the  yield  shear  stress.  Or,  if 
the  solid  is  ideally  viscoelastic,  the  local  stress  begins  to 
relax  toward  zero  at  a  rate  that  depends  on  the  viscosity 

coefficient. 
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In  a  real  solid ,  plastic  or  viscous  relaxation  occurs 
via  the  motion  of  dislocation  lines.  The  resulting  plastic 
strain-rate  that  tends  to  relax  the  elastic  stress  depends 
on  the  instantaneous  values  of  the  local  stress  and  the 
plastic  strain  (amount  of  plastic  relaxation  that  has  already 
occurred) .  The  result  of  this  effect  is  that  the  local  stress 
at  a  crack  tip  will  not  exceed  the  cohesive  stress  unless: 

a)  there  are  no  dislocations  present  locally  and 
they  cannot  be  nucleated  rapidly, 

b)  there  are  dislocations  present  but  the  local 
shear  stress  cannot  move  them,  or  they  lie  on 
planes  that  do  not  have  the  line  of  the  crack 
tip  as  their  zone  axis, 

c)  dislocations  are  present  and  moving  but  the 
crack  tip  is  moving  at  a  velocity  that  does 
not  allow  enough  time  for  adequate  stress 
relaxation  at  the  crack  tip  (Gilman,  1966). 

Since  stress-corrosion  does  not  necessarily  require  high 
crack  velocities  and  this  discussion  concerns  plastic  solids, 
cases  (b)  and  (c)  above  are  ruled  out.  Case  (a)  remains 
for  further  consideration.  The  key  parts  of  statement  (a) 
are  the  need  for  dislocations  locally  * t  the  crack  tip,  and 
the  question  of  whether  the  high  local  stresses  associated 
with  a  sharp  crack  can  or  cannot  nucleate  dislocations  at 
the  tip  which  move  outward  from  it  and  thereby  absorb  energy 
and  blunt  the  shape. 
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II. 


Importance  of  the  Crack  Tip 

For  reasons  given  in  the  second  paragraph  of  the 
Introduction,  occurrences  at  and  very  near  a  crack  tip  are 
especially  important  for  stress-corrosion,  it  is  difficult 
to  separate  the  phenomena  there  because  the  local  stresses 
which  cause  plastic  flow  are  in  equilibrium  with  the  local 
surface  forces.  Therefore  an  observed  effect  that  is  induced 
by  a  change  in  the  environment  might  result  either  from  a 
change  in  the  surface  forces  or  from  a  change  in  the  plastic- 
flow  rate  at  constant  stress.  Perhaps  this  can  be  understood 

better  by  considering  an  approximate  expression  for  the  fracture 
surface  energy  (Gilman,  1959); 


cohesive 


yield 


Here'  Tcoh  is  the  cohesive  shear  stress  required  to 
permanently  shear  the  perfect  structure,  Ty  is  the  shear  stress 
needed  for  rapid  plastic  flow;  and  ye  is  the  "elastic"  surface 
energy.  In  a  vacuum  ye  equals  the  intrinsic  surface  energy 
of  the  solid  but  it  can  be  modified  by  surface  adsorption  in 
a  gaseous  or  liquid  environment.  The  yield  stress,  t  ,  might 
also  be  influenced  by  the  environment.  Since  (1/Ty)  multiplies, 
Ye,  the  effect  of  an  environment  on  Yf  cannot  be  uniquely 
related  to  either  individual  factor  without  an  independent 
microscopic  measurement.  If  ye  becomes  small,  it  does  not 
matter  if  Tco^/Ty  is  large  because  will  be  small  and  the 

-186- 
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material  brittle.  On  the  other  hand,  if  iy  «  1Coh#  thcn 

Y,  a  v  and  the  material  become*  elastic  and,  hence,  brittle. 

E  C 

III.  Glide  vs.  Cleavage  at  a  Crack  Tip 

An  environment  cannot  suppress  flow  in  a  sizeable 
region  around  a  crack  tip  because  the  interaction  energy  at  a 
surface  is  not  large  enough  to  change  the  energy  density 
within  a  sizeable  volume  of  material.  Therefore,  special  modes 
of  deformation  must  be  the  ones  that  are  suppressed.  The 
obvious  mode  for  attention  is  the  flow  that  emerges  from  a 
crack  tip.  This  mode  has  been  observed  experimentally  (Gilman, 
1957),  and  studied  extensively  by  Burns  and  Webb  (1970).  It 
is  the  most  important  mode  because  it  has  the  most  effect  on 
the  sharpness  of  a  crack  tip;  and,  therefore,  on  its  local 
stress  distribution.  This  is  clarified  by  means  of  Figure  1, 
which  shows  the  configuration  near  the  tip  of  a  critical  crack 
in  a  simple  cubic  structure  (Goodier,  1968). 

A  critical  crack  is  one  for  which  the  Griffith 
propagation  condition  is  just  satisifed.  The  tip  configuration 
is  then  nearly  independent  of  the  crack  length  because  the 
maximum  stress  at  the  tip  must  always  equal  the  cohesive  stress 
(Keer,  1964).  Thus,  approximately  the  same  set  of  strains  is 
always  present  and,  hence,  the  same  shape.  Plastic  shears  are 
effective  in  blunting  such  a  crack  only  if  they  pass  within 
one  or  two  atom  distances  of  the  tip,  as  shown  in  Figure  2. 

In  this  figure,  a  shear  at  the  very  tip  (A)  has  changed  the 
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tip  shape  markedly,  but  a  shear  somewhat  away  from  the  tip  (D) 
has  changed  the  shape  relatively  little.  Thus  small  changes 
in  plasticity  very  near  a  crack  tip  can  markedly  influence 
the  subsequent  behavior,  but  general  plastic  flow  in  the 
vicinity  may  have  little  effect. 

The  critical  competition  that  takes  place  during 
cracking  in  general  and  during  stress-corrosion  cracking  in 
particular  is  between  the  tendency  for  a  crack  to  become  longer 
by  cleavage  and  its  tendency  to  become  blunted  by  plastic 
shears.  This  problem  was  first  considered  explicitly  by 
Kitajima  (1965)  and  later  by  Kelly,  Tyson  and  Cottrell  (1967). 
Recently,  Rice  and  Thomson  (1971)  have  considered  it  in  some 
detail.  It  will  be  considered  here  from  a  different  viewpoint 
that  allows  the  essential  result  to  be  expressed  in  terms  of 
relative  surface  energies.  This  form  of  the  result  is 
particularly  compact  and  can  be  readily  applied  to  stress- 
corrosion  problems. 

Because  of  the  small  scales  of  the  crucial  events 
at  a  crack  tip,  a  detailed  analysis  of  the  physical  processes 
that  occur  is  very  complex,  but  simple  models  serve  to  define 
the  relationships  between  the  principal  physical  features. 
Figure  3  shows  schematically  how  dislocations  can  be  used 
for  this  purpose. 

First,  a  crack  can  be  modeled  by  means  of  an  array 
of  edge  dislocations  (Friedel,  1959)  because  the  summation 
stress  field  of  an  appropriate  array  is  closely  similar  to 
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that  of  a  crack.  In  Figure  3A  a  crack  that  is  modeled  in 
terms  of  dislocations  is  shown.  Figures  3B  and  3C  focus 
attention  on  the  region  near  the  very  tip  of  a  crack. 

Now  the  competitive  processes  can  be  clearly  defined. 
First,  the  elementary  cleavage  process  consists  of  an  advance 
of  the  leading  crack-type  dislocation,  (Figure  3B)  by  an  atomic 
distance  in  the  x-direction.  Second,  the  start  of  plastic 
blunting  consists  of  tho  creation  of  two  glide  dislocations, 

(1)  and  (2)  which  move  out  to  a  distance,  x,  from  the  crack 
tip. 

The  first  process  requires  an  energy  per  unit  length 
of  approximately  2ycb j  where  y^  is  the  specific  surface  energy 
of  the  cleavage  plane,  b  is  an  interatomic  distance,  and  two 
is  the  number  of  new  surfaces. 

An  estimate  of  the  energy  of  the  other  process  is 
somewhat  more  complex.  However,  it  is  greatly  simplified  by 
the  fact  that  the  stress  field  of  one  of  the  two  dislocations 
does  not  exert  u  force  on  the  other  dislocation  if  the  medium 
is  isotropic  and  the  dislocations  lie  on  planes  inclined  at 
45*  with  respect  to  the  cleavage  plane.  Also,  their  interaction 
energy  is  constant  (independent  of  x) ,  and  the  sum  of  their 
self-energies  equals  the  energy  of  the  leading  crack-type 
dislocation.  Furthermore,  their  stress  fields  approximately 
cancel  the  stresses  on  the  crack  surfaces  so  the  image  forces 
that  tend  to  pull  them  back  into  the  crack  are  small. 

When  the  dislocations  are  created  two  small  surface 
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steps  of  specific  energy,  yg,  appear  at  the  tip  of  the  crack 
as  indicated  in  Figure  3C.  These  exert  a  tension,  (+2yg) 
to  inhibit  the  creation  of  the  dislocations  for  small  x.  A 
driving  force,  (-2Tb)  tends  to  push  the  dislocations  into 
the  medium,  where  the  stress,  t  decreases  with  x  as  follows: 

U) 

Since  the  interaction  force  is  zero,  the  total  force  equilibrium 
i.  s  • 

2y  2t  b2/2*-H  -  0  (2> 

'  g  o 


and  solving  for  x  yields: 

ft  i1’ 

x  =  bs[-^  13 

This  means  that  the  dislocations  tend  to  move  further  into  the 
material  as  the  applied  stress  increases  or  the  surface  energy 

of  the  glide  plane  decreases. 

The  conclusion  at  this  point  is  that  (for  a  critical 
crack)  both  cleavage  and  glide  may  be  spontaneous  processes 
depending  on  the  conditions  very  near  a  crack  tip. 

For  significant  spontaneous  glide  to  occur,  x  must  be 

equal  to  or  greater  than  b  so  that: 

tQb  >  Yg  (for  glide)  ^ 

For  cleavage  to  occur  the  local  tenBile  stress  must  be  equal 
to  or  greater  than  the  cohesive  stress,  ocoh  which  is 
approximately : 
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(5) 


Then  since  o0  <  2tq  the  condition  for  the  cleavage  mode  to 
predominate  is : 

YC  <  Yg  (6 

This  condition  is  approximate  so  the  main  conclusion 

is  that  the  mode  of  propagation  of  a  crack  is  very  sensitive 

to  the  ratio:  (y „/l  c)  and  anything  that  tends  to  raise  yg 

relative  to  yc  will  favor  cleavage.  It  is  consistent  with 

the  behavior  of  layered  crystals  for  which  the  ratio  of 

y  to  y  tends  to  be  large, 
g  c 

IV.  The  Role  of  Surface  Layers 

The  application  of  this  result  to  stress  corrosion 
requires  a  recognition  of  the  fact  that  very  thin  layers  of 
material  can  substantially  change  the  ratio  of  the  energy  of 
formation  of  a  glide  surface  steps  to  the  energy  of  a  cleavage 
surface),  and  thereby  enhance  cleavage.  This  is  illustrated  in 
Figure  4A  which  shows  how  the  formation  of  a  thin  surface 
compound  (chemisorption)  can  increase  the  energy  needed  to 
make  a  surface  step;  it  can  also  markedly  increase  the 
activation  energy. 

The  presence  of  the  surface  compound  is  indicated 
schematically  by  the  cross-hatched  circles.  Initially  (the 
dotted  lines)  each  equivalent  surface  position  is  occupied 
by  a  second  atomic  species.  After  the  shear ,  the  positions 
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are  indicated  by  the  solid  lines  and  it  may  be  seen  that  the 
configuration  around  the  cross-hatched  atom  at  the  center  of 
the  tip  has  changed  considerably.  Thus,  the  surface  compound 
has  essentially  been  decomposed  which  requires  an  energy 
approximately  equal  to  its  free  energy  of  formation,  AF.  in 
order  for  a  dislocation  to  form  at  this  site  spontaneously 
then,  the  work  done  during  shearing  must  approximately  equal 
AF  per  molecule.  That  is: 


tb3  ~  AF  ( 

and  since  t  *  G/15  at  the  tip  of  a  critical  crack,  if  AF  is 
^reutcr  than  about  Gb  /15  spontaneous  blunting  cannot  occur. 
Taking  typical  values  of  10 12  d/cm2  and  2.5  x  io"8  cm  for 
G  and  b,  respectively,  this  means  that  spontaneous  blunting 
is  not  expected  if  AF  exceeds  about  0.6  e.v.  or  15  Keal/mol. 

The  activation  energy  for  this  event  may  be  equal 
to  or  even  greater  than  the  total  energy  change  because  the 
surface  symmetry  is  destroyed  when  the  glide  displacement  is 
b/2  so  half  the  final  shear  has  occurred  and  atoms  have  been 
moved  to  "wrong"  positions. 

In  addition  to  suppressing  plastic  flow  of  the 
critical  blunting  type,  chemisorption  lowers  the  effective 
cleavage  surface  onorgy  and  thereby  tends  to  enhance  cleavage. 
Tho  chango  in  surface  onorgy  is  approximately  AF/b2  and  if 
this  equals  or  oxceeds  yc#  then  spontaneous  cleavage  is 
expected  provided  the  chemisorption  species  can  continue  to 
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reach  the  crack  tip. 

Another  way  to  discuss  this  is  to  consider  the  effects 

on  Equation  (6).  The  chemisorption  energy  per  unit  surface  is 

~AF/bz  which  enhances  cleavage  so  it  subtracts  from  y  ;  and 

c 

adds  to  Yg  since  it  tends  to  suppress  glide.  Thus  the  cleavage 
condition  becomes: 


or  cleavage  is  expected  if: 

AF  >  (yc  -  Yg)b 2/2  (9) 

Suppose  that  (yc  -  Yg)  88  10 3  ergs/cm2  and  again  b  =  2. 5x10” 8  cm. 
Then  cleavage  will  occur  for  AF  *  0.2  e.v.  or  "'5  Kcal/mol.  Even 
the  physical  adsorption  of  a  highly  polarizable  species  such  as 
water  can  cause  this  much  energy  change. 

Figure  4B  illustrates  schematically  how  local  shearing 
affects  the  configuration  when  a  localized  surface  dipole  layer 
is  present;  or  a  species  that  adsorbs  external  to  the  substrate 
surface.  When  shearing  occurs ,  the  local  configuration  must 
again  change  substantially.  In  this  case  whether  or  not  its 
energy  of  formation  must  be  provided  depends  on  how  strongly 
the  adsorbed  atoms  interact  laterally.  If  this  interaction  is 
weak  there  may  be  little  effect. 
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V. 


Example  of  Hydrogen  Embrittlement 


The  bond  energies  of  the  gaseous  hydrides  are  shown 
for  a  majority  of  the  elements  in  Figure  5.  These  numbers 
indicate  that  atomic  hydrogen  interacts  strongly  with  most 
elements  (and,  hence,  with  most  alloys).  In  fact,  the  inter¬ 
action  energies  are  typically  large  compared  with  the  surface 
energies  (per  atom)  of  the  elements.  Therefore,  it  con  bo 
expected  that  if  hydrogen  can  reach  a  crack  tip  in  nearly  any 
element  (or  alloy)  i  will  tend  to  cause  embrittlement. 

The  interaction  with  hydrogen  is  strongest  for  elements 
with  low  atomic  numbers  and  large  electronegativities  but  it 
is  substantial  for  most  of  the  elements  except  the  rare  gases. 
Since  those  bond  energies  are  comparable  with  the  heats  of 
chemisorption,  these  are  also  high  for  most  elements.  The 
widespread  existence  of  hydrogen  embrittlement  of  metals  is 
therefore  not  surprising  but  the  detailed  mechanisms  continue 
to  need  elucidation. 

Onu  of  the  first  problems  to  be  considered  is  the 
hydrogen-surface  interaction  because  the  interaction  of  a 
metal  with  hydrogen  depends  strongly  on  the  state  of  the  metal. 
The  data  given  in  Figure  6  show  this  ^uite  clearly  for  a  few 
illustrative  metals.  Metals  bond  most  strongly  with  hydrogen 
in  diatomic  molecules  and  least  strongly  with  hydrogen  in 
diatomic  molecules  and  least  strongly  as  stoichiometric  solid 
hydrides.  At  free  surfaces  the  strength  of  bonding  is  inter- 
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mediate.  This  suggests  that  the  interaction  of  a  metal  with 
hydrogen  depends  strongly  on  the  distance  between  metal  atoms 
as  illustrated  in  Figure  7.  Strain  of  a  metal  surface  can 
therefore  be  expected  to  strongly  affect  the  chemisorption  of 
hydrogen;  especially  the  large  strains  found  near  the  tips  of 
cracks . 

If  repulsion  effects  determine  the  interaction  energy 
then  it  is  reasonable  to  approximate  the  curve  of  Figure  7  by: 

Efa  -  e£  U-e“(d“ds/6)]  -  e£  (10) 

where  d  is  the  metal-metal  distance #  E^  is  the  interaction 
energy  for  full  separation  (dilute  gas) #  e£  is  the  interaction 
energy  in  the  solid  hydride#  dg  is  the  metal-metal  distance  in 
the  solid  hydride#  and  6  is  a  constant.  The  initial  slope  is: 

l(d-dB)  <<  6  (ID 

Since  e£  and  :3  a.»  often  known  from  thermodynamic  data#  if 
the  initial  slope  can  be  estimated  this  allows  an  estimate 
to  be  made  of  the  binding  energy  of  hydrogen  at  appropriate 
points  near  the  tip  of  a  crack. 

Because  of  the  strong  interactions  of  hydrogen  with 
free  atoms  and  surfaces  it  can  be  expected  to  chemisorb  at 
all  available  sites  nearby  a  crack  tip  in  most  metals.  Both 
glide  suppression  and  cleavage  enhancement  may  occur.  Either 
will  result  in  embrittlement  of  the  metal. 


ft 


•b 


VI. 


Summary 


The  importance  of  events  within  the  atomic  structure 
at  the  tip  of  a  critical  crack  in  an  elastic-plastic  solid 
is  emphasized.  Changes  in  the  surface  environment  can  change 
e  ie  energy  needed  to  create  a  dislocation  and  the  energy 
needed  for  cleavage.  Such  changes  can  shift  the  delicate 
balance  between  the  tendencies  toward  glide  and  cleavage 
initiation  at  a  crack  tip.  Inhibition  of  plastic  deformation 
increases  the  tendency  for  cleavage,  and  numerical  estimates 
of  this  effect  are  given  which  show  that  relatively  small 
adsorption  energies  can  have  marked  effects.  The  case  of 
hydrogen  adsorption  is  emphasized  and  it  is  concluded  that 
since  hydrogen  interacts  strongly  with  most  elements  it  can 
readily  cause  embrittlement. 
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FIGURE  1 


Configuration  near  tip  of  a  crack  in  a  simple 
cubic  crystal. 
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FIGURE  2 


Schematic  affects  of  plastic  shears  on  the  con 
figuration  near  the  tip  of  a  critical  crack. 
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Array  of  crack  dislocations  representing  crack 


Advance  of  crack  by  cleavage. 


Blunting  of  crack  tip  by  plastic  shears 


FIGURE  3 


Dislocation  models  of  crack  tip  processes 
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FIGURE  5 


Bond  energies  of  diatomic  hydrides  (kcal/mol) 

XX  -  From  spectroscopic  data  (Gas) 

(XX)-  Calculated  from  Pauling  formula 
XX  -  Enthalpy  of  formation  of  solid  hydride 
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FIGURE  6 


Effect  of  the  state  of  typical  metals  on  their 
interaction  energies  (enthalpies)  with  atomic 
hydrogen  (kcal/mol  . 
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FIGURE  7 


Effect  of  the  distance  between  metal  atoms  on 
their  interaction  with  atomic  hydrogen  (schematic) . 
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A  UNIFIED  THEORY  FOR  THE  FREE  ENERGY 
OF  INHOMOGENEOUS  SYSTEMS 


L.  A.  Swanger 
G.  M.  Pound 
J.  P.  Hirth 


Abstract 

Recent  theories  for  the  free  energy  of  inhomogeneous 
systems  are  considered  and  shown  to  be  consistent  when  certain 
apparent  discrepancies  in  coordinate  systems  are  removed.  The 
question  of  reduction  of  symmetry  of  a  crystal  to  that  of  the 
group  in  the  presence  of  a  field  gradient  is  discussed. 
Conditions  for  the  existence  of  odd-order  gradient  terms  in  a 
free  energy  expression  are  presented. 


A  UNIFIED  THEORY  FOR  THE  FREE  ENERGY 
OF  INHOMOGENEOUS  SYSTEMS 


L.  A.  Swanger 
G.  M.  Pound 
J.  P.  Hirth 


Introduction 

The  free  energy  of  non-uniform  systems  has  been  ex¬ 
pressed  in  terms  of  thermodynamic  variables  and  their  gradients 
by  Landau  and  Lifshitz1  and  has  been  applied  in  detail  to  the 
case  of  concentration  in  binary  solutions  by  Cahn  and  Hilliard2. 
The  latter  treatment  is  valid  for  the  case  of  cubic  or  isotropic 
materials  with  a  concentration  gradient  that  is  small  compared 
to  the  reciprocal  of  the  intermolecular  distance.  Their  result 
for  the  free  energy  density  at  a  point 

f  ■  f  +  K  (Vc) 3  +  . . .  (1) 

contains  only  even  powers  of  the  oven  concentration  gradients. 
Combining  this  result  with  an  expression  for  the  strain  energy 
of  a  two  phase  medium,  Cahn2  derived  the  modern  description 
of  the  early  stages  of  spinodal  decomposition  in  the  defect- 
free  material. 

An  extension  to  the  above  theory  was  presented  by 
Tiller,  Pound,  and  Hirth  (TPH) 3  and  Hirth,  Tiller,  and  Pound 
(HTP) 4 .  Their  conclusion  was  that,  in  cases  outside  the  rather 
restrictive  assumptions  of  Cahn  and  Hilliard,  there  is  no  reason 
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to  exolude  the  dependence  of  free  enorgy  on  >u  pow(irB  of  #u 

orders  of  concentration  gradient.,  sp.cifio.Uy  the  fir.t 
derivative  which  is  als0  referred  to  ^  ^ 

indeed,  the  presence  of  such  odd  order  terms  produced 

y  polarizations  has  been  known  for  acme  time  in  crystal 

physios  under  the  category  of  morphic  effects. 

A  subsequent  paper  bv  tph1  --  ar.  u  a 

r  per  oy  tph  re-emphasized  the  original 

contribution  of  these  authors,  that  * 

81  that  a  ooncentration  gradient 

'  ^  3enera1'  lndU°e  ^adia"t.  in  other  thermodynamic 
entities  via  relaxations!  accomodations.  Such  additional 

gradients  could,  i„  a  phenomenological  description,  be  assigned 

a.  properties  of  the  material  and  thus  cause  linear  term,  to 
occur  i„  an  expression  £or  th>  frM  ^  ^  ^  ^ 

tration  and  its  gradients. 

Recently  Morris’  ha,  combined  the  above  contribution 
rom  TPH  With  a  statement  from  HTP*.  There  the  author, 
stated  that  in  general  the  total  spatial  derivative  of  energy 


»  fj*)  fee]  faB] 
ox  (ScJlSxJ  +  (^J 


(2) 


The  first  term  Just  tabulates  the  dependenoe  of  energy  on 
concentration  but  the  second  term  admits  the  possibility  of 
an  intrinsic  directionality  in  the  material.  Morris  incor¬ 
porated  this  concept  by  demonstrating  that  a  material  with 
symmetry  derivable  from  the  group  c„.  which  is  the  case  for 
the  material  properties  discussed  by  TPH'.-,  will  indeed  have 
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directed  axis  and  will  include  in  a  free  energy  expression  a 
term  that  is  linear  in  concentration  gradient. 

The  former  concept  of  induced  fields  was  included  by 
Morris  in  a  set  of  parameters  $  which  are  arguments  of  an 
energy-density  functional.  By  including  the  set  of  parameters 
in  a  description  of  a  reference  state  to  one  derivable  ftom 
c«v*  By  usin9  ♦  to  describe  the  induced  fields  identified  by 
TPH\  such  reduction  of  material  symmetry  is  accomplished. 

Mathematical  Models 

By  adopting  a  particular  mathematical  viewpoint,  the 
concepts  of  the  various  contributors  to  this  topic  can  be 
analyzed,  organized  and  compared. 

First  consider  an  idealized  class  of  binary  atcrials 
that  deviate  from  complete  thermodynamic  homogeniet)  only  by 
variations  in  concentration.  Here  external  fields,  induced 
fields,  and  dofect  fields  arc  excluded,  leaving  only  concen¬ 
tration  fields.  For  such  materials  the  logical  choice  of 
reference  state  is  one  of  uniform  composition.  The  concen¬ 
tration  is  constant  and  equals  the  average  value  in  the  actual 
state.  Then  tho  free  energy  density  at  a  point  is  expressible 
as  a  function  o'  the  independent  variables  concentration,  first 
gradient  of  concentration,  second  gradient  of  concentration, 
etc. 


f  ■  f (c, Vc, V*c, V *c, . . . ) 


(3) 


-201- 


For  such  a  system  a  set  of  "partial  response  curves"  can  be 
defined.  These  curves  describe  the  dependence  of  the  free 
energy  density  on  each  of  the  independent  variables,  with  the 
other  variables  held  constant  at  their  reference  state  values. 
Figure  1  shows  how  these  curves  might  look  for  a  binary  solution. 
Such  curves  arc  conceptually  available  either  experimentally, 
by  making  measurements  varying  one  parameter  at  a  time,  or  by 
calculation  assuming  exact  expressions  for  all  interactions 
arc  available. 

Figure  1  shows  the  various  curves  for  a  one  dimensional 
crystal  in  laboratory  coordinates,  the  basis  for  the  following 
examples.  The  various  imbedded  coordinates  and  generalized 
three-dimensional  cases  are  discussed  in  a  later  section. 

Now  consider  the  partial  response  curves  for  a  cubic 
or  isotropic  medium,  Fig.  2.  Particularly  note  that  the  curve 
for  3c/3x  ■  0.  This  is  because,  being  isotropic,  the  material 
responds  identically  to  a  concentration  gradient  of  given 
magnitude,  independent  of  the  direction  of  the  gradient.  Thus, 
f,  is  an  even  function  of  3c/3x  and  as  such  can  be  expressed  as 
a  sum  of  a  set  of  even  orthogonal  functions.  A  suitable  set  is 
the  sequence  of  even  powers.  The  method  for  determining  the 
coefficients  of  each  term  is  by  Taylor's  theoremi 
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In  this  equation  3f2n/3n(|^)  ■  0,  n  ■  1,3,5,...  This  is  the 
origin  of  the  statement  by  CH1  that  odd  powers  of  the  concen¬ 
tration  gradient  do  not  contribute  to  the  free  energy.  This 
case  may  include  the  effects  of  induced  gradients  if  the  species 
of  the  induced  concentration  profile,  o.g.  vacancies  in  a  crystal, 
are  everywhere  at  equilibrium  with  the  material.  In  this  sit¬ 
uation,  partial  response  curves  like  those  in  Figure  would  of 
course  apply.  Whenever  this  condition  is  not  met,  the  state  to 
be  described  is  inaccessible  by  the  usual  Taylor  expansion  about 
3c/3x  =  0,  linear  and  higher  odd-order  forms  do  arise  and  the 
required  phenomenological  expression  must  be  regarded  as  em¬ 
pirical.  This  important  class  of  cases  will  be  discussed  later 
in  the  present  section. 

The  partial  response  curve  f ,  is  in  general  not  symmetric 
about  32c/3x2  *  0,  even  for  an  isotropic  material.  Thus,  an 
expression  for  this  quantity  in  terms  of  a  power  series  will 
include  terms  of  all  powers,  even  and  odd.  Cahn  and  Hillard's1 
coefficient  Kj  is  just  the  slope  of  f3  at  32c/3x2  ■  0. 

The  partial  response  curves  given  in  Fig.  3,  still  in 
laboratory  coordinates,  can  arise  in  two  ways:  (i)  the  material 
itself  is  of  a  symmetry  derived  from  C  ,  or  (ii)  a  more 
symmetrical  cry,tal  has  had  its  symmetry  reduced  by  inclusion 
of  an  external  gradient  in  the  system  of  the  reference  state. 
Because  it  is  no  longer  symmetric  about  3c/3x  =0,  f2  now 
needs  to  be  expressed  as  a  power  series  containing  terms  of 
all  orders,  with  coefficients  calculated  using  Taylor's  theorem. 
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Expression*  of  this  type  were  presented  by  Morris*. 

Let  us  next  consider  the  very  important  class  of  cases 
which  ariso  when  the  species  of  the  induced  concentration 
profile,  e.g.,  vacancies  and/or  dislocations  in  a  crystal,  are 
not  at  equilibrium  with  the  materiel.  A  prime  example  of  this 
situation  occurs  in  spinodal  decomposition  of  solids  where 
vacancies  are  being  pumped  by  high  gradients  in  the  regions  of 
short  half  wave  length  (MOP  A)  between  extrema  which  differ 
greatly  in  composition.  It  is  clear  that  such  states  are  in¬ 
accessible  by  the  usual  Taylor  expansion  about  the  normal  state 
of  uniform  composition  of  the  type  given  by  Eq.  (4).  Instead 
of  expanding  about  3c/3x  -  0,  the  expansion  of  if  meaningful, 
must  be  about  a  value  of  3c/3x  for  which  the  non-equilibrium 
effects  become  appreciable.  Such  a  situation  is  depicted  in 
Fig.  4  for  both  imbedded  (Lagrangien)  and  the  usual  laboratory 
(Eulerian)  coordinates.  The  former  are  preferred,  because  it 
adds  nothing  to  consider  the  reverse  direction  of  an  external 
coordinate  when  describing  the  effect  of  an  internal  field. 

Note  that  curves  such  as  that  for  3c/3x  in  Fig.  3  are  impossible 
to  obtain  in  the  induced  field  case.  The  reason  that  the  usual 
Taylor  expansion  about  3c/3x  -  0  is  not  valid  for  the  outer 
branches  of  the  curves  in  Fig.  4  is  the  singularity  at  (i) 
where  the  differential  coefficient  of  3c/3x  is  discontinuous 
(in  the  present  example)  and  the  differential  coefficient  of 
3  c/3x2  is  non-existent.  In  simpler  terms,  the  two  positions 
of  each  of  the  curves  in  Fig.  4  are  represented  by  different 
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functions.  The  function  for  the  outer  branch  is  different 
from  the  inner  branch.  The  inner  branch  represents  the  situ¬ 
ation  where  the  induced  concentration  profiles  are  in  equi¬ 
librium  with  the  matrix.  The  outer  branch  is  the  sum  of  the 
function  for  the  inner  branch  and  another  function  which  ex¬ 
presses  the  effect  of  the  induced  non-equilibrium  concentration 
profile.  One  notes  that  this  effect  becomes  appreciable  only 
above  some  value  (i)  of  the  imposed  gradient ,  which  corresponds 
to  the  "critical"  gradient  for  which  the  crystal  symmetry  is 
reduced  by  the  induced  field  to  the  group.  The  second 
term  of  Eq.  (2;  is  now  appreciable:  with  such  effects*  there 
must  be  linear  and  higher  order  odd  terms  in  the  expression 
representing  the  free  energy  density  in  spinodal  decomposition 
and  other  important  cases*  although  their  magnitudes  have  not 
yet  been  estimated.  As  pointed  out  by  TPH1  and  HTP\  the 
required  expansion  must  be  regarded  as  empirical. 

A  specific  mathematical  form  corresponding  to  Fig.  4 
would  be  the  Heavside  function  discussed  by  TPH  and  associated 
with  dislocation  formation.  With  effects  of  this  type  assoc¬ 
iated  with  vacancies*  electron  polarization  and  the  like,  the 
effect  can  in  principle  occur  for  very  small  gradients.  On 
the  scale  of  experimental  observation,  the  slope  discontinuity 
could  be  effectively  at  the  origin  as  shown  in  Fig.  5.  This 
case  whore  Bf/d  (bc/Dx)  0  as  3c/3x  0  is  the  specific  case 

leading  to  concentration  faceting  treated  by  HTP1*,  CH5,  and 
TPH*.  In  fact,  the  case  of  excess  vacancy  formation  caused 
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by  diffusion  in  a  region  of  crystal  which  is  free  of  dis¬ 
locations  or  other  vacancy  sources  is  a  good  example  of  Pig.  5. 
In  the  absence  of  sources  and  sinks  at  quasi-steady  state  there 
can  be  no  divergence  of  the  vacancy  flux  which  will  thus  be 
determined  by  boundary  conditions  removed  from  the  region  in 
question:  hence,  the  local  vacancy  concentration  will  differ 
from  both  local  equilibrium  value  and  the  value  in  the  presence 
of  a  gradient  but  with  local  vacancy  sources  and  sinks.  From 
the  viewpoint  of  diffusion  theory,  dif fusivities  for  processes 
such  as  the  early  stages  of  spinodal  decomposition  or  Nabarro- 
Herring  creep,  where  no  local  vacancy  sources  are  anticipated, 
should  differ. 

The  calculation  from  first  principles  of  the  various 
coefficients  in  the  free  energy  expression  given  above  is  not 
very  illuminating.  As  pointed  out  by  HTP\  and  clarified  above, 
determination  of  the  coefficients  is  a  process  of  parametric 
curve  fitting,  and  does  not  involve  a  one-to-one  correspondence 
between  physical  effects  and  coefficients. 

All  the  above  has  been  consistent  with  Morris'* 
assumption  of  the  existence  of  a  functional  P  that  relates  f 
co  concentration  and  its  gradients,  temperature,  and  the  set 
of  thermodynamic  parameters  $,  which  is  continuous  to  all 
orders.  It  is  only  with  the  existence  of  this  continuity  that 
a  Taylor  s  expansion  about  3c/3x  m  0  to  determine  a  power  series 
representation  for  f  is  meaningful.  By  going  outside  that 
assumption,  the  topic  of  singularities  becumes  accessible. 
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HTP1*  wrote  their  free  energy  function  as  a  phenomenological 
expression  rather  than  an  analytic  expansion  in  order  to  in¬ 
clude  situations  outside  the  domain  of  the  description  of  CH 
and  Morris. 

The  present  formulation  can  also  be  used  to  investigate 
the  claim  of  HTP4  that  two  different  coefficients  are  needed 
for  32c/3x2,  depending  on  the  sign  of  the  curvature  (Kq.  5  in 
HTP4).  If  f3  is  an  analytic  function  of  32c/3x2,  then  such 
dual  coefficients  are  meaningless.  The  curves  for  f  in  Figs. 
1/  2,  and  3  are  all  expressable  as 


f 
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K 


[  3  2c) 
i  TZ? 


+  K. 


+  K. 


3  2  c| 

3x* 


(5) 


K,  is  just  the  slope  of  f3  at  32c/3x2  =  0.  On  the  other  hand,  if 
it  is  desired  to  express  the  effect  of  32c/3x2  phenomenologically, 
as  done  by  HTP4  in  their  Eq.  (5),  then  two  different  coefficients 
are  needed  for  32c/3x2.  Further,  these  coefficients  are  a 
function  of  x. 

The  discussion  on  this  point  is  in  HTP4  at  the  botton  of 
their  page  122,  and  the  supporting  diagram,  their  Fig.  2b. 

Then,  given  the  two  composition  profiles  of  HTP4  Fig.  2a,  indi¬ 
cated  by  their  curvature  on  Fig.  7,  the  free  energy  curves  of 
their  Fig.  2b  should  be  separated  by  an  amount  f,(u)-f,(£)  at 
x 0 •  Furthermore,  under  the  assumption  that 

lx  ■  (H)  (If) +  (If)  with  H  >  *  <«> 
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tnc  soiAU  line  of  their  Pig.  2b  would  be  replaced  by  those 
shown  in  Fig.  8. 

From  the  above  viewpoint ,  it  can  be  seen  that  Cahn  and 
Hilliard  treated  only  high  symmetry  systems,  without  external 
fields  or  such  induced  internal  fields  as  non-equilibrium 
vacancy  gradients  and  describable  by  Morris'  functional  (i.e., 
no  singularities).  Working  within  the  limits  of  his  functional 
Morris  extended  the  work  of  CH  to  include  low  symmetry  cases, 
non-equilibrated  internal  fields,  and  external  fields,  all  of 
which  require  terms  linear  in  composition  gradient  to  describe 
their  free  energy  density.  However,  Morris'  work  was  pre¬ 
ceded  by  the  concepts  of  HTP*  and  TPH* •  * .  Not  only  did  the 
latter  authors  anticipate  Morris*  careful  treatment  of  the 
continuum  model,  but  they  also  recognised  che  role  that  singu¬ 
larities  could  play. 

Since  there  has  been  considerable  discussion  of 
coordinates 1 t%t *  some  comment  on  the  extension  of  the  above 
discussion  to  three  dimensions  is  in  order;  a  two  dimensional 
case  suffices  to  indicate  the  three  dimensional  case*  Fig.  9 
shows  x,y  imbedded  coordinates,  x',y*  laboratory  coordinates 
with  x",  y"  crystal  symmetry  coordinates.  HTP*1  treated  the 
case  where  x,y  and  x",y"  coincided,  6-0.  Hence,  the  scalar 
nature  of  the  free  energy  (invariance  to  coordinate  trans- 
fovmation)  is  automatically  satisfied  in  their  work,  contrary 
to  the  assertion  of  Morris*  which  arose  because  of  a  mis¬ 
understanding  of  the  above  choice.  Moreover,  HTP*  Eq.  (2)  is 
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is  correct,  again  contrary  to  Morris'  assertion,  and  corresponds 
exactly  to  Morris'*  Eq.  (10).  C II 5  purported  to  show  that  HTP4 
Eq.  (2)  violated  symmetry  requirements  but  they  assumed  that 
the  equation  was  written  in  laboratory  coordinate  x',y'.  In 
x',y'  coordinates,  the  free  onergy  must  be  invariant  to  rotation 
A4>;  then,  of  course,  the  form  of  HTP*  Eq.  2  would  not  hold.  For 
example,  the  linear  term  would  have  to  be  cast  in  the  invariant 
form  a | Vc |  as  indicated  by  CH5.  Also,  more  meaningful  from  the 
crystal  physics  viewpoint,  the  free  energy  must  be  invariant 
to  rotation  A6  as  noted  by  Morris*.  Again,  the  form  HTP1'  Eq.  (2) 
would  have  to  be  recast  for  the  case  6  /  0,  and  the  linear  term 
would  become  a|Vc|  as  noted  by  Morris*. 

Hence,  Eq.  (2)  of  HTP*  is  correct  and  certainly  applies 
to  the  various  one-dimensioma  applications1'4.  Morris'* 
formulation  better  reflects  the  crystal  symmetry  influence  and 
is  more  useful  in  three-dimensional  cases.  However,  physical 
cases  where  this  model  applies  correspond  directly  to  those 
predicted  for  the  simpler  geometry  discussed  by  HTP4. 

Kinetic  Effects 

As  mentioned  in  the  Introduction,  HTP4  suspected  and 
CH5  demonstrated  that  singularities  doscribable  by  a|3c/0x| 
will  result  in  concentration  facets  during  diffusional  processes. 
One  way  to  illustrate  this  result  is  by  considering  the  volume 
integral  of  the  free  energy  density  of  a  fluctuated  system. 
Considering  jus*  the  contribution  from  the  a|9c/9x|  term: 
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To  make  physical  sense#  this  integral  must  be  performed  piece- 

wise  between  local  extrema.  The  only  variations  that  lower 

F  are  those  that  reduce  the  deviation  of  local  extrema.  So 
2 

the  only  diffusive  driving  force  is  at  the  extrema,  where 
3c/3x  ■  0,  thus  flat  concentration  facets  are  produced. 

The  technique  can  be  applied  to  assess  the  consequences 
of  singularities  in  32c/3x2.  If  the  dual-coefficient  statement 
of  HTP1*  is  combined  to  yield  a  term  in  |32c/3x2|: 
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then  an  integration  of  that  portion  may  be  performed. 


r  i3a= 

j  __  _ 

3c  3c 

J 

dx  ■ 

*IK  "  "5x1  x 

Again,  this  integration  must  be  performed  piecewise  between 
local  extrema  in  3c/3x  (where  the  second  derivative  is  zero) , 
and  the  result  would  be  faceted  concentration  gradient  profiles. 
Faceted  gradient  profiles  can  also  arise  from  linear  gradient 
dependence  of  the  diffusivity  or  mobility  as  discussed  by  TPH* . 

For  the  case  of  a  linear  term  of  the  type  ot  •  3c/3x, 
another  case  considered  by  Morris’,  integration  need  not  be 
piecewise  since  negative  contributions  would  cancel  positive 
ones.  Consider  Fig.  10  with  five  local  extrema  shown. 
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The  high  energy  gradient  from  A  to  2  just  cancels  the  low 
energy  gradient  from  2  to  3.  The  energy  of  this  region  is 
independent  of  c2,  so  there  is  no  driving  force  for  diffusion. 
Integrating  over  the  whole  sample: 
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shows  that  the  only  diffusive  driving  force  is  at  the  boundaries 
of  the  specimen.  Thus,  there  is  no  internal  faceting  predicted 
for  this  type  of  linear  term. 


Time  Dependent  Linear  Gradient  Terms 

Another  interesting  topic  is  the  transient  effect  of 
induced  fields.  Let  us  consider  the  example  of  transient  non¬ 
equilibrium  vacancy  gradients.  It  is  known  that  in  systems 
that  exhibit  a  Kirkendall  effect,  net  transport  of  atoms  in 
one  direction  is  accompanied  by  transport  of  vacancies  in  the 
opposite  direction.  In  processes  such  as  spinodal  decomposition, 
during  which  no  steady-state  is  reached  for  some  considerable 
time,  the  vacancy  profiles  left  behind  by  previous  concentration 
profiles  will  provide  a  time-dependent  reference  state,  or  a 
history  effect.  Computer  simulations  of  spinodal  decomposition 
by  Swanger,  Cooper  and  Gupta10  and  Gupta  and  Cooper11  have 
shown  that  as  time  progresses,  the  concentration  gradients  at 
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a  point  can  actually  change  sign  (direction).  Thus,  concen¬ 
tration  gradients  can  temporarily  interact  with  vacancy 
gradients,  opposing  those  they  would  induce  themselves  at 
steady  state. 

The  vacancy  gradient  could  be  treated  as  a  time- 
dependent  member  of  Morris'  set  $*,  and  thus  yield  a  term 
a  •  3c/3x  in  the  free  energy  expression.  As  shown  above, 
this  would  not  normally  produce  any  diffusive  driving  force. 
However,  the  unique  character  of  the  vector  a  describing  the 
vacancy  gradient  is  that  its  direction  is  position  dependent 
within  the  material.  In  Pig.  11  a  vacancy  profile  and  partial 
response  curves  for  three  different  regions  are  shown.  Possible 
concurrent  concentration  profiles  to  be  imposed  on  the  material 
are  shown  in  Fig.  12,  along  with  the  resulting  free  energy 
densities.  Considering  the  variations  in  concentration  that 
would  lower  the  integral  free  energy,  one  would  expect  profile 
I  to  facet  at  the  top,  profile  II  to  cusp  at  the  bottom,  and 
profile  III  to  shift  to  the  left  and  steepen  on  its  right  side. 
These  tendencies  are  shown  as  dotted  lines.  These  are  transient 
effects,  operative  only  as  long  as  the  vacancy  profile  is  intact. 

Conclusions 

By  adopting  a  general  viewpoint  it  is  possible  to 
reconcile  the  various  postulates  made  about  the  free  energy  of 
homogeneous  solutions,  as  well  as  to  deduce  further  aspects  of 
their  nature.  It  is  hoped  that  by  making  the  nature  of  the 
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expansions  and  empirical  series  describing  free  energy  density 
in  terms  of  concentration  and  its  gradients  quite  explicit,  the 
contributions  of  all  the  workers  in  this  field  can  bo  appreci¬ 
ated. 
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i.  Partial  reaponea  curvea  for  an  arbitrary  binary 
solution. 
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Figure  9 


Various  coordinate*  foj 
x',  y '  are  laboratory  < 
axes,  respectively. 
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Figure  XO.  Complete  profile  for  illustration  of  effect  of 
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TIIMOHY  OK  IONIC  TRANHPOR'I' 

IN  OUYMTAM.OCMAI'IIIC  TUNNKI.H 

W.  II,  l'lyy<m»  mill  M ,  A,  llugginn 


h  Mil  flf  I 


A  Uifui  nil  dm  I  iiuirlit  I  IhiH  Ijm(*h  dnVM  hipH(1  for  the  treat- 
inunt  of  the  motlmi  of  ions  I  In  (High  orysl.a )  lographiu  tunnels, 
as  nro  found  In  nintni  Uj«  Hint.  *,«  InlmanUng  nolld  electro- 
lyton.  This  model,  which  1  no 1  mien  consideration  of  both  point 
charge  and  higher  order  attractive  terms  as  well  as  overlap 
repulsion  affects,  allows  the  calculation  of  the  minimum  energy 
positions  of  mobilo  ions  and  the  activation  energy  barrier  that 
they  must  surmount  to  move  through  the  lattice.  Calculations 
have  been  made  for  ions  of  different  sizes  in  the  Agl  lattice 
which  show  the  experimentally  observed  dependence  of  mobility 
on  ionic  size,  and  initial  steps  have  been  taken  toward  ex¬ 
tensions  to  more  complicated  structures. 
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THEORY  OF  IONIC  TRANSPORT 
IN  CRYSTALLOGRAPHIC  TUNNELS 

W.  H.  Flygare  and  R.  A.  Huggins 


Introduction 

Experiments  have  shown  that  unusually  large  values 
of  diffusion  coefficient  and  ionic  conductivity  are  found  in 
several  groups  of  materials  which  have  crystal  structures 
that  are  characterized  by  the  existence  of  linear  or  nearly 
linear  tunnels.  Under  proper  conditions  certain  ions  (o.g., 
the  alkali  ions)  can  readily  move  along  such  tunnels  undor  the 
influence  of  chemical  or  electrical  forces.  The  magnitude 
of  the  resulting  transport  fluxes  in  some  electronic  insulators 
lake  them  particularly  interesting  because  of  their  potential 

use  as  solid  electrolytes  in  new  types  of  batteries  or  fuel 
cells. 

One  of  the  interesting  aspects  i.r  Him  available  data 
is  that  there  appears  to  be  an  optimum  AUn  I'm  the  Jon  trans¬ 
lating  through  the  tunnel.  Ions  Mlgnl  tluaiil  ly  smaller  than  the 
transverse  dimensions  of  the  tunnel,  as  well  as  much  larger  ions 

both  appear  to  have  lower  values  of  mobility  than  ions  of  inter¬ 
mediate  size. 

The  Model  and  Calculations 

The  purpose  of  this  paper  is  to  examine  a  model  to 
calculate  the  energy  (as  a  function  of  position)  of  a  mobile 
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ion  in  a  crystal  lattice.  This  model  may  allow  a  calculation 
of  the  minimum  energy  position  for  the  mobile  ion  as  well  as 
the  activation  energy  or  energy  barrier  between  minimum 
positions . 

The  general  approach  will  be  to  examine  increasingly 
complex  crystal  lattices  in  the  following  order: 

1.  AgX,  Ag+  ion  motion 

2.  Ti02,  Alkali  ions  (Li+,  Na+,  K*,  Rb\  and  Cs*) 
in  motion 

3.  3-alumina,  Na  AluOp,  Na+  ions  in  motion 

The  energy  of  an  ion  in  a  lattice  is  described  by  a 
sum  of  electrostatic  and  overlap  repulsion  terms*  The  electro¬ 
static  term  includes  the  sum  over  point  charge  interactions 
(Mandelung  sum)  and  the  higher  order  terms  which  include  the 
point  charge-induced  dipole,  point  charge- induced  quadrupole, 
dipole-dipole  (point  charge  induced) ,  and  dipole-dipole  (dis¬ 
persion)  terms.  The  general  summations  used  in  alkali  halide 
lattices  have  been  examined  by  Quigley  and  Das1  to  show  that 
the  Li4  substitutional  impurity  in  KC1  has  an  energy  minimum 
off-center  along  both  the  <111>  and  <100>  axes.  The 
activation  energy  for  diffusion  of  interstitial  lithium, 
copper,  and  silver  impurities  in  the  diamond  lattice  has  also 
been  evaluated  by  Weiser2.  Both  of  the  these  calculations 
used  techniques  developed  by  others2. 

In  the  present  work  we  will  use  the  following  electro- 


-237- 


static  energy  for  the  jth  point  charge  ion  in  a  lattice: 


E 


!±2i 

rji 


(1) 


The  sum  over  j  is  over  all  lattice  ions,  qt  and  q.  are  the 
fraction,  of  charge  of  the  mobile  ion  and  fixed  lattice^charges 
respectively,  uj  is  the  dipole  polarizability  of  the  ith  fixed 
lattice  atom  and  r^  ie  the  distance  from  the  mobile  ion  to  the 
jth  lattice  ion.  We  are  assuming  that  the  polarizability  of 
the  mobile  ion  is  much  less  than  the  ion.  in  the  host  lattice. 

The  second  term  in  Eq.  (1)  is  the  polarization  self¬ 
energy  of  a  non-polarizable  mobile  ion  in  the  lattice  of  fixed 
charges.  The  orientational  dipole-dipole  terms, 

3(u»*r»«Mu»*ria)  #2, 

Eu  "  TrTTP  fFT7H 


are  neglected.  These  terms  are  normally  smaller  (u  -  Ea, 

E  -  eqi/rl)  than  the  corresponding  scalar  self-energies  by  a 
factor  of  1/r 1  for  the  dominant  near-neighbor  terms.  In  any 
event,  the  orientational  energy  in  Eq.  (2)  will  not  be  included 
in  this  calculation.  This  approximation  is  consistent  with 
the  method  used  by  Weiser’.  The  overlap  repulsion  term  between 

closed-shell  ions  is  given  by" 


»  • 
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4 


where  ri  and  r2  are  the  ionic  radii  of  ions  one  and  two,  ri2 
is  the  interionic  radii,  and  Bi2  is  a  multiplicative  factor 
depending  on  the  nature  of  the  interacting  ions5.  The 
parameters  used  in  the  repulsive  term  in  Eq.  (3)  and  the 
polarization  term  in  Eq.  (2)  are  given  in  Table  I.  The  final 
energy  of  the  i*”*1  mobile  ion  is 


E 


l 


+  |  Bije3 


(ri+r2-ri 2) 


(4) 


Eq.  (4)  diverges  as  r ^  -*  0  which  is  sometimes  referred  to 
as  the  "polarization  catastrophy" .  The  energy  will  converge 
by  making  ot^  dependent  on  the  interionic  distance  to  lower 
as  the  ions  approach  each  other  or  by  converting  the  ex¬ 
ponential  repulsive  term  to  a  1/ir^ j  1 2  term  when  the  ions  are 
closer  than  the  sum  of  ionic  radii.  These  refinements  are 
easy  to  apply,  but  Quigley  and  Das2  have  shown  that  the  minimum 
positions  for  the  substitutional  Li+  impurity  in  KC1  were 
predicted  with  Eq.  (4).  Thus,  we  will  use  Eq.  (4)  directly 
without  correcting  for  the  polarization  catastropy  at  small 
r^j.  Our  analysis  will  be  valid  for  ri+r2  <  ri2. 

We  will  now  attempt  to  apply  this  model  to  a  number 
of  crystal  lattices. 

The  Agl  Structure 

Ag+  ions  have  unusually  high  mobilities  and  diffusion 
constants  in  the  Agl  lattice.  The  crystal  structure  of  Agl 
has  been  given  by  Strock6.  A  diagram  of  the  Agl  lattice  is 


-239- 


given  in  Pig.  1.  According  to  St roc*,  the  T  lon.  are  rauch 

larger  then  the  Ag+  ions.  Thu.,  the  I*  atoms  dominate  the 
crystal  structure,  which  in  body-centered  cubic  in  I*.  Tllcro 
ere  several  near-equivalent  position,  for  the  Ag*  io„s  as 
indicated  in  the  diagram.  The  large  number  of  energetically 
near-equivalent  and  vacant  site,  for  Ag*  in  Agi  ioads  to  the 
high  mobility.  Apparently,  tunnel,  of  relatively  constant 
potential  energy  occur  throughout  the  lattice. 

The  positions  of  the  two  types  of  l‘  io„s  in  the  lattice 
are  (see  Fig.  l)s 

Ri  -  ( (x-Ia) 1  ♦  (y— Na )  i 

Rl  -  ( (x-a/2-Ia) 2  ♦  (y-a/2-N.) 1  ♦  <z-a/2-Ma) %  <5’ 

The  energy  of  an  Ag*  ion  „as  calculated  aB  a  functio„  Qf 

and  z  i„  the  host  X*  lattice  according  to  Eq.  (4),  the  H.  values 
"  E,.  (5,,  and  the  parameter,  in  Table  I.  t,  N,  and  „  th> 
multipliers  of  the  lattice  distance  <a-5.034>  along  the  x,  y 
and  z  axes.  A  sample  calculation  with  various  values  of  x  y 
and  z  is  listed  in  Table  IX.  As  only  x‘  ions  are  included ' 
the  sum,  the  energy  win  increa3e  wit„  increasing  q£  ^ 

lattice  which  is  included  in  the  calculation  (NMAX,  XMAX,  and 
«MAX).  However,  the  energy  differences  should  converge  with  ' 
increasing  values  of  NMAX,  XMAX,  and  MMAX.  NMAX  -  XMAX  .  M„AX 

‘  *  ValUeS  W6re  f0U"d  eno^h  to  achieve  convergence. 

The  scan  along  the  x  axis  ,see  Pi,.  1,  in  Table  „  is  synmetrlc 


-240- 


and  shows  definite  minima  in  the  energy  at  the  following  values 

— -  V  [2  -  2.517  -  a/2) 

0.000  0.2517 

0.252  0.2517 

0.503  0.5034 

0.755  0.5034 

1.007  0.7551 

1.258  1.0068 

1.510  1.2585 

1.762  1.2585 

These  minima  positions  correspond  roughly  with  the  @  positions 
shown  in  Fig.  1. 

A  sequence  of  calculations  was  then  performed  as  a 

function  of  RPLU  (the  cation  size)  with  the  following  general 
conclusions. 

1.  The  energy  at  x«0,  y-0,  z-2.5170  (positive  ion  lattice 
point)  is  lower  for  the  light  positive  ions  because  of 
the  smaller  repulsive  contribution  (RPLU  small) . 

2.  At  y-0,  z-2.5170,  the  AE  along  the  x-axis  increases  with 
RPLU. 

3.  A  minimum  was  found  in  a  location  near  the  @  positions 
in  Fig.  1  for  positive  ion  (RPLU)  values  below  1.0  and  a 
maximum  was  found  near  the  (§)  positions  for  RPLU  >  1.0. 

The  crobs-over  point  where  there  are  energy  minimum  paths 
of  AE  *  0  appears  to  be  about  RPLU  -1.1,  a  diagram  of 

the  path  of  minimum  energy  in  the  z-2.5170  xy  plane  is 
shown  in  Fig.  2. 
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The  Ti02  Structure 

Several  of  the  positive  alkali  ions  (as  impurities) 
have  unusually  high  mobilities  in  Ti02.  The  Ti02  lattice  is 
shown  in  Fig.  3.  There  are  four  0*  ions  and  two  Ti+++,f  ions 
in  each  unit  cell  and  the  coordinates  of  these  6  ions  are 
(see  Fig.  3  for  numerical  notation), 
cations 

R i  ■  ( (x-al)  2+  (y-aN)  2  +  (z-cm) 2  )** 

R2  ■  ( (x-a/2-aI)  2  +  (y-a/2-aN)  2+  (z-c/2-cm)  2)** 
anions 

Rj  ■  ( (x-u-al)  2+(y-u-aN)  2+(z-cm) 2)**  (6) 

Rh  ■  ( (x+u-al)  2+ (y+u-aN)  2+(z-cm) 2 )** 

Rs  *  ( (x-u-a/2-aI)  2+  (y-a/2+u-aN)  2+(z-c/2-cm) 2)** 

R»  *  ( (x+u+a/2-aI)  2+  (y+a/2-u-aN)  2+  (z+c/2-cm) 2  )** 

The  energy  of  a  number  of  positive  ions  in  the  tunnel  region 
of  this  structure  (Fig.  3)  can  be  obtained  as  a  function  of 
x,  y,  and  z  as  described  previously  for  the  Agl  case.  These 
calculations  are  still  underway,  and  the  results  will  be  pre¬ 
sented  in  a  subsequent  report. 

Discussion 

This  model  represents  a  new  approach  to  the  explanations 
of  the  unusually  high  values  of  ionic  mobility  found  in  certain 
types  of  solids.  Initial  calculations  using  the  Agl  structure 
indicate  that  it  successfully  corresponds  to  the  important  ex¬ 
perimental  observations.  Further  work  should  be  done  to  apply 
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this  approach  to  other  more  complex  structures  and  to  investi¬ 
gate  its  application  as  a  tool  to  aid  the  search  for  new  solid 
electrolytes. 
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TABLE  I.  Parameters  used  in  Eqa.  (2)  and  (3) 


ion 

r 

a 

Li* 

0.67 

0 

Na* 

1.0 

0 

K+ 

1.3 

1.3 

Rb+ 

1.5 

2.0 

Ca* 

1.7 

3.3 

F* 

1.3 

0.6 

Cl" 

1.8 

3.7 

Br" 

2.0 

4.8 

l" 

2.2 

6.4 

TL+++* 

0 

o“ 

2.4 

Al*** 

0 

D+_  -  1.0 

■  1.0 

B|_  -  i.o 

B__  -  0.75 

B-w  ■  0.40 

D. .  -  1.60 

*}i 


244 


MMM  M  #  M 

r-  rv  K 


•  •  •  • 


«•  Slj* 


i  . 


O' 

•H 

b 

<U 

<D 

in 


at 

o 

•H 

■P 

+> 

<0 


H 

e 

•H 


U 

a» 

c 

0) 

c 

o 


% 

4-1 

O 

c 

o 

•H 

•U 

<0 

H 

3 

O 

rH 

(0 

o 

at 

rH 

g. 

W 


w 

3 

* 


O*  3 

a 

o  » 

U 

4S 

3  O 
.2 
£  Ul 

at  u 


i3 

u 

1  S! 

U  ee 

ee  u 

Ss 

ui  — 

“8 

2  5 

h 

Ul  < 

Sul 

2! 

5u! 

A  A 


88  S 


MOO 


*  00  «  5  M 
—  On  Out  O  o 


Oin  O  O  8 


O  lit  O  N  Milt 
IN  OO  IN  MMOMMONOHNNOfltt 


<  2 

aifo  828222323  35 

a32i<«u23e35^5ri5i?|SSi 


8  3  5  x  5 

u*KK»*K^FMMi^i8«i 

A  A  A  A  A  AAAAAAAA/nAAAAAAAA 


2 

S 


8 


O 


i 

III  t 

HOh  I 
H 

■  ■  ■  * 


K 


<0  «M<N  t*  «  H 


££££ 


N  NH  O  II  N 


W  «  lit 

NN  P 


4  O  0  N  N  N 
NN  K  ItOUt 

UllCtt  tt«M 
N  N  N  N  K  N 


M  IS  rl  It  N  h 

N0»inO 

SsssrS 

H  H  H  H  H 


&  jagags 
o*  ssS»it» 


N^H4MN 


N  IN  IN  HI  IN  IN  lA 

N0HSIN 
HMMfN 
-  M  p  IN  B  HI 

►  OnANOn 

o'oo'cSh'h 

aaaaaaaa 


245 


Figure  1 


m 

Q  I 


The  Agl  lattice.  The  large  ions  are  i”  and  the 
small  ions  represent  Ag+  ion  positions.  There 
are  2  I"  ions  and  6  (5),  6  •,  12  0,  and  12(n)Ag+ 
positions. 
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u  *0.3053 


•  Cation  in-plant 

•  Cation  c/2  out-of  plant 
O  Anion  in-plant 

•  Anion  c/2  out-of  plant 


Figure  2.  TiO*  lattice  showing  two  adjacent  unit  cells 
with  a  tunnel  between  them. 
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effect  of  stress  on  electrochemical  dissolution 


R.  Gomer 
R.  Thomson 


Abstract 

Some  simple  thermodynamic  considerations  are  applied 
to  the  dissolution  of  material  from  a  surface  under  stress 
such  as  obtained  at  a  crack  tip.  We  estimate  that  the  EMF 
generated  at  the  crack  tip  in  iron  is  of  the  order  of  four 
millivolts. 
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EFFECT  OF  STRESS  ON  ELECTROCHEMICAL  DISSOLUTION 


R.  Gomer 
R.  Thomson 

In  view  of  the  high  stresses  possible  at  the  tip  of 
cracks  in  stress  corrosion,  it  seemed  worthwhile  to  make  an 
estimate  of  the  change  in  (open  circuit)  oxidation  potential 
of  simple  dissolution  reactions  of  the  type 

M  -►  M+n  +  n  e”  U) 

where  n  represents  the  oxidation  state  of  the  ion.  We  con¬ 
sider  for  simplicity  uniaxial  stress  only  at  this  point, 
although  the  stresses  at  crack  tips  will  generally  be  more 
complicated. 

Consider  the  change  in  Helmholtz  free  energy  AF  per 
gram-atom  of  metal  M  when  a  uniaxial  stress  is  applied  in 
the  z  direction,  as  shown  in  Figure  1. 


X 

Figure  1. 
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(2) 


AF 


o.de 

z 


V,''/! 


where  kz  is  Young's  modulus  and  e  ■  Az/z  is  strain  and  VQ 
the  gram  atomic  volume  at  a  ■  0.  AF  may  be  interpreted  as 
the  work  done  on  a  gram  atom  of  M  when  it  is  transferred 
reversibly#  say  by  vaporization#  from  a  block  of  unstrained 
material#  to  a  different  block#  and  the  latter  then  reversibly 
strained.  Sinco  F  is  a  state  function  the  same  AF  must  result 
when  this  process  is  carried  out  (reversibly)  by  means  of  an 
electrochemical  cell,  consisting  of  two  blocks  of  M,  strained 
and  unstrained#  immersed  in  a  solution  containing  M+n  ions. 

AF  will  again  be  the  reversible  work  done  on  the  system  when 
a  gram-atom  of  M  is  transferred  electrochemically  from  M(e»0) 
to  M(e).  If  the  deposition  takes  place  on  the  xz  or  yz  planes 
of  the  stressed  electrode#  no  mechanical  work  is  done#  and 


AF  -  n  FEj |  (joules)  (3) 


where  F  ■  96,500  coulombs  and  E| |  is  the  cell  emf  in  volts. 
Consequently 

V  kc2 

E||  "  TnF"  volt* 


(4) 


with  kc2  in  joules.  If  electrodeposition  occurs  on  the  xy 
planes  however,  the  total  reversible  work  consists  of  electrical 
plus  mechanical  work#  done  on  the  system#  the  latter  being 


w. 


m 


V 


tva. 


(5) 
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where  Ax  is  the  area  of  the  xy  plane  and  tz  the  force  in  Hie 
2  direction!  V  is  the  gram-atomic  volume  (at  atross  in  first 

approximation  equal  to  VQ  for  solid,  or  liquids.  The  plus  sign 
applies  to  tension,  the  minus  sign  to  compression,  since  in 
the  latter  case  the  addition  of  matter  to  MU,  requires  the 
system  to  do  work  on  the  surroundings  and  our  convention  here 
is  to  take  AW  negative  for  this  case.  Since  the  change  in  F 
must  still  equal  that  given  by  Eq.  (2)  we  have 


E.  -  sf  tkcV2  *  (V/V0)°z>  ■  -Sr  |C/J  ’  11 


(6) 


where  th.  minu.  sign  refer,  to  t.n.ion,  the  plus  .lgn  to 
compression.  The  subscripts  on  E  in  Eq..  <«>  *nd  (6)  refer 
to  deposition  (or  dissolution)  psr.llel  end  orthogon.l  to  the 
applied  stress,  end  s  positive  sign  implies  spontaneous 
dissolution  of  the  stressed  material,  i.e.,  the  latter  being 
the  negative  electrode  of  our  hypothetical  cell. 

We  shall  assume  that  Eq.  (4)  applies  to  the  crack  tip 
If  the  latter  is  very  sharp,  the  effect  of  surface  tension 
must  be  taken  into  account.  The  addition  of  an  atom  of  M  to 
a  small  particle  under  stress  now  requires  an  amount  of  work 

w  -  nkc'/2  +  lT0  +  * 

where  I)  is  the  atomic  volume,  Y0  th.  surface  tension  at  zero 
stress,  k  and  c.  surface  Young's  modulus  and  surface  stress, 
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respectively,  and 


(8) 


3A  _  2£, 

Jn  m  r 

with  r  the  effective  radius  of  the  particle.  The  expression 

in  brackets  in  Eq.  (7)  can  also  be  considered  the  surface 

tension  at  bulk  stress  o  ,  and  we  so  consider  it.  The  analogue 

z 

of  Eq.  (4)  now  becomes 

E| |  -  ~  [ke2/2  +  2y/r]  (9) 

If  r  is  negative  as  at  the  tip  of  a  crack,  E| |  is  reduced. 

This  is  intuitively  clear,  since  the  effect  of  surface  tension 
would  be  to  force  the  crack  shut  (i.e.,  increase  its  radius). 
Thus  there  is  a  minimum  crack  radius  for  electrochemical  dis¬ 
solution  (relative  to  unstrained  identical  material)  given  by 

r  ■  4y/ke2  (10) 

Eq.  (10)  is  somewhat  misleading  of  course,  in  that  y  is  itself 
a  function  of  e.  In  a  very  crude  way  we  may  assume  that  y  is 
given  by  the  number  of  "dangling  bonds"  per  unit  area  and  that 
these  decrease  linearly  with  the  dilation.  Then,  for  a  stress 
applied  along  the  z  direction,  with  unconstrained  sides 


1  +  .V 


where  we  have  assumed  a  Poisson's  ratio  of  0.3. 


(ID 
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With  the  sides  constrained,  we  would  have 


Y  *  Y0d  “  ez)  (12) 

Since  e  <  .2  in  any  case,  it  is  improbable  that  the  effect 
on  y  is  very  great. 

Numerical  Estimates 

To  get  some  idea  of  the  magnitude  of  the  emf  caused 
by  strain  we  make  the  following  assumptions,  appropriate  to 
Fe : 

V  ■  7.13  cm 3 

k  *  2.4  10 12  erg/cm3  *  2.4  10s  joule/cm3 
e  *  0.1 

y  =»  2000/erg/cm2  =  2  10 5  joule/cm2 
It  should  be  noted  that  the  value  of  y  may  be  substantially 
reduced  by  the  presence  of  even  a  single  atom  layer  of 
adsorbate,  in  view  of  the  Gibbs  adsorption  equation.  We  then 
find 

E||  «  3.7  x  10-5  [125  -  4  10"Vr]  (13) 

O  g 

so  that  the  critical  radius  is  -30  A.  For  r  >  100  A  (10-6  cm) 
the  surface  energy  term  becomes  unimportant  and 

E||  =  3.7  millivolt  (14) 

This  value  is  of  course  extremely  small  and  suggests  that 
preferential  electrochemical  dissolution  at  the  crack  tip  due 
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to  strain  is  negligible.  A  quantitative  answer  can  be  found 
as  follows.  Since  the  stressed  region  i3  electrically  short- 
circuited  to  the  unstressed  parts  of  the  metal,  the  current 
densities  i  and  iQ  of  the  dissolution  reaction  at  the  stressed 
and  unstressed  reeions  can  be  found  from  an  Evans  diagram: 


whence 

i-iQ  -  hi  -  Ej|  (SA-SC)  (15) 

with  E | |  given  by  Eq.  (9)  viz.  (13). 
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AMORPHOUS  METALLIC  ALLOYS 


P.  E.  Duwez 


Abstract 

During  the  last  ten  years ,  a  relatively  large  number 
of  amorphous  alloys  with  metallic  properties  have  been  obtained 
by  very  rapid  cooling  from  the  liquid  state.  This  paper  pre¬ 
sents  a  brief  review  of  the  chemical  compositions  of  these 
alloys  and  the  factors  which  appear  to  be  important  in  obtain¬ 
ing  the  amorphous  state  after  quenching  from  the  melt.  The 
unusual  electrical  and  magnetic  properties  of  these  alloys  are 
discussed.  There  is  some  strong  indication  that  these  properties 
are  unaffected  by  rather  high  doses  of  radiation.  References 
are  given  to  52  papers  published  on  the  subject  before  June  1971. 
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AMORPHOUS  METALLIC  ALLOYS 


P.  E.  Duwez 


I.  Introduction 

Metallic  alloys  have  been  obtained  in  the  amorphous 
state  by  three  different  methods?  vapor  deposition,  electro¬ 
lytic  or  electroless  deposition  and  quenching  from  the  liquid 
state.  Vapox  deposited  copper-silver  (Mader,  et  al.,  1967) 
and  gold-cobait  amorphous  alloys  (Mader  and  Nowick,  1965) 
have  been  •  escribed  in  the  literature.  Amorphous  electrolytic 
deposits  have  been  obtained  in  binary  nickel -phosporus  and 
cobalt-phosphorus  alloys.  The  same  technique  could  probably 
be  applied  to  palladium-phosphorus  alloys  and  to  ternary  and 
quaternary  alloys  containing  Ni,  Co,  Pd  and  about  15  to  20 
at.%  of  phosphorus.  Until  now,  vapor  deposition  and  electro¬ 
lysis  have  load  to  a  relatively  small  number  of  amorphous 
alloys,  but  an  increased  efrort  in  this  field  is  likely  to 
uncover  additional  interesting  thin  films  with  unusual  proper¬ 
ties.  The  technique  of  rapidly  quenching  a  liquid  alloy  has 
received  more  attention  and  this  brief  review  will  be  limited 
to  amorphous  alloys  obtained  by  this  technique. 

1 1  *  Liquid  Quenching  Techniques 

Various  techniques  for  rapid  quenching  from  the  liquid 
state  have  been  described  in  the  literature.  (Duwez  and  Willcns, 
1963?  Pietrokowsky,  1963?  Willcns  and  Buehler,  1966?  Duwez,  1968; 
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Pond  and  Maddin,  1969)  Chan  and  Miller,  1970)  AH  these 
techniques  are  based  on  the  principle,  namely  cooling  of 

a  thin  layer  of  liquid  by  conduction  on  a  substrate  made  o 

good  heat  conductor,  such  as  copper,  .he  rate  of 
required  for  producing  amorphous  alloy,  is  between  10  and 
10**C/sec,  For  obvious  reasons,  the  high  rate,  of  cooling  can 
be  obtained  only  if  the  specimen  is  rather  thin,  generally 
between  a  few  urn  and  about  50im. 

m.  cpertmantal  Evl- - -  th«  Amorphous  State 

The  question  of  amorphous  versus  microcry.t.Uine 
structure  is  still  a  controversial  one.  The  amorphous  state 
do.s  not  mean  complete  disorder  in  the  atomic  arrangement  and 
local  or  short  range  order  is  always  present.  If  the  extent 
of  this  short  rang,  order  is  comparable  to  that  found  in  the 
liquid  state,  the  term  amorphous  solid  is  justified. 

The  method,  used  to  define  the  atomic  arrangement  y 
mean,  of  an  atomic  distribution  function  are  based  on  dif- 
fraction  by  either  X-rays,  electron,  or  neutrons.  Since  neutron 
diffraction  experiment,  require  about  1  cm-  of  material,  it 
i.  impractical,  because  it  would  involve  a  very  large  number 
of  quenched  foils.  So  far  no  neutron  diffraction  experiment, 
neve  been  reported  on  amorphous  metallic  alloys.  Electron 
diffraction  technique,  are  particularly  useful  in  the  case  of 
vapor  deposited  thin  films,  which  are  too  thin  for  X-ray 
diffraction.  The  ordinary  electron  diffraction  patterns  ob¬ 
tained  on  a  photographic  film,  however,  are  not  suitabl 
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obtaining  a  precise  radial  distribution  function  and  rather 
complicated  energy  analysers  must  be  used.  Hence,  X-ray 
diffraction  remains  the  most  practical  method  for  studying 
the  atomic  arrangement  in  amorphous  alloys. 

Many  papers  have  been  published  on  the  analysis  of 
X-ray  diffraction  data  obtained  on  amorphous  solids.  A  recent 
study  concerned  mostly  with  liquid  quenched  alloys  (Giessen 
and  Wagner,  1971)  gives  a  summary  of  most  of  the  radial  dis¬ 
tribution  functions  of  binary  and  ternary  amorphous  alloys 
recently  published.  It  is  interesting  to  note  that  all  radial 
distribution  functions  differ  only  by  details  of  secondary 
importance.  A  direct  comparison  between  the  radial  distribution 
function  of  an  amorphous  alloy  and  that  of  the  same  alloy  in  the 
liquid  state  (deduced  from  measurements  made  with  the  same  X-ray 
diffractometer)  would  be  the  most  convincing  proof  of  the  simi¬ 
larity  between  atomic  arrangements  in  botl.  the  amorphous  and  the 
liqurd  state.  So  far,  such  a  compai  ison  exists  only  between  an 
amorphous  AuJ0-Si20  alloy  and  liquid  gold  (Dixmior  and  Guinier, 
1967).  The  two  radial  distribution  functions  are  slightly 
different ,  but  it  is  not  known  how  much  the  presence  of  si  in 
the  alloy  contributes  to  this  difference. 

The  question  of  amorphous  versus  microcrystalline 
structure  has  been  reviewed  recently  by  Dixmier  and  Guinier 
(1971).  A  study  was  made  of  the  structure  of  evaporated 
platinum  on  an  amorphous  carbon  film.  This  evaporated  platinum 
is  generally  considered  as  amorphous  because  its  interference 
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function  is  apparently  amorphous,  but  a  detailed  study  of  its 
structure  could  be  explained  only  by  assuming  that  it  consisted 
of  close-packed  hexagonal  microcrystals  containing  about  13  atoms. 
In  contrast  with  these  results,  the  interference  function  of  an 
electro-deposited  amorphous  nickel-phosphorus  alloy  could  not 
be  explained  by  assuming  a  microcrystallinc  structure.  This 
study,  as  well  as  that  of  Cargill  (1970),  demonstrates  that  in 
the  case  of  amorphous  metallic  alloys,  a  very  careful  analysis 
of  X-ray  diffraction  data  taken  under  the  best  experimental 
conditions  can  indeed  differentiate  between  amorphous  and 
microcryr.tulline  solids. 

The  lack  of  contrast  in  transmission  electronmicroscopy 
has  been  often  considered  as  a  proof  of  the  amorphous  nature 
of  a  solid.  Since  the  resolving  power  of  a  modern  electron 
microscope  is  better  than  10  A,  microcrystals  ranging  from 
7  to  17  A  in  size  (which  is  the  range  observed  for  a  relatively 
large  number  of  liquid  quenched  amorphous  alloys,  Sinha  and 
Duwez,  1970)  should  be  clearly  detected  in  transmission  electron- 
microscopy.  The  problem,  however,  is  not  as  simple  as  it  looks. 

It  was  pointed  out  recently  (Giessen  and  Wagner,  1971)  that 
resolving  crystalline  particles  less  than  about  10  A  in  size 
can  be  achieved  only  if  these  particles  do  not  overlap  and 
these  authors  conclude,  "It  has  been  pointed  out  by  Coslett 
(1966)  that  the  resolution  found  in  amorphous  carbonaceous 
films  is  probably  of  the  order  of  10%  of  the  film  thickness. 

O 

This  would  mean  that  for  film  thickness  of  less  than  1000  A 
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used  in  transmission  olectronmicroscopy  of  ratal  lie  films, 
the  relatively  poor  resolution  for  amorphous  alloys  would  not 
allow  the  observation  of  particles  or  grains  of  sizes  as  small 
as  those  deduced  from  their  diffraction  patterns  which  show 
only  a  few  diffuse  halos." 

Transmission  olectronmicroscopy  is  probably  the  best 
technique  for  studying  the  early  stages  of  crystallization  of 
amorphous  alloys.  (Willcns,  1962;  Crewdson,  1966;  Rastogi  and 
Duwez,  1970).  The  studies  reported  so  far,  however,  are  only 
qualitative  in  nature  and  deal  with  the  shape  and  size  of  the 
crystalline  phase,  or  phases,  growing  out  of  the  amorphous 
matrix  by  heating  the  specimen  in  the  microscope.  Quantitative 
studies  of  the  kinetics  of  nuclention  and  growth  of  the 
crystalline  phases  are  difficult  because  of  the  present  limita¬ 
tions  in  measuring  the  actual  temperature  of  the  snail  region 
of  the  specimen  under  observation. 

Perhaps  the  most  convincing  proof  of  the  existence  of 

the  glassy  state  is  the  measurement  of  a  glass  transition 

temperature  lg.  Tin.,  temperature  can  be  detected  by  measuring 

the  specific  heat  which  shows  a  sharp  increase  around  T  .  Such 

9 

measurements  have  been  performed  on  amorphous  Au-Si  (Chen  and 
Turnbull,  1967)  and  Pd-Si  alloys  (Chen  and  Turnbull,  1969). 

In  both  cases,  Tg  is  very  close  to  the  temperature  at  which 
crystallization  of  the  amorphous  alloy  is  very  rapid.  For 
Au 7  7~Gc  i  i,-Si $ ,  for  example,  Tg  -  285-290°K  and  crystallization 
temperature  is  about  297 °K.  Another  experimental  fact  confirming 
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the  amorphous  nature  of  quenched  Au77*Gei j-Si*  is  a  viscous 
flow  observed  in  the  vicinity  of  Tg.  The  viscosity  varied  from 
10,J  to  10’  poise  in  the  temperature  interval  between  285  and 
305#K. 

IV.  Composition  of  Amorphous  Alloys 

A  list  cl  amorphous  alloys  mostly  obtained  by  liquid 
quenching  is  given  in  Table  I  which  includes  references.  The 
amorphous  alloys  which  have  received  the  most  attention  are 
Au-Si  and  Pd-Si.  Llectrolytic  and  vapor  deposited  Ni-P  alloys 
have  also  been  extensively  studied. 

After  the  first  amorphous  phase  in  Au-Si  alloys  was 
obtained  by  quenching  from  the  liquid  state  (Klement,  et  al, 
I960),  it  was  pointed  out  (Cohen  and  Turnbull,  1961)  that  the 
composition  of  this  alloy  was  close  to  that  corresponding  to 
a  eutectic  which  has  a  very  low  melting  point  (370*0  compared 
with  that  of  gold  (1063*C).  This  observation  served  as  a  quide 
to  discover  other  binary  alloys  likely  to  be  amorphous  after 
quenching.  Pd-Si  binary  alloys,  with  a  eutectic  at  about  16  at.% 
Si  and  a  eutectic  temperature  of  about  800°C,  compared  with  a 
melting  temperature  of  1550°C  for  Pd,  turned  out  to  be  the 
easiest  to  quench  by  both  the  gun  and  the  piston  and  anvil 
technique  and  have  been  the  subject  of  numerous  investigations. 
(Duwcz,  et  al.,  1965)  The  Pd-Si  amorphous  alloys  are  quite 
stable,  with  a  rapid  crystallization  temperature  of  about  420°C. 
Kinetics  data  indicate  that  no  crystallization  can  be  detected 
after  more  than  6  months  at  200°C  (Duwez,  '961). 
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Given  two  elements  in  the  periodic  table,  it  is  not 
yet  possible  to  predict  with  certainty  whether  or  not  they 
will  lead  to  an  amorphous  alloy  after  quenching.  The  eutectic 
condition  mentioned  above  seems  to  be  satisfied  for  all 
amorphous  alloys  reported  so  far.  When  a  survey  is  made  of 
binary  alloys  having  low  eutectics  (in  the  sense  of  Au-Si  alloys) 
it  is  found  that  these  occur  mostly  between  transition  metals, 
or  Cu,  Ag  and  Au,  and  semi-metals  of  valence  3,  4  or  5.  These 
include  B,  C,  Si,  C,e,  As  and  P.  In  many  of  these  low  eutectic 
binary  alloys  the  quenched  foils  often  consist  of  an  amorphous 
phase  in  which  a  small  number  of  microcrystals  are  imbedded. 

In  those  cases  the  X-ray  diffraction  patterns  consist  of  a  series 
of  broad  halos  typical  of  the  amorphous  state  to  which  are 
superimposed  a  small  number  of  very  weak  but  relatively  sharp 
Bragg  ^  crystalline  peaks.  This  type  of  mixed  structure  can 
be  confirmed  by  transmission  olectromicroscopy .  When  two  of 
those  almost  completely  amorphous  alloys  are  taken  to  form  a 
pseudo-binary  system,  the  ternary  alloys  can  be  obtained  very 
often  in  the  amorphous  state.  This  is  the  case  for  the  ternary 
alloys  Pd-Ni-P,  Pd-Fc-P,  Pt-Ni-P,  Pd-Ni-B,  Fo-P-C,  and  Mn-P-C 
listed  in  Taolo  I. 

Several  models  have  been  proposed  to  describe  the 
atomic  arrangement  in  amorphous  alloys.  For  alloys  containing 
a  transition  metal  and  a  semi-metal  an  attractive  model  is 
based  on  a  Bernal's  type  random  packing  of  the  transition  metal 
atoms  with  the  metalloid  atoms  occupying  the  largest  voids  in 
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the  structure.  In  Pde0-Si20  for  example,  the  Si  atoms  could 
fit  into  the  Bernal's  voids  if  their  size  is  approximately 
that  of  Si  in  the  crystalline  silicid-  PdjSi.  This  model  also 
accounts  for  the  fact  that  in  all  amorphous  alloys  between 
transition  metals  and  semi-metals,  the  concentration  of  the 
semi-metal  ranges  from  15  to  about  27  at.%  and  does  not  exceed 
the  theoretical  number  of  large  voids  in  the  model. 

Microcrystalline  alloys  have  been  reported  in  Nb-Ni 
and  Ta-Ni  systems  (Ruhl,  et  al. ,  1§67)  quenched  from  the  liquid 
state.  The  compositions  of  these  alloys  are  in  the  vicinity  of 
eutectics  in  the  equilibrium  diagrams.  These  alloys  might  be 
amorphous,  but  neither  a  detailed  analysis  of  the  radial  dis¬ 
tribution  function  nor  a  measurement  of  their  glass  transition 
temperatures  have  been  reported.  If  they  were  amorphous  they 
would  not  satisfy  the  above  mentioned  criterion  requiring  the 
presence  of  a  semi-metal  as  a  constituent  of  the  alloys. 

Further  experimental  studies  are  required  to  establish  the  true 
amorphous  state  of  alloys  containing  transition  metals  only. 
v*  Properties  of  Amorphous  Metallic  Phases 

Amorphous  metallic  alloys  are  likely  to  have  unusual 
properties  because  of  their  unusual  structure.  In  general,  the 
electrical  resistivity  of  an  amorphous  alloy  has  a  very  small 
temperature  coefficient  Letween  1.5°C  and  the  temperature  at 
which  crystallization  takes  place.  This  small  coefficient  re¬ 
sults  because  most  of  the  scattering  is  due  to  the  structural 
atomic  disorder  and  the  contribution  of  the  thermal  scattering 
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is  very  small.  When  a  transition  metal  with  a  magnetic  moment 
such  as  chromium  is  substituted  for  Pd  in  a  Pd-Si  alloy,  a 
minimum  in  the  resistivity  vs.  temperature  curve  is  observed 
(Tsuci,  et  al.,  1069).  The  temperature  at  which  the  minimum 
occurs  increases  with  increasing  amounts  of  Cr  and  is  about 
200*0  for  7  at.%  which  is  about  the  maximum  concentration  above 
which  the  amorphous  state  cannot  be  obtained.  Between  the 
minimum  temperature  and  1.6*K,  the  resistivity  increases 
steadily  with  decreasing  temperature  and  this  alloy  constitutes 
a  very  sensitive  resistance  thermometer  for  low  temperatures. 

(Tsuoi  and  Duwez,  1970). 

The  existence  of  a  minimum  in  the  electrical  resistivity- 
temperature  curve  of  amorphous  alloys  containing  a  magnetic 
atom  is  related  to  the  Hondo  effect  observed  in  crystalline 
alloys.  One  major  difference,  however,  is  that  the  Hondo  effect 
in  crystalline  alloys  is  generally  found  only  for  low  concen¬ 
trations  of  the  magnetic  atom,  and  the  temperature  at  which  the 
minimum  occurs  is  very  low.  in  amorphous  alloys  the  magnetic 
impurity  content  may  be  as  high  as  12  at.%.  Existing  theories 
based  on  the  hypothesis  of  a  dilute  impurity  concentration  are 
not  applicable  and  the  problem  is  an  important  one  in  theoretical 
solid  state  physics. 

Although  the  existence  of  ferromagnetism  in  non-crystalline 
solids  has  been  predicted  by  Gubanov  (1960)  no  such  ferromagnets 
were  found  until  recently.  Several  amorphous  alloys  obtained 
by  quenching  from  the  liquid  state  arc  ferromagnetic.  In 
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particular  the  FC7 $-P| $-Ci o  alloy  (Duwez  ana  Lin,  1967)  has  a 
saturation  magnetization  above  12,000  G,  a  cohesive  force  of 
3  Oc  and  a  Curie  temperature  of  320°C.  Many  questions  are  still 
unanswered  on  the  exact  nature  of  ferromagnetism  in  non-periodic 
structures.  It  is  not  yet  clearly  ertablished  whether  or  not 
domain  boundaries  exist  in  amorphous  ferromagnets ,  and  if  so, 
what  is  their  origin,  their  width  and  their  mobility.  These 
new  alloys  present  a  challenge  to  experimental  and  theoretical 
solid  state  physicists. 

Little  attention  has  been  given  so  far  to  the  mechanical 
properties  of  metallic  glasses.  As  expected,  these  materials 
exhibit  very  small  plastic  flow  in  tension.  The  following 
properties  have  been  recently  reported  for  a  Pd*o-Siao  amorphous 
alloy  (Masumoto  and  Madnin,  1971);  yield  strength  87.2  kg/mm7, 
fracture  strength  136.4  kg/mm7,  elongation  0.11%,  Young's 
modulus,  6.8  *  10 1  kg/mm7 .  Slightly  higher  elongation  values 
were  found  in  a  Pd» j , »-Si j « , j  alloy  in  which  some  Pd  was  replaced 
by  14  at.%  of  Us,  Ag  or  Cu  (Chen  and  Wang,  1971).  The  elongation 
in  this  case  was  between  1  and  3%.  In  spite  of  this  apparent 
brittleness  in  a  tension  test,  Pd#t-Sijo  glassy  alloys  have 
been  rolled  at  room  temperature  from  40  down  to  about  13pm 
thick  without  cracking  (Duwez,  1970,  unpublished).  No  change 
in  the  X-ray  diffraction  pattern  nor  in  the  electrical  re¬ 
sistivity  could  be  detected  after  rolling. 

Only  one  study  of  the  effect  of  radiation  on  the  structure 
and  properties  of  a  glassy  alloy  has  been  reported  (Lesueur,  1968). 
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A  foil  of  Pd*o~Sijo  amorphous  alloy  obtained  by  the  piston  and 
anvil  technique  was  covered  with  a  layer  of  U2,s  and  subjected 
to  a  neutron  flux  in  a  reactor.  The  damage  due  to  fission 
products  was  monitored  by  both  X-ray  diffraction  and  electrical 
resistivity.  After  having  been  subjected  to  a  total  dose  of 
5.6  fission  products/cm2,  no  detectable  changes  were  observed 
in  either  the  diffraction  pattern  or  the  electrical  resis¬ 
tivity  measured  at  both  room  and  liquid  nitrogen  temperature. 

An  interesting  experiment,  also  performed  by  Lesuer,  was  to 
expose  a  specimen  of  the  same  alloy  Pdu'Sijo  in  the  crystal¬ 
line  equilibrium  state  to  the  same  accumulated  dose  of  fission 
products.  In  this  case,  the  intensity  of  the  Bragg  diffraction 
peaks  progressively  decreased  and  the  intensity  of  the  halos 
typical  of  the  amorphous  phase  increased  as  irradiation  pro¬ 
ceeded.  The  electrical  resistivity  of  this  sample  increased 
smoothly  and  was  approaching  that  of  the  amorphous  state  at 
the  final  dose  of  5.6  *  10"  fission  productr/cm2 . 

VI .  Conclusions 

Amorphous  metallic  alloys  constitute  a  relatively  new 
class  of  solids.  At  the  present  time  one  of  the  reasons  for 
studying  these  materials  is  their  possible  contribution  to  the 
understanding  of  the  metallic  state  in  disordered  solid3  and 
the  relationship  between  such  solids  and  the  liquid  state. 

Very  few  practical  applications  have  been  suggested  for  this 
new  class  of  materials  (Tsuei  and  Duwez,  1971).  Their  unusual 
electrical  properties,  and  also  perhaps  magnetic  properties 
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combined  with  their  resistance  to  radiation  damage  (Lesueur, 
1968)  are  likely  to  be  exploited  in  special  purpose  electronic 
devices. 

Some  of  the  important  problems  related  to  amorphous 
metallic  alloys  arc: 

1.  Structural  investigations  of  the  atomic  arrangement  in  the 
alloys.  It  is  already  established  that  most  of  the  alloys 
reported  so  far  are  really  amorphous  (in  the  sense  of  liquid- 
like)  and  not  microcrystalline.  This  has  been  deduced  from 
accurate  studies  of  the  radial  distribution  function  obtained 
from  X-ray  diffraction  data,  and  comparing  these  results  with 
those  obtained  on  liquid  alloys.  A  perhaps  more  definite  proof 
of  the  amorphous  or  glassy  state  is  the  measurement  of  a  glass 
transition  temperature  deduced  from  specific  heat  determination 
or  viscous  flow  measurements.  The  now  widely  accepted  model 
for  the  structure  of  amorphous  alloys  is  n  Bernal's  packing  of 
the  transition  metal  atom  with  the  semi-metal  located  in  the 
larger  voids  of  this  packing.  Additional  work  is  needed  in 
this  area  to  establish  this  model  on  firmer  grounds. 

2.  What  are  the  alloy  compositions  susceptible  to  be  quenched 
into  an  amorphous  solid  by  quenching  from  the  liquid  state  is 
an  important  and  still  unsolved  problem.  The  empirical  rules 
proposed  are  that  the  main  element  in  the  alloy  is  a  transition 
metal  forming  a  low  temperature  autectic  with  a  semi-metal  of 
valence  3,  4  or  5.  Amorphous  alloys  are  generally  found  around 
the  eutectic  composition  and  the  semi-metal  concentration  is 
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from  about  15  to  27  at.%.  This  concentration  range  ia  compatible 
with  the  number  of  large  voids  in  the  Bernal's  packing  of  hard 
spheres.  Theoretical  work  in  this  field  is  required. 

3.  The  electrical  resistivity  of  amorphous  metallic  alloys 
is  temperature  insensitive  down  to  2*K  or  lower.  This  is 
qualitatively  understood  since  most  of  the  scattering  is  due 

to  the  high  degree  of  disorder  and  the  relatively  small  contri¬ 
bution  of  phonon  scattering.  What  is  not  understood  is  that 
the  temperature  coefficient  of  resistivity  can  be  changed  from 
positive  to  negative  by,  for  example,  changing  the  Pt  to  Ni 
ratio  in  a  ternary  alloy  Pt-Ni-P  (Sinha,  1970)  or  by  changing 
the  phosphorus  content  in  a  Pd-Ni-P  alloy  and  keeping  the  Pd 
to  Ni  ratio  constant  (Boucher,  1971).  This  problem  requires 
an  analysis  of  the  bind  structure  in  amorphous  metallic  alloys. 

A  minimum  in  the  electrical  resistivity  vs.  temperature  curves 
of  amorphous  alloys  containing  magnetic  elements  is  similar  to 
a  Hondo  effect  in  crystalline  alloys.  However,  in  amorphous 
alloys  this  minimum  persists  as  the  concentration  of  the  magnetic 
element  is  increased  up  to  12  at.t  and  may  occur  at  temperatures 
as  high  as  200°C.  Amorphous  alloys  constitute  an  interesting 
class  for  the  study  of  the  resistivity  minimum  problem  in  alloys 
containing  a  relatively  high  concentration  of  magnetic  elements 
for  which  the  d-d  interaction  cannot  be  neglected.  More  experi¬ 
mental  and  theoretical  work  is  needed  in  this  field. 

4.  The  existence  of  ferromagnetism  in  amorphous  alloys  has 
been  demonstrated,  but  few  measurements  have  been  made  of  the 
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magnetic  properties.  This  field  is  of  fundamental  interest 
and  the  possibilities  for  practical  applications  are  still 
unexplored. 

5.  Interest  in  the  mechanical  properties  of  amorphous  alloys 
is  just  beginning.  Preliminary  results,  however,  already  bring 
up  puzzling  questions.  While  an  amorphous  alloy  appears  to 
lead  to  a  brittle  fracture  in  tension,  it  can  be  rolled  to  about 
1/3  of  its  thickness  at  room  temperature,  which  is  several  hundred 
degrees  below  the  glass  transition  temperature.  The  origin  of 
this  apparent  plasticity  (or  viscous  flow)  should  be  a  rewarding 
field  of  study. 

6.  Preliminary  experiments  have  shown  that  amorphous  metals 
are  insensitive  to  heavy  doses  of  radiation.  More  accurate 
experiments  should  be  performed  to  detect  the  exact  nature  of 
the  effect  of  heavy  particles  (especially  fission  products)  on 
the  atomic  configuration  of  the  glassy  structure.  It  has  also 
been  shown  that  when  a  crystalline  alloy  such  as  Pdio-Sijo  which 
can  be  obtained  in  the  amorphous  state  by  quenching  from  the 
liquid  state  is  bombarded  by  fission  products,  it  becomes 
amorphous.  This  raises  the  question  of  knowing  if  an  alloy 
susceptible  to  become  amorphous  by  liquid  quenching  in  also 
susceptible  to  becoming  amorphous  by  radiation  damage.  If  so, 
what  are  the  reasons  for  this  behavior? 

In  summa  y,  a  large  number  of  amorphous  alloys  covering 
a  wide  range  of  compositions  have  been  obtained  during  the  last 
ten  years.  Classical  solid  state  physics  of  metals  is  based 
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on  the  existence  of  a  periodic  lattice.  Amorphous  alloys 
open  the  door  to  an  extenLion  of  the  classical  concept  on 
disordered  systems,  which  so  far  was  limited  to  liquid  metallic 
alloys. 
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TABLE  I 


Amorphous  Allova 


Alloys 

Range 

Reference 

Au*  o-Si j • 

am 

Element  et  al.  (1960) 
Dixmier  and  Guinier  (1967) 
Chen  and  Turnbull  (1967) 

Au;  7 -Si  i  i,-Oei 

- 

Bag ley  and  Turnbull  (1968) 
Chen  and  Turnbull  (1970) 

Pdj  e  o-x“Six 

16<x<22 

Duwez  et  al.  (1965) 
Crewdson  (1966) 

Chen  and  Turnbull  (1969) 

Niico-x“Px  (Electroless) 
(Electrolytic) 

(Vapor  Deposited) 

15<x< 20 
15<x<24 

am 

Dixmier  et  al.  (1969) 
Cargill  (1970) 

Bagley  and  Turnbull  (1970) 

(Pdj  oo-x-Tx) • f-Si; o 

T«Cr,  Mn,Fe,Co  or  Ni 

x<10 

Tsuei  and  Duwez  (1966) 
Tsuei  and  Hasegawa  (1969) 
Hasegawa  (1970) 

(Pd  |  o  o  —  x— Ni x )  Pj  o 

15<x<90 

Maitrepierre  (1969) 
Maitrepierre  (1970) 

(Pdi • o-x“P®x)PJ • 

17<x<55 

Maitrepierre  (1969) 

(Pt i o #-x“Nix) P j j 

20<x<60 

Sinha  (1970) 

Sinha  and  Duwez  (1970) 

(Pdj o-Ni  j  o )  B j » 

- 

Liang  and  Tsuei  (1971) 

(Pdso-Nijo)  ieo-x**Px 

16<x<  26 . 5 

Dixmier  (to  be  published) 

Fe? j-P| j-C i o  to 

Fe*  #-P i j-C  7 

am 

Lin  and  Duwez  (1969) 

Lin  (1969a) 

Lin  (1969b) 

Rastogi  and  Duwez  (1970) 

Mn?  s-P | $-c  i  o 

- 

Hasegawa  (1971) 

(Pei p  p-x-Mnx) 7  j  —  P i  j ~C i p 

0<x<100 

Sinha  (1971) 

-273- 


References 

Begley,  B.  G.  and  Turnbull,  D. ,  (1968)  7  *  1 

’  (19M)  J-  APPi-  P>>ys.  ,  39,  5681. 
’  B.  C.  and  Turnbull.  D..  ,1,70,  Act.  Hot.  10> 

Boucher.  B. .  ,1971)  To  be  published.  ~ 

Cargill,  G.  s.  Ill,  q970)  j.  Appl>  phy>  ^  ^ 

Cargill,  G.  S.  Ill,  (I970)  j  »n.i  ... 

J*  APPl»  Phya.  41,  2248. 

Chen,  H.  s.  and  Turnbull,  D. ,  (1967»  T  «  . 

(  967)  J*  APPl»  Phys. ,  38,  3646 . 

Chen,  H.  S.  and  Turnbull,  D.,  (1968)  in* 

968)  J.  Chem.  Phys.  £8,  2560. 

Chen,  H.  s.  «„d  Turnbull,  o. ,  ,1969)  Act.  Met.,  17,  1021 
Chen.2H.  s.  and  Hiller,  c.  E. ,  (19,0,  Rev.  Scl.  i„str. ,  <1, 

Chen,  H.  s.  end  Turnbull,  D. ,  (1970)  Acta  Mot.  18,  261. 

Chen,  H.  S.  and  Wang,  T.  T..  (lg7ii  i  . 

*71)  J*  APPX-  Phys.  41,  5338. 

Cohen,  M.  H.  and  Turnbull  n 

nt>ull,  D.,  (1961)  Nature  189,  131 

Coelett,  W.  E.,  ,1956,  Brit.  J.  Appl.  Phy..,  7,  10. 

r*WT«hioligy'  <1966)  Ph-0,  Th«ia.  California  Institute  of 

Dixmior ,  J.  and  Guinier  a  noc)  _ 

A.,  (1967)  Rev.  Metallurgie,  64,  53. 

Dixmier,  J.  and  Guinier,  A.,  (1970)  Fizika  7  c 

}  izika»  2,  Supplement  2,  9.1. 

u°1,  and  Guinier.  A  noco,  m.  . 

Solids .  Ed.  .7.  &  6V  Physics  Of  Mnn-Prues-n,.. 

-  m.  u.  a.  Prins,  NortTHoUand  Publishing  Co?^ 

Duwez,  Pol  and  Willens,  R.  h.  (I96ii  m 

(1963)  Trans.  AIME,  227,  362. 

UW°Phys?!' 36^2267.'  *’  Crewdson'  R.  c. ,  (1965)  J.  Appl. 

DUWep.'  III'.  nn7)|lng-h^UtabJ11‘:il . Mi  Allots 

McGraw-Hill.  m*n'  J-  6tringer  and  R.  TT  Jaffee, 

Duwez ,  Pol  end  Lin,  s.  c.  H. ,  ,1,67)  J.  Appl.  Phys. ,  4096 

°UUe^  PBun.hah?8p  ^3^  In  Metal,  Part  I# 


-274- 


Giessen,  D.  C.  and  Wagner,  C.  N.  J.,  (1971)  "Structure  and 
Properties  of  Non-Crystalline  Metallic  Alloys  Produced  by 
Rapid  Quenching  of  Liquid  Alloys"  to  be  published  in 
Liquid  Metals,  S.  Beer,  Ed.,  Marcel  Dekker,  New  York. 

Graczyk,  J.  F.  and  Moss,  S.  C. ,  (1969)  Rev.  Sci.  Instr.,  40, 

H  4Z  H  • 

Gubomov,  A.  (1960)  Soviet  Physics,  Solid  State,  2,  468. 

Hasegawa,  R.  ,  (1970)  J.  Appl.  Phys.  ,  £1,  4096. 

Hasegawa,  R. ,  (1971)  Phys.  Rev.  B,  3,  1631. 

Klement,  W.  Jr.,  Willens,  R.  H.  and  Duwez,  Pol,  (1960)  Nature, 
187 ,  869 . 

Lesueur,  D. ,  (1968)  C.  R.  Ac.  Sci.  Paris,  226B,  1038. 

Liang,  V.  K.  C.  and  Tsuei ,  C.  C. ,  (1971)  Sol.  St.  Comm.,  9,  579. 
Lin,  S.  C.  H.  and  Duwez,  Pol,  (1969)  Phys.  St.  Solidi,  34,  469. 
Lin,  S.  C.  H. ,  (1969a)  J.  Appl.  Phys.,  40,  2173. 

Lin,  S.  C.  H.  ,  (1969b)  J.  Appl.  Phys.,  £0,  2175. 

Mader,  S.  and  Nowick,  A.  S.  ,  (1965)  Appl.  Phys.  Letters,  1_,  57. 
Made^AiS*'  Nowick»  A»  S.  and  Widmer,  H. ,  (1967)  Acta  Met.  15, 

Masumoto,  T.  and  Maddin,  R.  h.  (1971)  Acta  Met.  19,  725. 

Maitrupierre ,  P.  L. ,  (1969)  J.  Appl.  Phys.,  £0,  4826. 

Maitrepierre,  P.  L. ,  (1970)  J.  Appl.  Phys.,  41 ,  498. 

Pietrokowsky,  P. ,  (1963)  Rev.  Sci.  Instr.,  34,  445. 

Polk,  D.  E. ,  (1970)  Scripta  Metallurgica  4,  117. 

Pond,  R.  ,  jr.  and  Maddin,  R. ,  (1969)  Trans.  AIME,  245  2475. 
Rastogi,  P.  K.  and  Duwez,  Pol,  (1970)  J.  Non-Cryst.  Solids, 

Of  X  • 

Ray'MR:',?ieS*en'  Bt  C*  and  Grant'  N.  J.,  (1968)  Scripta 
Metallurgica  2,  357. 

Ruhl,  R.,  Giessen,  B.  C. ,  Cohen,  M.  and  Grant,  N.  J.  (1967) 

Acta  Met.  15,  1693. 


-275- 


Sinha,  A.  K. ,  (1970)  Phys.  Rev.  B,  1,  4541. 

Sinha ,  A.  K. ,  (.1971)  J.  Appl.  Phys.  ,  A2,  338. 

Sinha,  A.  K.  and  Duwez,  Pol,  (1971)  J.  Phys.  Chem.  Solids, 
32,  267 . 

Tsuei,  C.  C.  and  Duwez,  Pol,  (1966)  J.  Appl.  Phys.  40,  435. 

Tsuei ,  C.  C.,  Longworth,  G.  and  Lin,  S.  C.  H. ,  (1968)  Phys. 
Rev.  B,  170,  775.  * 

Tsuei,  C.  C.  and  Hasegawa,  R. 

Tsuei,  C.  C.  and  Duwez,  Pol, 


,  (1969)  Sol.  St.  Comm .  7,  1581. 
(1970)  J.  of  Physics,  E.  4,  466. 


-276- 


DIFFUSION  THROUGH  ANISOTROPIC  POLYMER  SYSTEMS 


John  D.  Ferry 


Abstract 

An  experiment  is  proposed  to  provide  information 
about  the  effects  of  large  deformations  on  the  local  molecular 
mobility  in  rubbery  polymers#  end  the  mechanism  of  translatory 
motion  of  foreign  molecules,  either  small  (molecular  weight 
about  200)  or  polymeric  (104-105).  Diffusion  of  a  radio- 
actively  tagged  penetrant  from  a  point  source  in  a  stretched 
strip  is  monitored  by  autoradiography ,  giving  the  ratio  of 
diffusion  coefficients  in  the  two  principal  directions.  The 
absolute  coefficient  in  the  stretch  direction  is  obtained  by 
diffusion  from  a  line  source,  and  compared  with  that  for  the 
isotropic  polymer.  Free  volume  fluctuation  theory  can  be 
used  to  provide  a  coefficient  which  measures  the  relative  ease 
of  penetration  in  different  directions,  probably  influenced 
also  by  the  shape  and  flexibility  of  the  penetrant  molecule. 
Polymeric  penetrants  may  reveal  additional  effects  associated 
with  entanglement  coupling,  related  also  to  the  density  of 
cross-links  in  the  polymer  matrix. 


-277- 


DIFFUSION  THROUGH  ANISOTROPIC  POLYMER  SYSTEMS 


John  D.  Ferry 


I.  Introduction 

The  diffusion  coefficients  of  small  molecules  (i.e., 
molecular  weights  of  the  order  of  200)  through  rubbery  polymers 
can  be  measured  by  use  of  radioactively  tagged  penetrants  in 
trace  amounts. *“*  They  reflect  the  local  mobilities  of  polymer 
segments  and  can  be  closely  correlated  with  viscoelastic 
relaxation  times.  The  dependence  of  diffusion  coefficient  D, 
and  of  the  friction  coefficient  Ci  *»  kT/D,  on  temperature, 
chemical  composition  of  polymer,  and  concentration  of  diluent 
can  be  described  in  terms  of  the  effects  of  these  variables  on 
the  fractional  free  volume.''  A  central  parameter  in  the  free 
volume  treatment  is  a  dimensionless  coefficient  Bd  which  may  be 
qualitatively  interpreted  as  th a  ratio  of  the  volume  opening 
required  for  translatory  motion  of  a  penetrant  molecule  (or 
mobile  segment  thereof)  to  the  volume  of  a  mobile  polymer  seg¬ 
ment.  This  parameter  is  of  the  order  of  unity  but  depends 
somewhat  on  the  shape  and  size  of  the  penetrant  molecule. * 

There  is  very  little  known  about  local  molecular  mo¬ 
bility  in  rubbery  polymers  in  highly  strained  states  where  the 
molecules  are  substantially  oriented  but  still  in  rapid  thermal 
motion.  Measurements  of  diffusion  anisotropy  in  strained 
polymers  are  a  potential  source  of  such  information  and  also 
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perhaps  of  understanding  the  mechanism  of  translatory  motion 

of  small  foreign  molecules.  Some  preliminary  experiments 

failed  to  find  any  difference  between  the  diffusion  coefficients 

of  n-hexadecane  and  1, 1-diphenyl  ethane  through  biaxially 

stretched  rubbers  (perpendicular  to  the  stretch  direction)  and 

through  the  same  rubbers  in  the  isotropic  state.  However,  these 

polymers  were  far  above  their  glass  transition  temperatures 

(T  ),  and  it  can  now  be  anticipated  that  D  will  be  more  sensi- 
g 

tive  to  anisotropy  at  temperatures  only  slightly  above  Tg  (see 
below).  By  use  of  uniaxial  rather  then  biaxial  extension,  D  can 
be  conveniently  measured  in  two  directions. 

II.  Proposed  Experiment 

A  strip  of  cross** .linked  rubber  is  subjected  to  simple 

extension  (a  relative  stretch  of  2  or  more)  and  diffusion  of 
a  radioactively  tagged  penetrant  from  a  point  source  is  observed 
by  autoradiography.  The  ratio  Di/Da  for  diffusion  parallel 
and  perpendicular  to  the  stretch  directions  is  readily  obtainable 
as  (x^xj)*,  where  the  x's  are  the  axes  of  the  ellipses  of 
constant  concentration  at  a  given  elapsed  time.7  (The  analogous 
problem  in  heat  conduction  was  studied  by  de  s4narmont*  in  1848.) 
Calculation  of  absolute  values  from  this  geometry  is  quite 
complicated,  but  Di  can  be  obtained  by  autoradiography  of  dif¬ 
fusion  from  a  line  source  applied  perpendicular  to  the  stretch 
direction;  if  c  is  the  concentration  at  distance  x  and  time  t, 
a  plot  of  log  c/t  against  xl/t  gives  a  line  with  slope  inversely 
proportional  to  D».*  Moreover,  a  similar  experiment  with  an 
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unstretched  strip  yields  the  isotropic  diffusion  coefficient  D„ 
(though  this  is  also  obtainable  by  other  convenient  methods3). 
It  is  assumed  that  the  gradient  of  concentration  across  the 
film  thickness  becomes  negligible  in  a  relatively  short  time 
and  that  autoradiographic  exposures  can  be  obtained  in  short 
intervals. 

^  ^  •  Interpretation  for  Small  Penetrant  Molecules 

Phenomenological .  The  relations  among  D0,  Di  and  D2 
are  of  interest.  If  there  is  negligible  volume  change  with 
deformation,  analogy  with  refractive  index  suggests  that  for 
small  deformations  Do  *  (Dj  +  2D*)/3.  Possible  relations  for 
large  deformations  have  not  yet  been  examined. 

Molecular.  The  free  volume  theory  provides  the  simple 
relation4 

ln(D/T)  ■  (B^/f)  +  const. 

where  f  is  the  average  fractional  free  volume,  a  quantity  which 
can  be  estimated  from  the  temperature  dependence  of  D  by  this 
equation  (and  in  other  ways).  If  there  is  no  volume  change  on 
deformation,  f  should  not  be  affected,  and  the  anisotropy  in  D 
should  reflect  anisotropy  in  the  parameter  Bd,  which  may  be 
regarded  as  a  measure  of  the  relative  ease  of  penetration. 

In (D1/D2 )  -  (l/f)(Bdi  -  Bd2) 

ln^/Do)  -  (1/f )  (B .  -  B .  ) 

d*  do 
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Near  the  glass  transition  temperature,  f  will  be  small  and  the 

differences  will  be  greatest. 

Alternatively,  if  Di  and  D2  are  measured  over  a  range 
of  temperatures,  it  can  be  shown  that  a  plot  of  log  Di  vs.  log  D2 
gives  a  line  with  slope  B^/B^.  (An  analogous  treatment  for 
comparing  different  penetrant  molecules  is  given  in  Reference  5.) 

The  dependence  of  on  direction,  magnitude  of  strain, 
and  size,  shape,  and  rigidity  of  penetrant  should  provide  some 
insight  into  the  mechanism  of  motion  through  the  polymer. 

XV.  Diffusion  of  Oligomers  and  Polymers 

It  is  also  of  interest  to  examine  the  diffusion  of 
linear  oligomers  (molecular  weight  of  the  order  of  2000)  or 
moderately  high  polymers  (50,000)  through  rubbery  polymers  in 
both  uncross-linked  and  cross-linked  states.  There  have  been 
very  few  studies  of  this  kind  even  for  isotropic  systems.  By 
use  of  rubbers  with  very  high  internal  mobility  (polydimethyl 
siloxane,  1,4-polybutadiene),  experiments  within  a  reasonable 
time  scale  should  be  possible.  For  oligomers,  it  is  probable 
that  the  effect  of  deformation  will  be  very  similar  to  that 
for  smaller  molecules.  For  polymers  long  enough  to  experience 
entanglement  coupling  with  the  matrix,  additional  effects  may 
appear. 

The  diffusion  of  long  linear  molecules  through  a  cross- 
linked  network  has  been  recently  treated  theoretically  by 
de  Gennes.10  He  predicts,  somewhat  surprisingly,  that  the 
diffusion  coefficient  is  independent  of  the  distance  between 
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cross-links  provided  this  is  small  compared  with  total  molecular 
length  but  large  compared  with  the  length  of  a  moving  segment. 
However,  entanglement  coupling  is  not  taken  into  account;  this 
will  probably  be  strongly  affected  by  cross-link  density. 

Acknowledgment .  This  research  was  supported  by  the  Advanced 
Research  Projects  Agency  of  the  Department  of  Defense  under 
Contract  No.  DAHC15-71-C-0253. 
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REMARKS  ON  MONTROLL'S 
NON-LINEAR  WAVE  EQUATION 

George  H.  Vineyard 


Abatract 

A  solvable  non-linear  integro-differential  equation 
which  is  a  conceivable  model  for  shock  wave  phenomena  is 
examined.  Conditions  for  the  existence  of  an  energy  integral 
of  the  equation  are  determined  and  found  to  impose  severe 
restrictions  on  the  coefficients. 
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REMARKS  ON  MONTROLL'S 
NON-LINEAR  WAVE  EQUATION 

George  H.  Vineyard 


Montroll1  has  given  the  remarkable  result  that  the 
non-linear  integro-differential  equation 


3*U(r,t) 

it* 


♦ 


•  jsj (r-r' )U{rJt)dr'  ♦  J Js * (r-r '-r" )U (r } t)U (r?t)dr 'dr" 

•  «s 

Sj{r-r'-r"-r"')U{rJt)U{r:t)U(r"it)dr'dr"dr'"  +  s,(r), 


(1) 


Sj(r),  S,(r),  Sj(r),  and  S*  (r)  are  arbitrary  functions  of 
the  spatial  variable,  can  be  solved  exactly*. 

f^T  ■  y*U  is  a  special  case  of  this  equation,  obtained 
by  putting  Sj(r)  ■  6H(r)  and  S|«S)*S*«0,  and  since  non-linear 
wave  equations  are  almost  never  susceptible  to  exact  solutions, 
the  result  is  of  interest  and  in  particular  suggests  that  some 
shock  wave  phenomena  might  be  illuminated  by  solutions  of  this 
equation. 

The  equation  was  postulatsd  for  rsasons  of  mathematical 
accessibility,  and  possible  physical  meanings  of  its  non-linear 
terms  are  not  obvious.  It  may  also  bs  noted  that  a  vector  or 

*E.  Montroll,  to  be  published.  The  solution  is  expressible  as 
a  Fourier  transform  of  an  algebraic  function  of  Weierstrass 
elliptic  functions.  The  parameters  of  ths  elliptic  function 
depend  on  Fourier  transforms  of  ths  kernel  functions  Sn(r). 

*Our  definition  of  S»...S*  differs  from  Montroll's  by  numerical 
factors. 
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(laid  uy  •  used  In  pises  of  the  scslsr  U,  spstisl 
dsrlvstivss  of  u  of  .11  order.  are  l.pUcmy  lncluded,  ,M 

ofhsr  tlas  dsrlv.tlon.  -ay  be  i sports,  although  st  th.  cost 
of  «*in,  th.  cepl.t.  solution  -or.  co.olic.ted.  Also,  . 
dlscr.t.  version  h.s  boon  9lv.n  by  Montroll  for  .  fi.ld  de- 
flnsd  on  •  cyclic  lettics.  This  is  equally  solvable. 

W.  havs  investicatsd  conservation  principle,  for  this 
equation,  and  i„  particular,  th.  condition,  for  th.  existence 
of  an  energy  integral.  *inc.  th.  second  ti-e  derivative  at 
r  appears  on  -he  left,  the  tans,  on  the  right  hand  side  can  be 
considered  to  be  th.  -force-  exerted  on  th.  field  at  r  by  th. 
field,  and  source,  at  all  other  point..  Te  .vold  dealing  with 
functional  derivatives,  it  i.  -or.  convenient  to  consider  th. 
lattice  version  of  Montroll*.  elation.  U(r.t>  is  then  replaced 
by  U(n,t),  where  n  denote,  a  lattice  point,  and  8.  (r)  is  re¬ 
placed  by  Sj(„).  integral,  in  (1)  are  r.pl.ced  by  sum.  over  the 
irreducible  region  of  th.  lattice.  A  lattice  of  arbitrary 
di-.naion.lity  i.  lulled.  Th.n  th.  -(ore..  on  th.  dyn„lcal 

variable  es.oci.ted  with  th.  lattice  sit.  n,  P(n),  can  be 
dcflnid  as 

'<n>  -  I  8« (n-j)u (J,  ♦  l  8, (n-j-k)u(j)u (k) 

+  jJ,iS‘<n"j*l'‘i,U<llu<'‘)u(i)  ♦  8i(n)  .  (2, 

the  ti-e  variable  in  U  ha.  been  suppress*,,  .11  .u..  over 


2i7 


,  .  .  radlOni  Of  thC  l*ttiC#« 

irI  “C  Th.  MCtuui  *nd  .u«ici.nt  condition,  tor  F(n.  to 
b.  <J.riv.bl.  from  *  pot.nti.l  ar. 


3F(m 

W.n 


,  all  n  and  *. 


(3) 


I 


Then# 


3F(n) 
3U  («•) 


Sa 


(n-»)+2XSi  {n-ir.-j)U(j)>3 


l  (n-«n-J->t)U  tj)U  (10  . 
J.K 


<3.  -HI  •-  1‘  -  °nly  “ 

Sa (n-w)  “  s> (m“n)  * 

S»(n-m-j)  *  S»(m-n-j)  * 

S*(n-m-j-K)  -  S*  (m-u-j-JO 


(4) 

(5) 

(6) 


or  .11  *'  "nd  ks  iylTOtric  in  n.  .nd  (5)  .nd 

<4)  thus  requires  ®a'n' 

•  s  and  8.  to  be  constants  if  there  is  to  be  an 

"‘  tii  «.  — » — — -  th“  •m#r9e’ 

m,t9y  lin.ar  t.r».  ot  th.  .qu.tlon  -ill  not  con..rv. 

that  th.  non-lin.**  t.rm  con.t.nt.. 

an.rqy  uni...  th.ir  h.rn.1  tunction.  «.  !«*- 

I  Lit  i.  equally  tru.  tor  th.  continue*  v.r.ion  ot  the 


equation. 

The  energy 
can  be  written  as 


,  in  e...«  -hot*  th**”  condition,  are 
lh.  .U»  Of  kin.tlc  .nd  potential  part. 


satisfied# 

: 
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“  *  l,l(5tJ1<lr+'//s»(r-r')U(r)u(r')<lrdr'+fl|||u(t)U(r')U(r")drdr'dr" 

00 

♦  f^L||||u(r)u(r•)U(r")u(r"')drdr'dr”dr,"  +  fs,(r)u(r)dr  .  (7) 

00  J 

00 

Th<!  question  whether  other  integrals  of  the  equation 
has  not  been  answered. 
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"RANDOM  CLOSE  PACKING"  OF  SPHERES 


George  H.  Vineyard 


Abstract 

Elementary  considerations  of  the  density  of  a 
close  packed"  arrangement  of  hard  spheres  are  given. 
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"RANDOM  CLOSE  PACKING"  OF  SPHERES 


George  H.  Vineyard 

Bernal  and  Finney1  and  Scott  and  Kilgore2  have  ex¬ 
perimented  with  assemblages  of  identical  hard  spheres  and 
have  found  that,  in  addition  to  the  familiar  crystalline 
close-packed  arrangements,  there  exists  an  apparently  well 
defined  pseudo-random  arrangement  called  by  these  authors 
"random  close  packing".  This  arrangement  is  looser  than 
close  packing,  possesses  a  wide  variety  of  coordination 
numbers  and  has  no  long  range  order.  Assemblages  of  ball 
bearings  can  be  made  to  assume  this  packing  when  thoroughly 
shaken  up  in  containers  of  irregular  form.  Any  flat  surfaces 
on  the  containers  nucleate  ordered  arrangements  and  prevent 
the  achievement  of  random  close  packing. 

The  apparently  well  defined  character  of  the  random 
arrangement  is  surprising.  The  arrangement  is  of  interest  as 
a  prototype  of  liquid  and  amorphous  structures.  It  also 
offers  a  challenging  set  of  problems  in  statistical  geometry. 

One  of  the  striking  properties  of  random  close  packing 
is  the  apparently  well  defined  mean  density.  Scott  and  Kilgore, 
working  with  up  to  25,000  fc"  steel  ball  bearings  and  carrying 
out  careful  extrapolations  to  eliminate  surface  effects  found 
a  mean  density  (volume  occupied  by  material  divided  by  total 
volume) 
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0.6366  ±  .0005; 


prcp 

this  is  to  be  compared  with  the  mean  density  of  close-packed 
arrangements 

Pcp  ”  ^  ■  °-7405- 

In  this  note,  a  very  simple  argument  will  be  suggested 
by  which  the  approximate  density  of  a  random  close  packed 
arrangement  can  be  estimated.  The  argument  may  be  useful  for 
extension  to  other  pseudo-random  systems,  and  for  further  in¬ 
quiry  into  the  nature  of  random  close  packing. 

Since  the  models  with  which  random  packing  has  been 
investigated  are  static,  we  are  concerned  with  the  geometry  of 
static  assemblages  of  spheres.  The  volume  of  a  large  assemblage 
is  a  minimum  at  close  packing,  and  reaches  a  larger,  metastable 
value  in  random  close  packing.  We  start  by  supposing  that  the 
random  arrangement  can  be  produced  by  successive  elemental  dis- 
orderings  applied  to  an  arrangement  that  is  initially  close 
packed.  Suppose  that  there  is  a  parameter  o  which  measures  the 
disorder  of  an  arrangement.  Define  a  to  lie  between  0  and  1, 
with  o«0  corresponding  to  complete  order,  a  ■  1  corresponding 
to  complete  disorder,  a  might  be  taken  as  a  measure  of  the 
fraction  of  the  atoms  that  have  been  moved  off  lattice  sites. 

The  volume,  V,  of  an  arrangement  may  be  supposed  to  depend  only 
on  o.  The  derivative  of  volume  with  respect  to  a  will  then  be 
a  function  of  o,  and  we  write 


where  V  is  the  volume  of  the  ordered  assembly.  It  seems 
o 

clear  that  f (o)  will  be  a  maximum  at  o  ■  0,  and  will  decline 
monotonies lly  to  zero  at  o  «  1,  for  in  the  perfectly  ordered 
arrangement ,  the  introduction  of  an  element  of  disorder  will 
cause  the  maximum  expansion;  the  more  disordered  the  arrange¬ 
ment  the  less  the  volume  increase  that  will  occur  with  intro¬ 
duction  of  further  disorder,  and  at  complete  disorder  (random 
close  packing)  disordering  operations  cannot  increase  the 
volume. 

The  simplest  form  of  f (o)  which  possesses  the  above 
properties  is 

f (o)  •  a <l-o)P  m 

where  a  and  p  are  constants  yet  to  be  determined. 

Starting  from  the  close-packed  arrangement  of  hard 
spheres,  removal  of  a  single  sphere  does  not  allow  any  dis¬ 
ordering,  but  removal  of  a  pair  of  near  neighbors  from  close 
packed  plane  B  in  the  stacking  sequence  ABA  will.  Suppose 
this  pair  be  moved  to  the  surface  of  the  set,  increasing  the 
volume  by  2  Vo  (where  Vo  is  an  atomic  volume).  In  Fig.  1  this 
is  the  pair  1  2.  Then  ball  3  can  be  moved  to  the  point  4  in  the 
close  packed,  plane,  producing  an  elementary  region  of  stacking 
fault  with  no  further  increase  in  volume.  The  triplet  123 
has  been  involved  in  this  elementary  disordering.  If  a  small 


number  n  of  triplets  of  this  kind  have  been  introduced,  the 
volume  increase  has  been  2nv*  and  the  fraction  of  atoms  re¬ 
moved  frosi  lattice  sites  (including  those  moved  to  the  surface) 
is  to  ■  3n/N.  Thus, 


1  dV  2 
V7  efo  "  T 


(o  <<  1) 


(3) 


This  identifies  the  constant  a  in  Eq.  (2)  as  j  . 

We  have  attempted  to  determine  p  by  considering  the 
second  order  correction  to  the  volume  change  caused  by  intro¬ 
ducing  further  elements  of  disorder  into  a  set  containing  a 
finite  number  of  triplets.  The  results  are  complex  and  have 
not  lead  to  a  convincing  value  of  p.  Purther  study  of  a 
systematic  way  of  defining  o  and  averaging  over  the  various 
kinds  of  interacting  clusters  that  can  be  introduced  may  allow 
a  direct  determination  of  p.  One  calculation  has  yielded 
different  definition  of  o  than  that  given  a  ■  §  and  p  -  3, 
but  it  is  not  clear  that  the  calculation  is  correct. 

Eq.  (2)  can  be  integrated  to  give 

•  For  the  transformation 
from  close  packing  to  random  close  packing  this  bocomes 


Since  V  *  £,  the  experimental  results  of  Scott  and  Kilgore 
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quoted  earlier  give 


Vroo-V. 


"  1  ■  0.1632  ±  .0007 


E9,  '4>  th6n  reqUires  the  exP°nent  p  to  be  .bout  3,  in  .gree- 
ment  with  the  earlier  (but  not  firm)  result  of  .  direct 
calculation. 
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NOTE  ON  XR  WINDOWS  TRAVERSED  BY 
SHORT  LASER  PULSES* 

N.  Bloembergen 


Abstract 


Considerable  attention  has  been  devoted  to  the  thermal 
loading  with  resultant  deformation  and  beam  distortion,  when 
an  infrared  laser  beam  traverses  a  window  material.  In  com¬ 
paring  window  materials,  it  has  typically  been  assumed  that 
the  laser  beam  would  be  on  for  a  period  of  many  milliseconds 
or  longer.  It  is  pointed  out  in  this  note  that  a  different 
situation  prevails  when  the  duration  of  the  laser  pulse  is 
shorter  than  the  time  required  by  a  sound  wave  to  traverse  the 
window.  In  the  limit  of  very  short  pulses  the  beam  deformation 
due  to  residual  absorption  in  the  window  is  largely  determined 
by  On/3T)-train.  Since  the  peak  powers  in  the  short  pulses 
will  be  orders  of  magnitude  higher  than  in  pulses  lasting 
milliseconds  or  seconds,  attention  should  be  paid  to  other 
possible  modes  of  window  failure  in  this  regime. 


NOTE  ON  IR  WINDOWS  TRAVERSED  BY 
SHORT  LASER  PULSES 


N.  Bloembergen 


X.  Introduction 

It  is  well  established  that  the  transmission  of  high 
power  diffraction  limited  IR  laser  beams  through  windows  is 
limited  by  the  optical  distortion  introduced  in  the  window 
by  the  (low)  residual  absorption  losses  of  the  window  material. 
The  performance  of  different  materials  has  been  analyzed  and 
compared  on  the  basis  that  the  IR  laser  beam  is  switched  on 
for  a  relatively  long  time,  typically  on  the  order  of  one 
second.  This  time  is  short  enough  that  thermal  diffusion  may 
be  ignored  and  the  temperature  rise  in  each  volume  element  in 
the  window  may  be  calculated  from  the  total  energy  absorbed 
in  that  element.  The  on-time  of  the  laser  beam  is  long  enough, 
however,  that  the  deformation  of  the  window  resulting  from  the 
thermal  stresses  may  be  calculated  in  a  static  manner.  For 
the  many  detailed  results  that  have  been  obtained  for  this 

mode  of  operation  we  refer  to  a  number  of  recent  technical 
reports1”1'. 

Recently,  high-power  IR  lasers  with  good  optical  beam 
quality  have  been  operated  in  short  pulsed  modes.  These  lasers 
are  typically  of  the  transversely  excited  discharge  type  with 
the  active  gas  at  relatively  high  pressure.  The  optical  uni¬ 
formity  of  the  gas  characteristics  is  improved  by  pre-ionization 
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techniques  It  may  therefore  be  Anticipated  that  relatively 
high  energy  IR  pul.e.  of  abort  duration,  .ay  one  microsecond 
or  less,  will  become  available.  It  should  be  noted  that  the 
total  energy  required  to  induce  material  damage  in  some  appli¬ 
cations  may  be  reduced  up  to  an  order  of  magnitude  for  short 

pulses,  as  the  damage  mechanism  changes  from  heat  ablation  to 
spallation. 

Consequently  the  thermal  loading  of  IR  windows  would 
be  reduced  by  the  same  factor.  It  turns  out  that  the  previous 
malyses 1  4  require  considerable  modification  if  the  pulse 
duration  becomes  comparable  to  or  shorter  than  the  time  re¬ 
quired  for  a  sound  wave  to  traverse  the  window  dimension.  In 
that  case  inertial  effects  become  important  in  the  elastic 
behavior  and  the  quasi-static  deformation  analysis  loses  its 
validity.  In  the  next  section  a  qualitative  discussion  of 
window  distortion  by  a  single  very  short  pul.e  i.  given,  while 
other  possible-  failure  mechanisms  besides  linear  energy  ab¬ 
sorption  loss  are  mentioned  in  the  third  section.  The  final 
section  summarizes  this  note  in  a  number  of  conclusions  and 
recommendations . 

11 ’  Thermal  Beam  Distortion  of  a  Very  Short  Laser  Pulse 

in  an  IR  Window 

Consider  a  plane  parallel  IR  window,  as  shown  in 
Figure  1,  of  thickness  L„  and  radius  p0,  and  a  very  short 
incident  laser  pulse  of  duration  tp  <<  Lo/c£.  Here  ct  is  the 
propagation  velocity  of  the  fastest  acoustical  wave  mode  that 
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propagate  in  the  crystal.  During  the  duration  of  the  laser 
pulse,  the  window  material  has  no  time  to  deform.  The  amount 
of  heat  deposited  by  residual  absorption  loss  mechanism  will 
heat  each  volume  element  at  constant  strain.  The  phase  front 
of  the  wave  will  only  be  affected  by  the  intrinsic  dependence 
at  constant  strain  and  volume  of  the  index  of  refraction.  One 
has 

An  <p,t)  -  <|£)  AT  (p,t)  (1) 

aT  strain 

AT  <p,t)  -  j?-  [*  I.  (p,f)  df  (2) 

Lv  ' « 

Here  C  is  the  specific  heat  at  constant  volume,  6  is  the 
absorption  coefficient,  which  is  assumed  small,  0LO  <<  1,  so 
that  the  beam  pulse  intensity  I«  (p,t)  is  independent  of  z. 

The  phase  variation  at  the  exit  plane  is 

A$  \P,t)  »  2 7i  (L#/X)  An  (p,t)  .  (3) 

Note  that  there  is  no  window  distortion  on  this  time  scale, 
nor  has  there  been  sufficient  time  lapse  for  stress  birefringence 
to  develop. 

The  relevant  material  constant  (3n/3T) 9train  may  be 
deduced  for  cubic  crystals  from  known  variation  of  the  index  of 
refraction  with  the  temperature  and  pressure  P,  the  thermal 
volume  expansion  and  the  compressibility. 
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'!*>  ■  <JT>  *  <$>  (iS) 

p  strain  ™ ’ 


It  may  be  expected  that  On/3T)  «•  .-.n  *  ^  , 

'  *  Strain  is  sn,al1  for  the  ionic 

crystals  with  relatively  large  energy  gap®.  The  candidates 

With  th.  lowest  product  6<3n/3T)/cv  would  again  b.  NaC1,  Kct 

«nd  KBr.  The  coval.nt  mst.ri.!.  s„d  material.  with  very  heavy 

poi.rlr.bl.  ion.  would  be  1...  f.vor.ble  from  this  point  of 
view. 


(4) 


After  the  passage  of  the  very  short  l.s.r  pulse  th. 
window  would  defora  in  .  tin.  int.rv.l  on  th.  ord.r  of  p./o, 
to  th.  d.fom*d  state  pr.viou.ly  assumed  ■-*.  Th.n  cooling 
mechanisms  d..crib.d  pr.viou.ly'-* ,  such  ..  supercooling  by 

***  Jet.  on  th.  window  surf.es,  should  r.stor.  th.  initi.l 
uniform  window  condition  in  .  time  1...  th,n  ,  f.w  „cond._ 

«ft*r  which  enoth.r  short  puls,  could  b.  fired. 

It  is  of  some  interest  to  auk.  «n  admittedly  very 
qualitative  explanation  about  th.  partial  cancellation  of 
(3n/3T) jtre,s  and  the  effect  of  window  distortion  for  the 
elk.llh.lide.  mentioned  in  th.  s.rli.r  reports.  Con.id.r  th. 
hypothetical  case  that  th.  window  ha.  had  time  to  deform 
elastically  in  th.  .-direction  as  indicated  by  th.  dotted 
line,  in  the  Figur.  lb,  but  there  i.  „0  deformation  in  th. 

direction.  This  situation  may  be  approximated  physically 
in  a  tim.  int.rv.l  0,/L.  <  t  <  c(/p,.  sine,  a  light  ray 
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parallel  to  tha  z-direction  atill  traverses  the  same  total 
amount  of  material,  i.e.,  it  paaaea  by  the  same  number  of 
positive  and  negative  iona,  there  is  no  change  in  phase  shift, 
if  changee  in  local  field  correction!  due  to  the  deformation 

could  be  ignored.  Thus  the  On/3T> stress  due  to 

expansion  is  compensated  by  the  curvature  of  the  window  sur¬ 
faces.  The  uncomponsated  part  is  (3n/3T)  g^ain  and 
quantity  is  more  fundamental  from  a  physical  point  of  view. 
Clearly,  the  actual  situation  will  be  further  complicated  by 
changes  in  local  field  corrections  and  by  subsequent  expansions 

in  the  radial  direction  (Poisson's  modulus). 

Although  it  is  clearly  important  to  extend  the  analysis 
to  a  more  quantitative  treatment  of  the  transient  development 
of  phase  distortion  in  the  window,  the  argument  shows  that  for 
a  given  amount  of  total  energy  in  the  laser  pulse,  the  distortion 
for  short  pulses  will  certainly  not  be  worse  than  for  longer 
pulses.  It  might  be  considerably  better,  if  a  material  could 

be  found  with  a  very  small  value  of  (3n/3T) ttrain*  The  raain 
obvious  advantage  of  short  pulses  would  result  from  the  fact 
that  the  total  energy  per  pulse  for  a  required  effect  would  be 
considerably  reduced  with  a  concomitant  reduction  in  wave  front 


distortion  by  the  loss  mechanisms. 

HI,  other  Failure  Mechanisms 

When  the  pulse  d aration  is  short,  it  is  necessary  to 

consider  the  conseuqences  of  the  use  of  higher  peak  power 
densities,  say  up  to  10  megawatts/cm2.  It  is  conceivable  that 
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limitations  other  than  thermally- induced  optical  beam  dis¬ 
tortion  become  important*  The  following  nonlinear  optical  or 
mechanical  properties  must  be  considered. 

The  sudden  heat  production  will  produce  acoustical 
disturbances  and  possibly  some  shock  waves  after  the  light 
pulse  has  passed  through.  It  is  precisely  by  these  mechanisms 
that  the  window  will  approach  its  equilibrium  elastic  deform¬ 
ation  as  discussed  above.  It  should  be  pointed  out  that  the 
thermal  shock  is  very  mild  corresponding  to  maximum  temperature 
differentials  of  about  1°C  in  low  absorption  window  materials. 

It  is  well  established  that  the  intrinsic  mechanical  and 
electric  breakdown  threshold  for  bulk  alkali  halide  crystals 
lies  in  the  range  of  1010  to  10 11  watts/cm2  for  10. 6p  radiation5. 
Although  the  contemplated  peak  power  density  levels  of  10 7 
watts/cm2  do  not  seem  to  represent  a  serious  threat  to  the  bulk 
roaterial,  it  is  nevertheless  important  to  obtain  experimental 
data  on  the  probability  of  breakdown  in  bulk  materials  by  re¬ 
peated  pulses,  and  on  the  influence  of  surfaces  and  impurities 
in  the  regime  of  short  intense  pulses. 

Nonlinear  absorption  mechanisms  which  should  be  con¬ 
sidered  include  the  following: 

1.  Raman  scattering,  followed  by  subsequent  absorption  of  the 
stokes  (or  anti-stokes)  shifted  light. 

2.  Two  photon  absorption  and  multiphoton  absorption  processes. 

3.  Harmonic  generation  with  subsequent  linear  absorption  of 
the  harmonic.  Rough  estimates  indicate  that,  at  power  flux 
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densities  of  10*  watts/cm2,  these  processes  are  less  important 
than  the  linear  absorption  mechanism  with  6  *  10",cm"’1.  The 
nonlinear  mechanisms  will  become  of  importance  relatively 
sooner  in  the  semiconductors  with  large  nonlinear  suscepti¬ 
bilities  than  in  the  alkali  halide  crystals.  Clearly,  quanti¬ 
tative  results  for  these  nonlinear  mechanisms  in  different 
materials  must  be  tabulated. 

Particular  attention  should  be  paid  to  the  phenomenon 
of  self-focusing.  It  is  well  known  that  this  mechanims  presents 
a  limitation  in  high  power  Nd-glass  laser  rods.  Since  it  leads 
to  a  large  increase  in  the  effective  power  flux  density,  it  may 
constitute  a  threshold  for  material  breakdown.  Since  the  quad¬ 
ratic  Kerr-type  nonlinearities  are  known* ' 7  for  many  alkali- 
halide  and  semiconductor  materials  of  groups  IV,  III-V  and 
II-VI,  the  effect  may  be  readily  estimated.  It  is  not  expected 
to  constitute  a  serious  breakdown  limitation  for  the  range  of 
beam  sizes,  power  flux  densities  and  window  thicknesses  of 
interest. 

Nonlinear  index  changes  could,  however,  have  some  effect 
on  the  optical  beam  distortion.  This  may  be  seen  by  comparing 
the  nonlinear  change  in  index  of  refraction  proportional  to  the 
intensity  with  the  thermally- induced  change  in  index  given  by 
Eq.  (1), 

4nnonlin.ar  "  n>lEl'  "  2’X  <3)  l*J  Vn„  (5) 

/  3  \ 

Here  x  is  the  third  order  nonlinear  susceptibility,  E.  is 

Li 


(3) 

the  amplitude  of  the  electric  field  in  the  beam,  x  has  been 
measured  for  several  semiconductors*  for  frequency  mixing  at 
10.6m.  Its  magnitude  is  on  the  order  of  10"“  esu  for  Ge,  GaAs 
and  other  semiconductors  with  a  sufficiently  low  concentration 
of  conduction  electrons.  A  power  flux  density  of  10 7  watts/cm2 

corresponds  to  |EjJ2  ^  3  *  10"  esu.  Thus  ^nnoniinear 
This  is  still  one  or  two  orders  of  magnitude  smaller  than  the 
thermally-induced  effect  in  these  materials.  Fortunately,  the 
nonlinear  index  change  has  even  less  relative  importance  in 

the  alkali-halides,  since  for  these  x(3)  “  10~"  t0  10"‘*  e8U* 
Thus  the  nonlinear  effects  decrease  by  a  larger  factor  than 
the  thermally- induced  linear  effect.  It  is  clear  that  for  the 
highest  peak  power  pulses  alkali  halide  windows  have  a  decisive 
advantage  over  covalent  materials  because  of  the  smallness  of 
their  nonlinear  coefficients. 

IV.  Conclusione 

1.  It  is  desirable  to  analyze  in  more  detail  the 
behaviro  of  IR  window  materials  subjected  to  short  laser  pulses, 

with  tp  <  10’*  sec. 

2.  Figures  of  merit  of  different  materials  will  be 
quantitatively  different  in  this  regime,  but  the  alkali  halide 
crystals  are  expected  to  be  significantly  better  than  semi¬ 
conductor  crystals  and  glasses,  from  the  standpoint  of  beam 
distortion. 

3.  At  peak  power  density  levels  higher  than  107  watts 
/cm2,  serious  attention  must  be  paid  to  the  nonlinear  optical 
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properties  of  the  window  materials. 
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LINE  TENSION  AND  XINK8  ON  FRACTURE  CRACKS 


J.  J.  Gilman 
J.  P.  Hirth 
R.  N.  Thomson 


Abstract 

Ths  concspt  of  lino  tansion  for  a  craok  is  axplorad 
and  appliad  to  tha  atomic  kink  on  a  crack.  Tha  lina  tansion 
turns  out  to  ba  so  dapandant  upon  shapa  that  a  simp Is  usa  of 
it  aa  in  dislocation  thaory  is  not  poasibla.  For  atomic 
kinks ,  tha  arguswnt  laada  to  tha  pradiction  of  an  abrupt  kink 
shapa.  Tha  activation  anargy  of  tha  kink  is  not  uniqua,  but 
haa  valuas  ovar  a  ranga  from  saro  to  a  maximum  valua.  This 
rangs  of  activation  anergisa  rasults  from  tha  lattica  trapping 
plataau  for  tha  crack. 
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LINE  TENSION  AND  KINKS  ON  FRACTURE  CRACKS 


J •  J •  Gilman 
J.  P.  Hirth 
R.  M.  Thomson 


I.  Introduction 

Like  the  dislocation,  the  fracture  crack  is  a  line 
defect  in  a  solid,  and  both  are  special  cases  of  the  general 
Somigliana  dislocation.  Three  dimensional  theories  of  both 
are  difficult,  but  both  can  be  treated  with  a  fair  degree  of 
completeness  and  rigor  in  two  dimensions,  in  large  part  because 
of  the  power  of  complex  function  theory.  Consequently,  when 
it  was  noticed  very  early  in  dislocation  theory1  that  a  dis¬ 
location  line  in  three  dimensions  possessed  many  of  the  attri¬ 
butes  of  a  flexible  string,  the  string  model  of  the  dislocation 
became  an  important  part  of  the  lore  of  dislocation  theory. 

In  the  string  analogy  (whether  applied  to  a  crack  or 
to  a  dislocation)  the  assumption  is  made  that  the  energy  of 
the  line  defect  can  be.  represented  as  an  energy  density  seated 
in  the  geometric  line  representing  the  defect,  and  that  other 
forces  act  on  the  line  as  point  functions  of  the  line  position. 
The  total  potential  energy  of  the  solid  is  then  a  functional 
of  the  line  position  and  length, 

V  *  J  (edJl  +  $  (x)  dx)  (1) 

where  e  is  the  energy  density  per  unit  length  of  line  and 
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+(x)  it  tny  contribution  to  tht  pottntitl  energy  of  t  segment 
of  lint  at  tht  point  x.  Xn  t  general  cast,  c  may  alto  bt  t 
function  of  position#  and  cf  tlopt#  curvaturt#  ate.  of  tht 
lint.  Tor  tht  dislocation#  tht  tntrgy  danaity  is  roughly 

c  ■  y'b*  in  R/b  (2) 

where  m'  is  sons  kind  of  Modulus#  b  is  tht  Burgers  vactor# 
and  R  is  soMt  kind  of  outtr  cut  off.  Xn  fact#  R  dtptnds  upon 
tht  ahapt  of  tht  lint#  and  htnet  (2)  violatas  tht  basic  as* 
sumption  that  tht  tntrgy  danaity  is  a  point  function.  Tht 
succtsi.  of  tht  lint  tanslon  approximation  rasts  upon  tht  fact 
that  tht  shapt  dapandant  tarm  sits  undtr  a  logarithm#  and  for 
many  applications#  tht  lint  tanslon  is  simply  takan  to  bt  a 
constant.  As  wa  shall  sat  for  tht  crack  tht  analogous  situ¬ 
ation  is  not  so  fortuitous. 

Ont  of  tht  important  applleatirns  of  tht  Jlnt  ttnsion 
concapt  in  dislocation  theory  is  in  working  out  tht  response 
of  the  dislocation  to  the  Paler Is  energy.  Xn  this  cast#  ont 
is  ltd  to  a  theory  of  kinks1#  and  in  this  paper  wa  shall  follow 
a  similar  lint  of  argument. 

Recently#  lattice  trapping  of  fracture  cracks  has  bean 
suggested  in  direct  analogy  to  the  Ptitrls  crystallographic 
tntrgy  barriers  of  dislocations'.  Computer  calculations  have 
also  been  reported  of  kinks  on  cracks  in  discrete  calculations*, 
and  indicate  significant  crack  kink  energies.  This  psptr  is 
an  attempt  to  assay  tht  importance  that  lint  ttnsion  msy  bt 
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able  to  play  in  discussions  of  thermal  kinks  on  a  crack  line. 


XI.  Lins  Tension  Approximation 

As  in  dislocation  theory,  we  must  identify  which  terms 
in  (1)  for  cracks  are  proportional  to  the  line  length,  and 
which  are  a  function  of  the  crack  position.  Me  work  from  the 
Griffith  theory  of  fracture  for  straight  cracks.  Then,  if  y 
is  the  crack  displacement, 
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(3) 

is  the  condition  for  equilibrium  for  straiqht  cracks. 

The  various  terms  are  respectively. 


"  (4.) 

"  -"V/M  (4b) 

E.ur(*e«  *  *  f (y>  ,4c> 

o  is  the  applied  stress,  ¥  is  Young's  modulus,  y$  is  the 
average  surface  energy,  and  f(y)  is  a  periodic  surface  energy 
function  which  reflects  the  atomic  character  of  the  lattice. 

The  function,  f(y)  reflects  the  atomicity,  leads  to  lattice 
trapping,  and  is  discussed  in  reference  (3). 

Clearly,  the  surface  energy  term  is  simply  proportional 
to  the  surface  area  swept  out  by  the  crack.  The  elastic  term  is 
proportional  to  the  length  of  a  crack  for  a  straight  crack. 


-314- 


Por  the  moment,  we  shall  simply  assume  tha  same  form  (4a)  for 
tha  curved  crack  too.  The  external  work  term  reflects  the 
average  strain  throughout  the  sample  and  if  the  crack  is  con¬ 
voluted  in  some  manner,  it  is  only  the  average  position  of  the 
crack  which  specifies  the  average  strain.  We  shall  thus  take 
the  second  term  to  be  a  "potential  term"  rather  than  a  length 
term  in  (1).  Even  though  tho  elastic  energy  and  external  work 
done  have  the  same  form  in  (4)  for  straight  cracks  they  are 
physically  different,  because  the  elastic  energy  ia  enhanced 
by  a  highly  convoluted  crack  line  because  of  the  larger  number 
of  atoms  with  high  strain  energy  around  the  convoluted  crack 
tip.  The  external  work  is  affected  only  by  the  average 
crack  depth,  not  its  convolutions.  There  are  questions  of  cut¬ 
off  procedures  for  a  convoluted  line  to  which  we  return  in  later 
paragraphs.  Thus,  frea  (4)  and  (1),  we  have 

V  •  J  ^Xy*/iiy' *  ♦  2y#y  ♦  f (y)  -  2Xy* 

X  -  »o*/4Y 

If  ✓ley1*  •  (1  ♦  ky'*),  the  differential  equation  for  the 
string  shape  is 

xy*y"“  •  f* (y)  ♦  2Xy  ■  o  (6) 

Equation  (4)  has  an  immediate  solution  representing  the 
straight  crack  which  contains  useful  information.  If  y"  •  0, 
then  the  modified  Griffith  condition  becomes 
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(7) 


Xy  -  Yo  -  Yi  Sin 

where  the  periodic  function  f(y)  has  been  assumed  to  have  the 
simple  form 

f  =  m  [i  - 

a  is  the  lattice  spacing  and  Yi  is  the  amplitude  of  the  surface 
energy  variation.  The  standard  Griffith  condition  is  obtained 
from  (7)  by  setting  Yi  "0. 

The  solution  (7)  is  depicted  in  Fig.  1.  In  general, 
there  are  multiple  solutions  stretching  over  a  stable  region 
of  the  crystal,  in  contrast  to  the  standard  Griffith  solution 
which  predicts  a  single  unstable  solution.  The  Griffith  value 
for  y  is  at  the  midpoint  of  the  stable  region.  For  different 
values  of  the  stress,  the  stable  region  for  the  crack  shifts 
back  end  forth. 

The  length  of  the  stable  region  is  obtained  by  noting 
that  the  upper  limit  of  the  stable  region  is  where  sin  2iry/a»+l 

2  IT 

and  the  lower  limit  is  where  sin  j-y  *  -1.  Hence  if  y+  is  the 
maximum  stable  crack  position  and  y_  is  the  minimum  stable 
crack  position,  then 

fiy  ■  y4  -  y_  ■  2y»/y#  <9> 

Zf  we  designate  tho  "Griffith  depth",  yg,  as  that  value  of  y 
given  by  (7)  when  Y»  •  0,  then 


31<- 


(10) 


-  2yi/y« 

yg 

yg  ■  y«/* 

This  equation  states  the  important  result  that  for  straight 
cracks,  6y  is  a  macroscopic  quantity  when  yi  !■  not  many 
orders  of  magnitude  less  than  y».  The  ratio  yi/Yo  depends 
drastically  upon  the  size  of  the  cohesive  region  or  core 
width,  of  the  crack,  and  in  the  computer  caluclations  for  iron  , 
the  core  width  appears  atomically  narrow.  In  this  case  the 
stable  region  whould  be  of  the  same  order  of  magnitude  as  the 
crack  depth  itself. 

Another  point  of  some  consequence  it  immediately 
noticeable  from  Fig.  1.  If  a  crack  is  at  some  stable  point 
within  6y,  the  excess  stress  to  overcome  the  lattice  barriers 
depends  upon  the  starting  position  within  6y.  Near  the  forward 
limit  of  the  region,  a  very  small  stress  is  necessary  to  over¬ 
come  the  lattice  barriers,  and  convert  the  crack  into  a  dynamically 
moving  crack,  while  a  maximum  stress  is  necessary  to  overcome 
the  barrier  near  the  rear  limit  of  the  stable  region.  This 
point  will  be  important  in  the  discussion  of  kinks. 

III.  Kinks 

Within  the  region,  6y,  although  the  straight  crack  is 
mechanically  trapped  by  the  atomic  periodicity  of  the  surface 
energy,  the  crack  can  move  by  the  local  kink  generation  due  to 
thermal  fluctuations.  We  now  try  to  solve  for  the  saddle  point 
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energy  configuration  of  a  kink  on  tha  crack  lina  where  the 
kink  ia  in  unstabla  equilibrium  undar  tha  appliad  strasa.  We 
return  to  (5)  and  assume  that  tha  crack  is  straight  everywhere 
except  for  a  local  kink  of  small  excursion.  Hence, 

y "  y  ♦ «  (in 

and  we  keep  only  linear  terms  in  £(x).  Hence  (6)  becomes 

y$U"  ♦  2AC  -  f*(C>  -  2y#  -  2Ayf  (12) 

We  arbitrarily  choose  yi  on  a  microscopic  scale  so  that 
+  y«)  ■  f '  (().  At  the  mictyoirt  oif  the  stable  region 
where  the  Griffith  condition  is  satisfied,  the  right  side  is 
xero  in  (12**  At  other  points  within  the  stable  region, 
there  will  1*  a  "driving  term"  which  will  bias  the  thermal 

fluctuation*  so  that  on  balance  the  crack  either  closes  or 
opens . 

In  the  case  of  the  sinusoidal  surface  term,  (12) 
becomes  a  nonlinear  equation,  the  precise  solution  of  which 
is  not  worth  the  trouble  to  obtain  numerically.  We  learn 
all  that  is  necessary  about  the  solution  by  writing  the 
equation  for  C  <<  a  which  will  give  us  an  adequate  estimate 
for  the  width  of  the  kink.  Then  (12)  becomes 

y$XC"  -  -  xjc  .  g 


(13) 


For  a  single  kink  which  crosses  over  from  one  lattice 
through  to  another  at  g  ■  0,  the  two  asymptotic  solutions  are 


where 


5  -  a  e“x/1  x  >>  A 

6  -  a(l  -  ex/A)  x  «  -A 

£  ■  2  (J*  i*  ft  *  x] 


(14) 


(15) 


We  have  used  the  standard  Griffith  condition  in  the  form 
y^  "  Yo/1  to  write  (15).  So  long  as  the  crack  is  in  the  middle 
of  the  stable  region,  and  assuming  that  the  crack  depth  is 
sufficient  (see  Fig.  1),  the  first  term  in  (15)  is  dominant. 

If  y#  ■  yg  in  (15)  then  the  kink  width  becomes  simply 


A 

a 


[/ rF  a 


la.  n 

Y  l 


(16) 


which  for  macroscopic  crack  depths  is  very  large,  and  leads 
to  extremely  large  kink  energies. 

Equation  (16),  however  is  an  unphysical  solution 
because  in  it  the  entire  crack  depth,  ye,  contributes  to  the 
line  tension.  Some  numbers  will  show  the  nature  of  the 
difficulty.  In  (16)  if  y«/Yi  *  10,  corresponding  to  a  fairly 
narrow  crack  core,  and  if  the  crack  is  one  micron  deep, 
yg/a*  <*  10**,  then  A/a  *  10**  Thus  the  distance,  y^,  con¬ 
tributing  to  the  line  tension  is  an  order  of  magnitude  greater 
than  the  kink  width  itself.  According  to  St.  Venant's  princi¬ 
ple,  the  strain  field  of  a  local  disturbance  should  extend  in 


the  medium  to  about  a  distance  equal  to  the  dimension  of  the 
strain  source  itself.  The  troublesome  term,  y„  or  y  ,  first 
enters  the  elastic  energy  term  in  Eq.  (4a),  and  contributes 
to  the  line  tension  of  a  uniformly  straight  crack  because 
the  crack  opening  displacement  contributes  significant  elastic 
energy  density  over  regions  of  the  crystal  at  large  distances 
from  the  crack  tip.  in  a  sense,  the  strain  field  of  a  crack 
is  "long  range",  not  because  of  the  elastic  misfit  near  the 
crack  tip,  but  because  of  the  long  range  "misfit"  over  the 
macroscopic  open  surface  of  the  crack.  However,  when  a  macro- 
scopically  deep  crack  possesses  an  atomic  kink,  the  local  kink 
strain  field  must  not  depend  upon  the  macroscopic  crack  depth 
as  predicted  by  (16) ,  but  must  depend  only  upon  the  details  of 
the  local  atomic  forces.  After  all,  the  displacements  of  the 
atoms  in  the  immediate  vicinity  of  the  crack  tip  depend  only 
upon  these  same  atomic  force  details,  and  not  upon  the  total 

crack  depth,  and  there  is  no  reason  to  suppose  a  kink  to  behave 
otherwise. 

The  line  tension  approximation  must  then  be  subjected 
to  a  cut-off  procedure.  There  are  several  ways  to  affect  this. 
The  first  is  to  attempt  to  set  y0  -  l  in  (16),  but  this  leads 
to  no  solution  at  all.  The  second  is  to  return  to  (4)  and  set 
yo  =  R  in  those  terms  which  appear  as  coefficients  of  y'  in 
the  potential  functional,  where  R  is  the  local  radius  of 
curvature  of  the  line.  Care  must  be  used  in  doing  so  to  retain 
(7)  as  the  limit  for  straight  cracks  in  the  subsequent  equations. 
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This  approach  leads  to  highly  nonlinear  equations,  and  high 
derivatives  from  which  physically  meaningful  results  are  not 
easy  to  abstract.  A  third  and  more  successful  technique  is 
give  up  the  differential  equation  for  the  kink  and  instead  to 
minimize  the  line  energy  of  a  segmented  kink  as  shown  in  Fig.  2. 

Since  the  midpoint  of  the  kink  is  stationery,  the 
external  work  term  is  constant,  and  we  can  write  (1)  as 

6V  -  l1  X  f — jr  -  l"l  +  f  sin  dx  (17) 

cos  0  J  tt  a 

(We  have  shifted  the  origin  in  our  use  of  f  (y)  from  its 
original  form,  (8),  in  a  trivial  manner).  I  is  the  width  of 
the  kink  shown  in  Fig.  2,  and  6  is  the  angle  of  the  kink. 

From  Fig.  2,  y  ■  x  tan  0,  a  ■  i  tan  0. 


6V 


Xa3  1  , }  _  a2 

tan s  6  (cos  0  **1J  “  2ir2tan  0 


(18) 


which  has  a  minimum  value  at  8  -  tt/2,  corresponding  to  a  sharp 
or  abrupt  kink. 

Double  Kinks 

The  proper  procedure  for  the  string  model  at  this  stage 
would  be  to  solve  for  the  saddle  point  configuration  for  the 
double  kink  in  a  properly  modified  equation,  (12),  under  the 
influence  of  the  driving  term.  However,  we  have  just  demon¬ 
strated  that  the  simple  minded  concept  of  line  tension  breaks 
down,  and  that  in  fact  the  kinks  are  sharp.  In  the  limit  where 
the  driving  term,  g,  is  zero,  the  energy  E^,  to  form  a  sharp 
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double  kink  is  simply  ths  energy  to  ride  over  the  hump  in  the 
suface  energy  given  by  (8). 

^  ‘  (19> 

We  assume  that  A,  the  kink  length,  in  general  may  be  a  few 
atomic  distances  instead  of  strictly  one,  in  view  of  our 
inability  to  take  account  properly  of  the  core  effects. 

We  remember,  however,  that  this  kink  activation  energy 
is  not  unique,  and  represents  only  a  maximum  in  a  continuous 
spectrum  depending  upon  where  the  kink  is  in  the  stable  region. 
From  Fig.  1,  the  height  of  the  barrier  decreases  linearly  to 
zero  from  the  midpoint  of  the  stable  region  where  the  Griffith 
condition  is  exactly  satisfied  out  to  the  front  edge  of  the 
stable  plateau,  where  the  dynamic  crack  condition  becomes 
satisfied. 

IV.  Conclusions 

Our  result  is  that  the  line  tension  of  a  crack  line 
depends  markedly  on  the  crack  shape.  The  average  line  tension 
for  extension  of  a  straight  crack  is  large,  and  the  distance, 
yo,  appearing  in  the  line  tension,  (4a),  is  the  total  depth 
of  the  crack.  However,  if  we  wish  to  bow  out  the  crack  line 
over  a  distance  appreciably  smaller  than  the  depth  of  the 
crack,  the  line  tension  then  decreases  sharply  through  the  use 
of  St.  Venant's  principle,  so  that  yo  a  R  where  R  is  the  linear 
dimension  of  the  bow  out.  In  the  case  of  the  atomic  kink, 
this  theorem  leads  one  to  expect  an  atomically  sharp  kink,  with 
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the  details  of  the  force  laws  on  the  atoms  in  the  vicinity  of 
the  crack  tip  determining  the  final  result.  The  kink  energy 
is  then  simply  related  to  the  parameter  y.,  which  measures  the 
sinusoidal  variation  in  the  surface  energy  as  a  function  of 
crack  position. 

We  can  comment  on  what  light  the  recent  computer  calcu¬ 
lations  of  Kanninen  et  al4  throw  on  these  results.  The  computer 
calculations  apparently  qualitatively  verify  our  findings  of 
sharp  kinks.  To  be  sure,  they  are  not  atomically  sharp  for 
reasons  which  are  beyond  our  approximations,  and  have  to  do  with 
atomicity.  Our  result  shows  that  unlike  dislocations,  the  kink 
width  should  not  vary  much  with  f,  except  of  course  as  f  -*■  0, 
the  crack  line  should  slowly  straighten  out. 

Finally,  the  activation  energy  for  crack  mobility 
through  the  stable  region  will  show  a  dense  uniform  spectrum 
with  a  maximum  value  given  approximately  by  the  energy  to  form 
two  single  kinks,  and  a  minimum  value  of  zero. 
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STATES  OF  EASE  OF  POLYMERIC  ENTANGLEMENT 

networks  cross-linked  in  strained  states 
John  D.  Ferry 


Abstract 


An  experiment  i»  propo.ed  to  provide  information  .bout 
the  naturo  of  "entanglement  coupling",  a  eomewhat  vague  concept 
which  1.  widely  applied  to  interpret  mechanical  and  other 
phyaical  propertie.  of  polymer,  of  high  molecular  weight.  A 
.ample  of  auch  a  polymer,  vi.uali.ed  a.  a  network  of  entangle¬ 
ment  loci,  i.  deformed  in  almpl.  ext.naion  and  .objected  to 
chemical  croa.-linklng,  upon  r.l.a.e  it  contract,  and  approach., 
a  firat  atat.  of  e.ae  in  which  the  force,  exerted  by  the 


effective  network,  of  entanglement  loci  and  of  croa.-link.  are 
balanced.  If  .om.  of  the  entanglement,  remain  entrapped  by  the 
croa.-link.  and  can  rearrange,  the  .ample  then  more  .lowly  ex¬ 


tend.  again  and  approacho.  a  aecond  .tate  of  ea.e 


The  dimensions 


in  these  states  have  been  evaluated  numerically  for  various  ca 
baaed  on  existing  thcorie.  for  the  related  problem  for  chemical 
croa.-link.  in  two  .uco.iv.  .tag...  Experimental  mea.urement. 
of  equilibrium  dimen.ion.,  a.  well  a.  the  kinetic,  of  dimen.ion.l 
change,  and  al.o  change,  in  dimen.ion.  on  .ub..qu.nt  .welling  in 
solvent,  can  clarify  the  nature  of  entanglement  coupling  and 


trapping. 
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STATES  OP  EASE  OP  POLYMERIC  ENTANGLEMENT 
NETWORKS  CROSS-LINKED  IN  STRAINED  STATES 

John  D.  Perry 


I.  Introduction 

Many  mechanical  and  certain  other  physical  properties 
of  uncross-linked  polymers  of  high  molecular  weight  have  been 
interpreted  in  terms  of  rather  strong  coupling  between  molecules 
at  widely  separated  points ,  commonly  tensed  entanglements.1  It 
is  fairly  clear  that  the  coupling  arises  from  topological  re¬ 
strictions!  its  effects  on  viscosity,  steady-state  compliance, 
and  other  mechanical  properties  have  been  adumbrated  in  some 
detail,1*1  and  the  average  number  of  moles  of  effective  en¬ 
tanglement  junctions  per  unit  volume,  c,  can  be  roughly  estimated 
from  various  rheological  measurements. *  Qualitatively,  there 
is  a  range  of  time  scale  within  which  portions  of  a  molecule 
between  entanglement  loci  rearrange  their  configurations  fre¬ 
quently  but  long-range  configurational  changes  are  prevented  by 
the  extreme  slowness  of  entanglement  slippage.  Within  this 
time  scale,  the  mechanical  properties  resemble  those  of  a 
cross-linked  network.  However,  the  entanglement  concept  is 
somewhat  vague  because  there  can  be  no  specific  loci  on  a 
molecule  of  uniform  chenical  composition!  the  precise  nature 
of  entanglement  coupling  resiains  speculative. 

It  should  be  possible  to  obtain  further  information 
by  a  type  of  experiment  which  is  a  modification  of  a  procedure 
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u.,d  .omo  your.  ago  by  Inv.tl9.t0r.  or  cro,.-llnked  rubber.  . 
involving  cro.»-llnhlng  In  .trained  »t.te». 

II.  n.acrlotlon  of  Proposed  Experiment  .ml  Antlrl|>.t«l  H.»ultj 

A  polymor  of  .efficiently  high  mol.cul.r  w.lght  (.0  th.t 
ent.n9I01.0nt  .llpp.ge  1.  *  conv.nl.nt  l.borntory 

tlo.  .c.lo)  1.  d.fonvd  in  .impl.  .xton.lon  with  «  .tr.tch  ..no 

*  .  Chwiic.1  cro»»-link»  .r.  Introduce!  In  thl.  fixed  .trailed 

•  t.t.t  then  the  »*»pl«  lo  undamped  »n.l  .Uov«l  t-  rotr.et, 

.till  within  .  tim.  .0.1.  .uch  th.t  th.ro  1.  no  .nt.n9l0-.nt 
•lipp.9.,  to  It.  flr.t  .t.t.  of  ..JT1  Thl.  corr.opond.  to  . 
.t.t.  of  Minimum  .train  energy  in  which,  qu.lit.tiv.ly,  tho 
ori9in.l  entanglement  n.twork  and  th.  chemical  cro*.  link 

«rc  pulling  in  opposite  directions. 

At  longer  tlm...  .ore  of  th.  .nt.ngl.ment.  may  .IIP  •"<* 
roarrang.  to  .llow  r..umptlon  of  «  r.ndom  dl.trlbutlon  of 
conf durations  for  c.rt.ln  portion,  of  th.  n.twork.  C.rt.ln 
properties  of  ll9htly  cro..-llnk.d  n.twork.  h.v.  b..n  Interpreted 
In  t.rm.  of  a  dichotomy  b.tw..n  .nt.nglw.ont.  which  »re  trapped 
b.twe.n  cro.. -link,  and  c.nnot  r.arr.ngo,  .nd  oth.r.  on  dangling 
.tructur..  Which  ar.  untr.pped’i  th.  proportion  of  trapped  en¬ 
tanglement.  lncr..«.  with  th.  d.gr..  of  chemical  ero..-l Inking. 
If  untr.pped  ent.n9lem.nt.  c.n  .ub.cquently  re.rr.nge,  th. 
ample  will  subsequently  change  lt»  dimension,  .lowly  in  the 
opposite  direction  to  *  second  state  of  ease. 
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III.  Theory  for  First  Sti te  of 

Lguillbrlum.  The  theory  for  the  related  experiment 
In  which  one  etarte  with  some  chemical  croee-linke  introduced 
in  the  ieotropic  etate  and  add*  more  croee-linke  in  a  attained 
state  hae  been  developed  by  eeveral  authors, *' ’  on  the  baeie 
af  the  etreee-etrain  relatione  of  neo-Hookean  elasticity,  i.e., 
retractive  force  in  eiwple  extension  proportional  to  X  -  1/X* 
where  X  ie  the  relative  length  in  the  direction  of  etretch.  If 
eubetitute  entanglement  loci  for  first-stage  croee-linke, 
assuming  that  all  linkagee  are  tetrafunctional  and  looee  ends 
can  be  neglected,  the  relative  length  X§  in  the  firet  etate  of 

eaee  ie  given  by 


where  vc  ie  the  moles  croee-linke  per  ctf.  introduced  at  a  fixed 
etretch  ratio  Xo  and  t  ie  the  raolee  of  entanglement  loci  per  cc. 
in  Pigure  1,  Xg  ie  plotted  againet  XQ  for  eeveral  different 
valuee  of  the  ratio  vc/c.  The  eeparatione  of  the  curvce  from 
the  daahed  line  with  elope  of  unity  repreeent  the  amounte  of 
retraction  from  the  initial  etretched  etate  to  the  etate  of  eaee 
The  neo-Hookean  etreee-etrain  rolation  doee  not  hold 
etrictly  in  eimple  extension  for  X  >  1.2.  Calculations  have 
been  made  for  the  more  general  Mooney-Rivlin  relation  which 
introduces  another  empirical  constant’,  and  for  non-Gaussian 
strands  with  limited  extensibility* \  but  they  are  very  compli- 
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cated  and  these  refinements  are  probably  not  necessary  for 
present  purposes.  Comparison  of  experimental  data  with  Figure  1 
should  provide  a  new  method  of  determining  the  entanglement 
density  e  and  also  of  looking  at  its  possible  dependence  on  X. 

If  Young's  modulus  (or  the  shear  modulus)  is  now 
measured  in  small  deformations  from  the  state  of  ease,  it  is 
predicted  to  differ  from  the  original  modulus  EQ  by  the  factor5 

VEo  -  <V  -  vl,/(V'V  -  W  (2) 

In  Figure  2,  this  ratio  is  plotted  against  v  /e  for  various 
values  of  X  .  For  small  extensions,  E  /E  approaches  1  +  v  /e 

0  SO 

(additivity  of  entanglements  and  cross-links) ,  but  at  higher 

extensions  it  exceeds  this  value.  It  f  \ould  be  noted  that  the 

moduli  E  and  E^  refer  to  a  time  scale  within  which  there  is 
s  o 

no  entanglement  slippage  ("plateau"  modulus) ,  and  may  be 
difficult  to  specify  experimentally,  but  in  principle  their 
ratio  affords  an  alternative  method  for  determining  e  and  its 
possible  dependence  on  X. 

Kinetics.  The  approach  to  the  first  state  of  ease  is 
essentially  a  creep  recovery  process  for  the  entanglement 
network  combined  with  a  creep  process  for  the  cross-link  net¬ 
work,  with  time-dependent  stresses  equal  and  opposite.  In 
principle,  its  course  should  be  predictable  from  linear  visco¬ 
elasticity  data;  comparison  with  experiment  may  provide  further 
clues  to  the  nature  of  the  entanglement  coupling.  For  large 
deformations,  the  problem  is  considerably  more  complicated  but 
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may  be  approached  with  a  suitable  constitutive  equation* 1  * 1 2 . 

IV.  Theory  for  Second  State  of  Ease 

Equilibrium.  Relaxation  of  untrapped  entanglements 
corresponds,  in  the  theory  for  two  successive  stages  of  cross¬ 
links,  to  removal  of  a  portion  of  the  first-stage  cross-links. 
Flory*  has  calculated  the  final  state  of  ease  in  this  situation} 
with  suitable  substitutions,  the  relative  length  X>r  can  be 
obtained  from  equation  1  by  replacing  v_  and  c  with  the  following 
effective  values: 


T  e  ♦  4v 

•  c 


(3) 


where  4 


V  ■  V  -  4v 

cr  c  c 


It  I1  +  tn  tn  <*-♦!)] 


(4) 

(5) 


and  4a  ■  v  /(c+v  ),  4t  ■  1-T_,  where  T_  is  the  fraction  of 
entanglements  that  are  trapped  and  cannot  relax.  In  Figure  3, 

4  is  plotted  against  42  for  several  values  of  4f.  These 
parameters  are  not  independently  variable,  since  increased 
cross-linking  increases  4i  and  diminishes  it  to  a  degree  which 
depends  also  on  the  initial  molecular  length*’.  Two  repre¬ 
sentative  cases  may  be  chosen  for  illustration,  suitable  for 
1,2-polybutadiene  of  molecular  weight  1  ■  10  ,  which  has  about 
30  entanglements  per  molecule: 

v  /c  ■  1 ,  4  f  ■  0.075,  4}  ■  0.50,  4  ■  0.04,  (v  /il  •  1.033 
c  c  r 

v  /c  -  0.2,  4t  -  0.42,  4>  -  0.17,  4  -  0.26,  (v  / c)_  -  0.260 
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In  Figure  4,  Xg  and  Xgf  are  compared  for  these  two  cases  as 
functions  of  Xq.  Evidently,  the  change  frosr  first  to  second 
state  of  case  is  relatively  t.>  11,  but  if  it  can  be  measured 
it  can  test  the  hypothesis  of  untrapped  entanglements  which 
has  been  evoked  to  explain  very  slow  relaxation  mechanisms  in 
lightly  cross-linked  networks 1 * • 1 " . 

nineties.  The  change  from  first  to  second  state  of 
ease  is  expected  to  be  quite  slow  if  the  relaxing  entangle¬ 
ments  are  on  dangling  branched  structures,  and  the  rate  should 

decrease  markedly  with  decreasing  v  /c;  thus,  the  larger  the 

c 

effect,  the  more  slowly  it  will  be  accomplished.  Even  quali¬ 
tative  observations  should  clarify  the  roles  of  trapped  and 
untrapped  entanglements.  In  particular,  it  has  been  assumed 1 4 
that  a  trapped  entanglement  contributes  as  much  to  the  strain 
entropy  change,  and  hence  to  stress,  as  a  chemical  cross-link 
(or  differs  by  a  constant  effectiveness  factor).  The  possibility 
that  its  effectiveness  depends  on  both  time  and  magnitude  of 
deformation  should  bo  probed.  It  has  been  suggested*5  that  the 
effectiveness  of  trapped  entanglements  should  decrease  with 
increasing  X. 

V.  Swelling 

Further  information  may  be  obtained  from  swelling  the 
network  in  solvent  after  it  has  reached  its  first  state  of 
case.  (This  experiment  is  primarily  of  interest  for  networks 
with  sufficiently  large  vc/r.  that  there  is  no  further  change 
to  a  second  state  of  ease.)  if  the  effectiveness  of  trapped 
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entanglements  is  unaffected  by  swelling,  the  dimensional  changes 
should  be  isotropic.  »„  network.  with  two  states  o,  chemical 
cross-linking,  slight  anisotropies  in  swelling  have  been  ob¬ 
served’  and  attributed  to  deviations  from  neo-Hookean  behavior, 
but  they  are  minor.,  if  swelling  diminishes  the  effectiveness 
of  entanglements,  the  increase  in  length  In  the  stretch  direction 
should  be  greater  than  the  cube  root  of  the  volume  ratio,  and 
from  it  a  new  value  of  effective  entanglement  density  can  be 
calculated  by  a  modification  of  Equation  1. 
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Figure  2. 


Ratio  of  Young's  modulus  in  first  state  of  ease  to 
plateau  modulus  before  cross-linking,  plotted 
against  v  /e  for  various  values  of  a0. 
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Figure  4 


Comparison  of  first  and  second  states  of  ease  for 
two  illustrative  choices  of  v  /e,  $2,  and  (see 
text).  c 
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DIFFUSION  THROUGH  COMPOSITE 
POLYMER  SYSTEMS 

John  D.  Ferry 


Abstract 


The  factors  influencing  the  diffusion  coefficient 
for  a  small  molecule  through  a  composite  structure  of 
permeable  (polymeric)  and  impermeable  domains  are  discussed. 
Calculations  of  the  geometrical  structure  factor  based  on 
various  models  with  a  continuous  permeable  phase  are  re¬ 
viewed;  they  are  similar  enough  so  that  deviations  of 
experimental  data  therefrom  may  be  interpreted  in  terms  of 
other  features  such  as  modification  of  the  local  molecular 
mobility  in  the  continuous  phase,  failure  of  contact  between 
phases,  and  gross  alterations  of  morphology. 


Preceding  gage  blank 
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diffusion  through  composite 

POLYMER  SYSTEMS 
John  D.  Ferry 


I*  Introduction 

Reinforcement  of  rubbery  polymer,  by  lncorpor.tion  of 
.olid  particle,  ha.  long  been  an  ...ential  feature  of  rubber 
technology,  and  in  recent  year.  c«.po.it.  polymer  .y.teme,  ln 
which  two  or  more  polymer  component,  with  very  different 
mechanical  propertie.  are  blended  in  v.riou.  way.,  have  become 
very  important.  The  relation  of  domain  .tructur.  and  other 
«.p.ct.  of  morphology  to  phy.ic.l  propertie.  i.  .  problem  of 
high  priority  in  th«  polymer  industry. 

Since  the  diffu.ion  of  .mall  foreign  molecule,  (molecular 
weight  of  the  order  of  200)  through  polymer  .y.tem.  can  be  ...lly 
measured  by  u.e  of  radioactively  tagged  penetrant,  in  trace 
amount.1"1,  it  i.  of  int.re.t  to  ..amine  the  po.eibility  of 
obtaining  information  from  thi.  type  of  experiment.  In  a  homo¬ 
geneous  rubbery  polymer,  the  diffu.ion  coefficient  of  a  pene¬ 
trant  such  a.  n-hexadecane  reflect,  the  local  mobility  of 
polymer  segment..  i„  .  rubber  filled  with  particle,  of  carbon 
black  or  calcium  carbonate,  or  a  block  copolymer  with  domain, 
of  glassy  poly.trone  and  rubbery  polybutadi.ne,  the  hard  or 
glassy  domain,  can  bo  con.id.red  impermeable  to  .uch  a  penetrant. 
The  ratio  D/D0  of  the  diffu.ion  coefficient,  through  the  com- 
po.ite  system  and  through  the  unmodified  rubbery  polymer  will 
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dope  ml  on  (1)  the  goometricel  effects  of  inclusion  of  im 
pormeeblc  domain.,  (2)  poa.ible  modification  of  the  local 
molecular  mobility  of  the  rubbery  polymer  in  the  vicinity  of 
the  impermeable  domains,  (3)  interface  anomalies,  especially 
failure  of  contact  or  existence  of  voids. 

U.  Geometrical  Effects  of  Impermoable  Domains 

Many  theoretical  treatment!  of  suspensions  of  im- 
permeable  particle,  in  an  impermeable  medium  have  been  reviewed 
by  Barret'.  We  choose  a  number  which  are  of  possible  intercut 
and  compare  the  dependence  of  D/DQ  on  the  volume  fraction  of 

the  impermeable  component#  v». 

(1)  Cubical  particles  in  a  aimple  cubic  array 


D/Dq  -  l-vij/l 


(2)  Spherical  particles  in  a  eimple  cubic  array 


(de  Vries'): 


D/D0 


2-2v  i 


2+v 


a 


1.31 


(3)  Spherical  particles  in  a  body-centered  cubic 

array':  same  as  (2)  with  a  ■  0.129 

(4)  Spherical  particles  in  a  face-centered  cubic 

array':  same  as  (2)  with  u  a  0.075 

(5)  elongated  ellipsoidal  particles,  one  third 

oriented  percllcl  to  esch  principsl  direction  (Beylelgh* , 
Barrer* ) : 
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domain  interfaces  there  may  be  a  mixture  of  segments'.  In  a 
structure  with  continuous  D  and  discontinuous  S  domains*  dif¬ 
fusion  may  reveal  that  the  molecular  mobility  is  lower  in 
such  interfaces  than  in  the  B  phase.  Interfacial  mixing  would 
bo  presumably  enhanced  by  progressive  shortening  of  the  block 
lengths*  down  to  a  limit  of  random  copolymer* if  the  diffusion 
constant  in  the  random  copolymer  is  known  as  a  function  of  S 
content*  it  may  be  possible  to  make  deductions  concerning  the 
composition  and  extent  of  the  interfacial  zone.  (The  micro¬ 
structure  of  the  polybutadiene  blocks  must  also  bo  known*  since 
D  is  influenced  by  this  variable  as  well.) 

IV.  Interface  Anomalies 

If  adhesion  between  a  polymer  and  filler  particles  is 
poor,  voids  may  exist.  Theca  apparently  enhance  the  permeability 
to  small  gas  molecules4,  but  their  effect  with  the  type  of 
penetrant  discussed  here  is  uncertain.  When  subjected  to  large 
deformations*  filled  rubbers  may  experience  substantial  detach¬ 
ment  of  the  particles  from  the  matrix  (Mullins  effect11).  The 
effect  of  this  phenomenon  on  diffusion  might  be  explored. 

V.  Changes  in  Morphology 

In  block  copolymers*  the  connectivities  of  the  two 
phases  depend  greatly  upon  the  nature  of  the  solvent  from 
which  a  solid  structure  is  deposited  by  evaporation* 2  *  and 
upon  subsequent  annealing13.  With  increasing  S  content  in 
SBS  copolymors,  the  S  domains  may  join  through  tapered  leg 
structures14  without  at  first  interrupting  the  connectivity 
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of  the  B  domains.  When  such  materials  are  subjected  to  large 
deformations,  gross  alterations  in  morphology  occur1 2 .  These 
features  can  also  be  investigated  by  diffusion  measurements. 

Acknowledgment 

This  research  was  supported  by  the  Advanced  Research 
Projects  Agency  of  the  Department  of  Defense  under  Contract 
No.  DAHC15-71-C-0253  with  The  University  of  Michigan. 


-346- 


0 


References 

1.  I.  Auerbach,  S.  D.  Gehman,  W.  R.  Miller,  and  W.  C.  Kuryla, 
J.  Polymer  Sci.,  28,  129  (1958). 


2.  R.  S.  Moore  and  J.  D.  Ferry,  J.  Phys.  Chem. ,  66,  2699  (1962). 


3. 

S.  P.  Chen  and  J.  D.  Ferry,  Macromolecules,  1,  270 

(1968) . 

4. 

R.  M.  Barrer ,  in  "Diffusion  in  Polymers,"  edited  by 

J.  Crank  and  G.  S.  Park,  Academic  Press,  1968,  Chapter  6. 

5. 

1*  (1552^  ^r^es '  Landbouwhogeschool  Wageningen, 

52(1)  , 

6. 

Lord  Rayleigh,  Phil.  Mag.,  34,  481  (1892). 

7. 

S.  Pragor,  J.  Chem.  Phys.,  33,  122  (1960). 

8. 

W.  P.  Slichter,  D.  D.  Davis,  and  S.  Kaufman,  Bull. 
Phys.  Soc.,  Ser.  II,  16,  365  (1971). 

Amor . 

9. 

D.  II.  Kaelbie,  Trans.  Soc.  Rheology,  15,  235  (1971) 

• 

10. 

*U971jani  *nd  Y*  Kuwabara'  Kogyo  Kagaku  Zasshi,  7£, 

151 

11. 

L.  Mullins,  J.  Rubber  Res.,  16,  275  (1947);  J.  Phys 
Chem.,  5j4,  239  (1950).  — 

.  Colloid 

12. 

J.  Moacanin,  G.  Holden,  and  N.  W.  Tschoegl,  Editors 
Block  Copolymers,"  J.  Polymer  Sci.,  C26,  (1969). 

9 

13. 

N.  W.  Tschoegl,  private  communication. 

14. 

J.  F.  Beecher,  L.  Marker,  R.  D.  Bradford,  and  S.  L. 
J.  Polymer  Sci.,  C26,  117  (1969). 

Aggarwal , 

-347- 


0L 

0 


— 1  -  1  »  I 

0.1  0.2  0.3  0.4 


0.5  0.6  0T 


Figure  1.  Ratio  of  diffusion  coefficients  in  composite  system 
and  in  the  permeable  matrix,  plotted  against  volume 
fraction  of  impermeable  inclusions,  numbered  to 
correspond  to  the  6  equations  in  the  text. 


SOKE  PROBLEMS  IN  BULK  POLYMERIC  SYSTEMS 


H.  Reiss 


Abstract 

A  condensed  summary  of  some  of  the  statistical  techniques 
used  in  the  study  of  polymer  chain  configurations  is  presented. 

In  connection  with  the  theory  of  polymers  containing 
rings,  a  new  variation  principle  is  developed  which  can  be  used 
in  connection  with  associated  configurational  problems.  This 
variation  principle  leads  to  a  "self-consistent  field"  solution 
of  the  configurational  problem.  The  theory  of  rubber  elasticity 
is  discussed,  and  the  possibility  of  applying  the  variation 
principle  to  this  phenomenon  considered. 

Glassy  polymers  and  the  glass  transition  are  discussed, 
and  some  ideas  connecting  the  glass  transition  and  what  app  ars 
to  be  a  related  phenomenon  involving  a  fluid-solid  transition 
observed  in  a  system  of  hard  spheres  arc  considered.  The  hard 
sphere  transition  is  really  a  glass-avoiding  transition  for 
which  we  have  coined  the  term  "hyalo-phobic  transition". 

Block  copolymers  and  their  participation  in  the 
formation  of  hetcrophaec  polymer  bulk  polymers  are  also  dis- 
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cussed.  It  is  suggested  that  the  fairly  well  developed  field 
of  the  statistical  thermodynamics  of  curved  surfaces  might  be 
of  use  in  connection  with  the  heterophase  transition. 

Inhomogeneous  bulk  polymers  resulting  from  the  formation 
of  inhomogeneous  networks  are  discussed.  Some  corrections  arc 
applied  to  the  "gel  ball"  theory  of  Labana,  Newman,  and  Chompff. 
Polymer  crystals  are  also  treated. 

Finally,  frictional  and  dynamical  effects  in  bulk 
polymers  and  polymer  solutions  are  considered.  The  Rousso  model 
is  outlined  and  possible  future  directions  are  indicated. 
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SOME  PROBLEMS  IN  BULK  POLYMERIC  SYSTEMS 


U.  Reiss 


I .  Introduction 

Polymers  have  provided  useful  materials  of  application 
for  many  years.  The  most  important  have  usually  involved  the 
polymer  in  the  "bulk"  rather  than  the  "free  molecular"  state, 
i.e.,  in  the  glassy,  rubbery,  or  even  in  the  crystalline  state. 
In  spite  of  the  technological  importance  of  the  bulk  state, 
most  of  the  "science"  of  polymers  has  concerned  the  free  or 
quasi-free  molecular  state,  e.g.,  polymers  in  solution.  The 
reasons  for  this  are  clcar--the  molecular  state  is  more  easily 
amenable  to  quantitative  theoretical  analysis.* 

In  spite  of  the  lesser  technological  importance  of  the 
molecular  state,  research  in  this  area  has  been  important  for 
several  reasons,  among  which  is  the  fact  that  polymers  are  best 
characterized  in  solution.  Measurements  of  molecular  weight, 
polymer  configuration,  reactivity,  and  relaxation  mechanisms  are 
more  easily  performed  in  solution.  After  having  been  character¬ 
ized  in  this  manner,  the  polymers  can  then  be  converted  into 
various  bulk  conditions  whose  properties  are  then  related  to  the 
known  molecular  features.  Of  course,  certain  features  have  no 
independent  existence  outside  of  the  bulk  state  and  it  is  in 

*A  comprehensive  and  excellent  description  of  the  theory  of 
polymers  in  solution  can  be  found  in  II.  Yamakawa,  The  Mode  in 
Thcoiy  o *  Pohjmei  Solution*  (Harper  and  Row,  New  York,  1971). 
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these  areas  that  much  new  research  needs  to  be  done. 

Another  bequest  of  solution  research  is  the  set  of 
methodologies  connected  with  the  molecular  theory  of  polymers. 
These  methods  can  be  appropriated  and  extended  to  the  treatment 
of  polymers  in  bulk.  Progress  in  this  direction  has  already 

been  made. 

Unlike  other  fields  of  materials  science,  the  polymer 
area  has  remained  almost  the  exclusive  property  of  chemists  and 
chemical  engineers.  This  point  is  emphasized  by  the  fact  that 
ARPA  itself  has  supported  very  little  work  in  polymers.  On  the 
other  hand,  there  are  many  points  of  possible  contact  with  physi¬ 
cists,  especially  solid  state  physicists.  This  is  even  more  true 
for  polymers  in  bulk.  One  of  the  goals  of  this  somewhat  informal 
(and  perhaps  disorganized)  discussion  of  certain  aspects  of  the 
field  will  be  to  acquaint  the  physicist  with  a  few  problems  where 
his  help  would  be  both  appreciated  and  effective. 

The  following  text  contains  several  streams  of  ideas. 
These  include  (1)  a  somewhat  qualitative,  and  at  best  semi- 
quantitative,  description  of  some  conventional  well  established 
ideas  in  polymer  science;  (2)  some  research  ideas  --  carried 
through  initial  steps  of  activation  —  which  have  emerged  from 
a  month  of  summer  study;  (3)  designation  of  those  ideas  and 
researches  which  may  be  of  interest  to  physicists.  These 
categories  will  not  always  be  clearly  separated,  but  appropriate 
comments  will  be  made  wherever  clarification  seems  necessary. 
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II. 


The  Configuration  of  Polymer  Molecules 

The  classic  approach  to  the  theory  of  polymer  molecule 


configuration  has  involved  representation  of  the  molecule  by 
a  number,  n,  of  freely  orienting  segments  where  n  need  not  be 
identical  with  P,  the  degree  of  polymeri zation  which  denotes  the 
number  of  monomer  groups  bound  together  to  form  the  polymer. 

With  this  model  the  allowable  configurations  are  in  one  to  one 
correspondence  with  the  paths  of  a  random  flight  in  which  the 
individual  steps  are  all  of  length  a,  a  being  the  length  of  a 
segment . 

It  follows1  that  the  end  to  end  distance,  R,  of  the 
polymer  has  the  distribution 


P(£)  +  C 


3 

2Trna2 


3/2 


3R 

2n2a 


9R1* 

20m3g4 


+ 


,  (1) 


where  P (ft )  d&  is  the  probability  that  the  end  to  end  distance 
lies  in  dR  and  C  is  a  normalizing  constant.  For  large  n  it 
proves  sufficient  to  approximate  P (R)  by  the  Gaussian  prefactor 
in  eq.  (1),  and  after  normalization, 


P(R)  = 


3 

2irnai 


/  3R2 

3/2  _  2naJ 


(2) 


For  this  model  the  mean  square  end  to  end  distance  proves  to  be 
<R2>  *  na?  (3) 

and  is  linear  in  the  number  of  segments,  n. 
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Another  configurational  quantity  more  closely  related 
to  experimental  measurement  (for  example,  to  light  scattering 
is  the  so-called  radius  of  gyration,  s,  which  is  the  root 
mean  square  distance  of  a  polymer  segment  (averaged  over  all 
segments)  from  the  center  of  mass  of  the  molecule.  The  mean 
square  radius  of  gyration  is  obtained  by  averaging  the  square 
of  the  radius  of  gyration  over  all  configurations.  Simple 
analytical  expressions  for  the  distribution  of  the  radii  of 
gyration  are  not  available.  However,  it  can  be  shown  that 
the  distribution  is  approximately  gaussian. 1  A  good  apr  oximate 
closed  expression  for  P(S),  where  S  is  the  radius  of  gyration, 
is  due  to  Flory  and  Fisk"  and  has  the  form 


The  quantity  m  is  usually  set  equal  to  3. 

Although  a  simple  analytical  expression  for  P(S)  is  not 
available,  formulas  for  the  various  moments  of  S  can  be  derived 
with  relative  ease.  For  example,  for  the  molecule  with  freely 
orienting  segments,  the  mean  square  radius  of  gyration  is 

<S*>  -  |  na2  -  £  <R*>  ,  (5) 

so  that  the  mean  square  radius  of  gyration  is  1/6  the  mean 
square  end  to  end  distance. 

The  configurational  statistics  of  polymer  molecules 
can  be  developed  expeditiously  through  the  application  of 
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Markoffs  method1*  This  method  employs  the  Fourier  representation 
of  the  three-dimensional  delta  function  and  may  be  applied  to  the 
distribution  of  a  sum  of  vectors 

♦  *  l  *i  (6) 

where  the  ^  are  vector  functions  of  the  individual  bond  vectors. 
Thus,  is  ®  function  of  r^  where  r^  is  the  vector  repre¬ 

senting  the  ith  segment  of  the  polymer.  If  r^  itself  has  a 
distribution  T^(r^}  then  it  may  be  shown  that  P($),  such  that 
P($)d|  is  the  probability  that  $  lies  in  d$,  is  given  by 

P(*)  "  7TnTT  (K<^}  dp  ,  (7) 

where,  the  Fourier  transform  of  P (h ,  K(p),  is  given  by 

K(p)  -  r,  r  (t  )  e  1  dr.  ,  (8) 

i«l  *  * 

where  it  will  be  recalled  that  is  a  function  of  r^.  In 

P*r^cu^*r  can  k®  so  that  $  becomes  the  end  to  end 
distance. 

Markoffs  method  has  been  extend’d  by  Wang  and  Uhlenbeck6 
to  multivariate  distributions  in  the  particular  case  that 

.V 

-►  f  3  )  i/?  2a,  * 

Ti(ri)  “  (^TjTj  o  ,  (9) 

i.e.,  to  the  case  in  which  each  bond  or  segment  is  qaussian 

distributed.  This  method  is  applicable  to  sets  of  vectors  $, 

k 

3uch  that 
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(10) 
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J 

where  the  <J>^j  are  constants,  i.e.,  to  vectors  which  are  linear 
combinations  of  the  bond  or  segment  vectors.  If  there  are  s 
vectors  in  the  set  and  the  set  is  denoted  by  then  the  simul¬ 

taneous  or  multivariate  distribution  of  this  set  is  given  by 


P(tjg})  = 
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In  this  formula  C  is  the  matrix  with  kfl,  element 
m 


a? 


Ck£  ”  ^kj  ^ £  j  <a2>  ' 

where  <a2>  is  the  mean  square  bond  length 


(12) 
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Furthermore,  |£|  is  the  determinant  of  C  and  C  is  the  co¬ 
factor  of  the  element  CkJl  in  this  determinant. 

Eq.  (11)  has  many  uses.  It  can  be  used  expeditiously 

for  the  evaluation  of  the  distribution  of  the  radius  of  gyration 

since  if  is  the  distance  of  a  segment  from  the  molecular 

center  of  mass  the  radius  of  gyration,  S,  is  given  by 

n 
n 


S2  = 


1  ** 
h  l  s 


(14) 


It  may  be  shown7  that 
m 

sj  =  J,  ri 


(15) 
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with 


4>ui  “  u(j-i)  -  1  ,  (16) 

where  j  (j-i)  is  the  unit  step  function.  Thus  the  are  of 
the  form  exhibited  in  eq.  (10).  Because  of  this,  both  S?  and 
<S2>,  (where  the  brackets  indicate  configurational  averaging 
so  that  <S2>  is  the  mean  square  radius  of  gyration)  can  be 
evaluated  using  eq.  (11). 

The  bond  distribution,  eq.  (9)  is  not  a  serious  re¬ 
striction  since  it  may  be  shown8  that  as  long  as  gaussian 
statistics  are  applicable  to  the  overall  chain  configuration 
the  use  of 

t  *  6 (r  -  a)  ,  (17) 


or 


3  j3/2  -3r 2 /2a2 

T  =  bnrH  e 


(18) 


where  a2  =  a* a,  lead  to  the  same  formulas. 

It  can  be  shown9  that  the  effective  freely  orienting 
segment  model  is  an  accurate  representation  of  any  chain  in 
which  the  correlation  between  successive  actual  segments  extends 
only  over  a  finite  number  of  such  segments.  Under  this  circum¬ 
stance,  one  can  always  find  an  effective  segment  length  so  that 
the  freely  orienting  model  is  applicable.  On  the  other  hand,  by 
its  very  nature,  such  a  model  conceals  most  of  the  effects  which 
are  specific  to  the  chemical  structure  of  the  particular  polymer 
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under  consideration.  Furthermore,  the  actual  correlation  between 
successive  segments  involves  energetic  effects  and  so  one  cannot 
properly  account  for  the  thermodynamics  of  chain  molecules  with¬ 
out  its  explicit  consideration.  For  example,  the  freely  orienting 
molecule  involves  entropy  only  and  on  the  average  adopts  a  coiled 
form  with  a  short  end  to  end  distance  because  so  many  more  con¬ 
figurations  are  available  to  it  in  that  state.  In  fact,  the 
elastic  modulus  of  the  molecule  reflects  these  entropy  require¬ 
ments,  rather  than  being  rooted  in  potential  energy.  The  mole¬ 
cule  behaves  like  an  entropy  springl 

Recently,  considerable  work  has  been  done,  especially 
by  Flory10,  in  an  effort  to  treat  chain  molecules  on  an  actual 
segment  basis.  The  technique  involves  introduction  of  the 
actual  potentials  which  determine  the  relative  orientations  of 
successive  segments.  The  problem  is  reducible  to  a  form  which 
is  an  extension  of  the  Ising  model  of  the  one-dimensional 
ferromagnet.  Averages  involving  the  configurations  of  the 
polymer  are  obtained  in  much  the  same  way  that  the  average 
magnetization  is  obtained  in  the  case  of  the  ferromagnet.  The 
"matrix  method"  for  the  treatment  of  the  ferromagnet,  first 
introduced  by  Kramers  and  Wannier  can  be  used  very  expeditiously 
in  the  present  case. 

None  of  the  foregoing  methods  is  capable  of  dealing  with 
the  so-called  "excluded  volume"  problem.  This  problem,  of 
central  importance  to  many  aspects  of  polymer  behavior,  may  bo 
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described  as  follows.  The  freely-orienting  segment  model 
possesses  statistics  identical  with  those  of  the  problem  of 
random  flights.  However,  the  pith  of  a  given  random  flight 
may  cross  itself  any  number  of  times.  In  contrast,  with  a  real 
polymer,  since  two  segments  cannot  simultaneously  occupy  the 
same  position  in  space,  a  configuration  corresponding  to  such 
a  "crossing  path"  must  be  excluded.  At  first  sight  this  effect 
may  seem  negligible  since  the  polymer  configurations  arc  known 
to  be  quite  open,  and  therefore  the  number  of  paths  excluded 
quite  small.  However,  the  polymer  molecule  is  very  long  and 
it  turns  out  that  the  chance  of  getting  at  least  one  crossing 
in  such  a  long  path  is  appreciable.  Since  even  one  crossing 
is  grounds  for  exclusion,  the  number  of  excluded  paths  becomes 
in  fact  quite  large,  and  both  the  mean  square  end  to  end  dis¬ 
tance  and  radius  of  gyration  may  depart  appreciably  from  the 
values  predicted  by  the  theory  of  random  flights. 

Many  authors  have  attempted  to  treat  the  excluded  volume 
effect.  Early  treatments  which  did  r.ot  account  for  correlations 
extending  over  the  entire  length  of  the  chain  succeeded  only  in 
deducing  that,  for  very  long  chains,  the  moan  square  end  to  end 
distance  will  still  be  proportional  to  the  number  of  segments. 

The  most  reliable  technique  for  examining  the  excluded 
volume  problem  is  founded  on  the  canonical  distribution  of 
configuration  given  by  statistical  mechanics.  Thus,  ii  IT 
represents  the  location  of  the  ith  segment,  a  potential  is 
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introduced  and  denoted  by 


K(iRn)>  -  u<aij’ 

where  the  sun  is  over  all  ij  pain  of  segments  and  in  the 

distance  between  the  1th  and  jth  segments.  U<n>  stands  for 
the  set  of  Rr  When  the  molecule  Is  in  solution  this  potential 
U  actually  a  potential  of  "mean  force"  and  therefore  is  Itself 
a  free  energy,  subsuming  various  solvent  effects.  The  pair¬ 
wise  additivity  indicated  in  eg.  (1»>  is  then  only  valid  when 
the  segment  density  is  low  (a  condition  approximated  by  the 
open  structures  of  roost  polymers).  The  potential  which  ties 
the  segments  into  a  sequential  chain  is  not  included  in  eq.  (19) 
This  can  be  written  as 

r  *  (20) 

"o  -  {  uo  ’Vial1 

the  sum  on  the  right  including  interactions  between  a  given 
segment  and  its  successor  only.  The  probability  of  chain  con- 
figuration  is  then  given  by 

1MRn)  ■  \  exp<-  *  W«RN»)  21 

in  which  Z  is  the  configurational  partition  function. 
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where  Z  ie  the  configurational  partition  function  with  W 
°  -W  /kT 

supressed,  and  thue  e  °  ie  proportional  to  PQ  the  proba¬ 
bility  of  configuration  for  the  freely  orienting  chain. 

Approximations  to  configurational  statistics  including 
the  excluded  volume  effect  have  been  derived  in  a  number  of  ways, 
beginning  with  eq.  (21).  One  of  the  earliest  approaches11  (and 
still  one  of  the  most  successful)  is  due  to  Flory  who  wrote 
eq.  (21)  in  the  form 


P(S) 


f  Po(S)  e 


-V (S) /kT 


(24) 


where  S  is  the  radius  of  gyration.  Actually,  cq.  (24)  repre¬ 
sents  a  partial  integration  of  eq.  (21)  over  all  configurations 
{1^}  consistent  with  a  given  S.  Of  course  Z  is  now  given  by 


|po(S)  e-V<S)/kT  dS 


For  the  freely  orienting  chain  function,  PQ,  the  Gaussian  form 


PQ(S) 


f  3  )’/;  e-3SV2<S’>0  4llS, 

l2n<S>>g 


(26) 


is  assumed.  The  basis  of  the  Flory  theory  is  then  the  assumption 
that  P(S)  as  well  ns  PQ(S)  is  of  a  Gaussian  form  with  parameters 
different  from  those  of  PQ(S).  With  this  assumption  V(S),  which 
is  really  the  free  energy  of  a  polymer  constrained  to  have  the 
radius  of  gyration  S,  can  be  computed  in  terms  of  the  parameters 
of  this  new  Gaussian  distribution.  Then,  in  effect,  the  free 
energy  over  all  configurations  is  minimized  by  finding  the 
maximum  of  Z,  given  by  eq.  (25),  with  respect  to  those  parameters. 
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This  extremalization  fixes  the  new  parameters,  and  therefore 
P(S).  Flory's  method,  involving  as  it  does,  a  variation 
principle  on  the  free  energy  is  really  an  example  of  the  self- 
consistent  field  method  discussed  more  thoroughly  in  the  next 
section.  The  result  predicts  a  general  increase  of  the*  •» ,*  rage 
polymer  dimension,  and  a  mean  square  radiue  of  gyration,  or  mean 
square  end  to  end  distance,  going  as 

<r2>  or  <S‘  •»  u  n‘/s ,  n  *  *»*  •  (21) 

Thus  the  ratio  of  mean  square  radius  of  gyration,  with  excluded 
volume,  to  that  without  excluded  volume,  should  go  as  n1^'; 

a  very  serious  departure  as  n  •*  “• 

Other  approaches 1 2 ,  following  Flory  have  included  the 
application  of  perturbation  methods.  Several  such  approaches 
are  analogs  of  the  Ursell-Mayer  "cluster  theory"  approach  to 
the  theory  of  imperfect  gases.  These  theories,  beginning  with 
the  canonical  ensemble,  endeavor  to  expand  P({Rjj})  in  a  power 
series  in  the  degree  of  polymerization  P.  All  of  them  expose 
even  in  their  lowest  order  terms,  the  true  many  body  aspect  of 
the  problem  and  the  fact  that  <R?>/n  increases  with  n. 

Numerical  computations  of  nonintersecting  walks  on 
lattices  have  also  boon  performed  using  computers11.  For  three- 
dimensional  lattices  (irrespective  of  typo)  eg.  (27)  seems  to 
be  indicated  as  n  -  «.  Thus  the  ratio  n*/s  mentioned  above 
seems  to  be  connected  to  the  dimensionality  of  the  walk  rat  c  t 
than  to  the  specific  nature  of  } ) . 
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The  most  modern  theories  applicable  at  n  •*  «  arc  of 
the  self  consistent  field  variety  mentioned  above.  Since  this 
is  in  an  area  currently  subject  to  vigorous  research  and  since 
it  also  represents  an  especially  appropriate  point  of  contact 
for  physicists,  we  discuss  it  in  more  detail  in  the  following 
section.  Hero  we  merely  note  that  the  rosults  of  such  calcu¬ 
lations  also  yield  oq.  (27)  so  that  the  validity  of  that  result 
receives  further  support. 

As  a  final  topic,  in  this  section,  we  discuss  problems 
which  arise  with  polymers  which  are  branched  or  which  may  con¬ 
tain  rings,  branched  polymers  are  usually  classifiable  not 
only  by  their  degrees  of  polymerization,  but  also  by  the  number 
of  branch  points,  the  functionalities  (number  of  chains  emanating 
from  a  given  branch  point)  of  the  branch  points,  the  distribution 
of  chain  lengths  between  branch  points,  and,  in  general,  the 
connectivity  of  the  network.  For  branched  or  ring-containing 
polymers  it  is  obvious  that  the  mea~!  square  end  to  end  distance 
has  little  meaning,  and  that  we  must  concentrate  on  the  radius 
of  gyration. 

Usually  interest  centers  on  a  quantity 
q  .  <S?>b/<s'>,  (28) 

which  is  the  ratio  of  the  moan  square  radius  of  the  branched 
molecule  to  that  of  a  linear  chain  possessing  the  same  number, 
n;  of  segments.  The  quantity,  g,  can  bo  calculated  for  l  ranched 
molecules  (containing  no  rings)  in  the  special  cases  in  which 
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cither  (1)  all  chains  between  branches  have  the  same  length,  or 
(2)  chain  lengths  between  branches  are  distributed  completely 
at  random.  In  the  first  case  (uniform  distribution)  if  there 
are  m  branch  units  of  functionality,  f,  and  p  subohains. 

q  »  ♦  -iy  (f-1)  ;  m(m*-l)  .  <291 

v  p  *  p1 

For  the  second  case  (random  distribution) 
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For  molecules  with  rings  g  is  much  more  difficult  to  compute 
and  we  make  some  suggestions  in  this  respect  in  the  next  section. 

j I I .  Self  Consistent  Field  Approaches  to  Excluded  Volume 
and  Molecules  with  Rings;  Some  New  Research  Ideas 
The  self-consistent  field  approach  to  polymer  con¬ 
figuration  can  bo  derived  from  a  variation  principle  not  unlike 
the  method  employed  in  the  derivation  of  tin?  Ilartree-Fock 
liquations  in  quantum  mechanics.  However,  since  entropy  contri¬ 
butions  must  he  accounted  for  in  the  polymer  case  the  variation 
principle  involves  finding  an  extremum  of  the  free  energy, 
instead  of,  as  in  the  quantum  mechanical  case,  the  matrix  element 
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of  the  Hamiltonian.  It  ill  in  just  this  area  where  the  method¬ 
ologies  of  the  field  theorist  and  solid  state  physicist  should 
find  apnlicntion  and  Indeed  one  of  the  earliest  practitioners, 

S.  F.  Edwards,  is  among  other  things  a  field  theorist. 
Paradoxically,  Edwards  did  not,  however,  derive  his  self- 
consistent  field  from  a  variation  principle. 

To  understand  this  variation  principle,  suppose  that 
the  probability  of  finding  the  system  in  the  ith  quantum  state 
is  P^.  Then  the  entropy  of  the  system  is 

S  -  -k|  Pi  in  Pi  ,  (32) 

whore  the  sum  is  over  all  quantum  states  accessible  to  the 
system.  If  is  the  energy  of  the  ith  quantum  state,  then 
the  internal  energy  of  the  system  is 


E  -  |  ^84  , 

and  since  the  Helmholtz  free  energy  is  A 


(33) 


E  -  TS,  we  have 


A  "  I<PiEi  ♦  kT  pi  *n  pi> 


(34) 


If  wo  now  vary  the  P^  so  as  to  minimize  A  subject  to  no  con¬ 
straints  other  than  those  which  maintain  the  E^  spectrum  fixed, 
and  the  requirement. 


we  find 


(35) 
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o 


(30) 


P 


i 


-E^/kT 


-E./kT 
e  ^ 


which  is  the  usual  distribution  in  the  canonical  ensemble. 

Now  it  is  well  known  that  other  ensembles  and  other 
expressions  for  P  can  be  generated  by  adding  additional  con¬ 
straints  to  the  system.  For  example ,  the  grand  ensemble  is 
obtained  (in  the  case  of  open  systems)  when  the  chemical 
potential  of  a  transferable  species  is  fixed.  In  the  case  of 
a  polymer  molecule  the  constant  force  ensemble  is  obtained  when 
the  molecule  is  subjected  to  a  constant  tensile  force. 

Even  more  general  constraints  can  bo  imposed.  For 
example,  in  eq.  (21)  whore  the  configuration  may  be 

thought  of  as  corresponding  to  one  of  the  quantum  states  with 
{ R  J  replacing  i,  so  that  P^R^))  takes  the  place  of  P^  we 
may  insist  the  W((RNH  be  restricted  to  the  form 

W(iRn))  -  j,  vi(Rl)  (37) 

rather  than  have  the  far  more  complicated  form  given  by 
cq.  (19).  Thin  would  correspond  to  restricting  P({RN>)  to 
the  form 

P((Rn)>  -  |  n  ii(ri)4'i  (fc^  >  (38) 

(0^  not  to  be  confused  with  appearing  in  eq.  16) 
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whore  now 


Z  —  |  t>  -c  i  ( r i )  ♦  i  )  cKRm)  • 

Thus,  c"W(t,<W  )/kT  is  now  "constraint*!”  to  bo  represented  by 

it  £  (|t.)(  a  product  of  one  sognu  nt  distribution  functions, 
i  1  1 

This  restriction  is  reminiscent  of  the  one  elect!  on  wave* 

function  appearing  in  the  llartree-Fock  method.  'Iho  functional 

forms  of  the  or  can  bo  determined  by  minimizing  A  in 

eq.  (34)  subject  to  constant  spectrum  and  the  constraint 

that  P,  is  the  product  n  The  function  v.  determined  in  this 

*  i 

manner  is  the  "self  consistent"  potential  and  gives  rise  to  the 

"self  consistent"  field. 

To  bo  more  precise,  for  the  polymer  case  Heins 

replaced  eq.  (34)  by 

A  -  |lWo((Hw))  «  W((Rn)))  IM(Rn))  U(Kn» 


♦  kT  1 1*  <  ( I<N  )  tn  P((Rn  )  d  {  R^j  I  ,  <40) 

where  A  is  now  just  the  configurational  free  energy  and  WQ  +  W 
is  the  exact  configurational  energy  given  by  cqs.  (19)  and  C>0). 
However  P((RMJ)  is  the  "constrained"  distribution  function  given 
by  eq.  (38).  When  the  variation  is  performed,  it  turns  out 


VV  =  Jj  JU(1V  p(Aji|Ri)dRj 

where  the  sum  is  over  all  segments  j  except  the  ith,  and 


(41) 
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l*(Rj£  is  the  comlition.il  pi  obabi  1  i  ry  that  the  1  and  j  seg¬ 

ments  are  separated  by  the  vector  distance  !t  ^  .  when  it  is  known 

that  the  ltli  segment  1  r.  locate?  at  l\ ,  .  Since  the  l'(H  A  ) 

•  j  i  i 

can  be  expressed  as  functionals  -if  the  various  v  (H  ),  eg.  |<i|i 
is  actually  a  set  of  equations  tor  the  selt-consi  lent  deter- 


nn  nat ion  of  the  v . . 


At  presei  t  thin  heirarchy  of  equations  has  not  boon 
solved.  Instead  a  function  P  ( K  .  )  is  defined  as 


^  » 
l'(K.  ) 


f  J 

»  h  ( r.) 

'  i-l  1 


-V. (P.)/kT 


dr 


■u,i 


(42) 


where  the  notation  dr./dft^  implies  integration  keeping  lr 
constant.  Note  th.it  P(K^)  will  give  the  end  to  end  distribution 
oi  tin?  polymer  as  j,  n  •  .  In  deriving  the  differential 
equation  two  assui.ipt ions  are  ride.  The  liist  expresses  u(R.  .) 
as 


u  (K.  ^ )  «  kT.*  ■  (K.  ( )  ,  (4  j) 

where  r  is  an  appropriate  segment  interaction  constant,  and 
the  second  is  the  assumption  tint  the  distribution  including 
excluded  volume  effects  is  still  gr.assian.  The  differential 
equation  may  bo  so Lvod ,  and  using  this  solution  it  is  possible 
to  compute  the  mean  square  end  to  end  distance.  As  indicated 
earlier  eq .  (27)  is  once  aqain  recover*  1. 

Ildwa i  ds  e])  consistent  field  was  not  derive  f  i  on  t 
variation  principle  and  is  equivalent  to  the  assumption 
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iMRjilRjJ  "  ** > 


(44) 


lie  also  is  able  to  derive  a  differential  equation  for  P(R^), 
the  solution  of  which  again  recovers  cq.  (27).  Freed*4'17 
has  shown  that  Edward  self  consistent  field  and  the  more 
general  result  of  cq.  (41)  are  successive  approximations  in  a 
functional  integral  representation. 

Much  work  still  needs  to  be  done  along  the  lines  of 
solving  the  hcirarchy  of  equations  specified  by  cq.  (14),  and 
represents  a  challenging  task  for  the  near  future. 

\  new  application  of  the  self  consistent  field  method# 
in  connection  with  which  some  initial  research  has  been  per¬ 
formed  during  this  month  of  study,  will  now  be  discussed.  The 
application  involves  a  solution  (approximate)  to  the  problem 
of  computing  the  radius  of  gyration  of  a  polymer  molecule 
containing  rings.  The  difficulties  involved  in  this  compu¬ 
tation  were  mentionee  at  the  end  of  the  previous  section. 

Consider  a  polymer  molecule  containing  .  i  j  in 
branches  something  like  the  example  illustrated  in  Figure  1. 
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As  in  the  Figure,  the  branch  points  are  located  by  the  eo- 
ordinate  vectors  R. .  The  branches  are  then  labeled  by  the 
jranch  points  which  they  connect.  Thus  the  branch  lying 
between  and  R  will  be  the  ij  branch.  If  two  briinches 
connect  the  same  pair  of  branch  points  an  additional  index 
will  be  necessary  to  distinguish  them.  In  the  interest  of  a 
simple  notation,  however,  wo  will  assume  in  this  exposition 
that  such  a  complication  does  not  arise.  Now  the  number  ol 
segments  in  the  ij  branch  will  be  denoted  by  nj;j  and  the 
total  number  of  segments  in  the  molecule  will  be  n, 

M  "  l  nn  *  ( 4  S 1 

ij  13 

The  coordinate  (in  some  laboratory  frame  of  reference)  of 
the  kth  segment  in  the  ij  th  branch  will  be  denoted  by  r, .  .. 

Tiu  center  of  mass  of  the  ij  th  branch  will  bo  c^  while  the 
center  of  mass  of  the  entire  molecule  is  c.  Finally,  the 
radius  of  gyration  of  the  ij  th  branch  is  denoted  by  Si;. 
while  the  radius  of  gyration  of  the  molecule  will  be  S. 

Within  each  branch  the  k  th  segment  can  be  assigned 
a  coordinate  k  relative  to  the  center  of  mass  of  that 
branch.  Thus 


hi 


/  k 


r .  .  , 
J-J 


9 


whore  (if  the  segments  are  all  assumed 


n 


ij 


9 


(46) 

to  have  the  same  mass) 

(47) 
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from  which  it  follows  that 


lLn, 


(48) 


Now,  from  tho  definition  of  the  radius  of  gyration,  it  r  H  low:, 
that 


nij  Sij  C  w  lf#ij,kl 


(19) 


Furthermore 


"ij  'u  *  \  ’ 

We  can  also  assign  coordinates  to  every  segment  in 
the  molecule  relative  to  the  molecular  center  of  mass.  Thus 
to  the  k  th  segment  in  the  ij  th  branch  wo  assign 

4j,k  *  *ij.k  -  5 

Then  for  the  radius  of  gyration  of  tho  entire  moloculi  wo 
obtain  the  relation, 

"S'  -  l  k 

13  »k  J 

*  .i  ‘liij.d'  ♦  -  2S*iij.k>  • 

13  ,k 

Eliminating  r. ,  k  from  this  expression  with  the  aid  of  eq. 
and  using  eq.  (48)  we  obtain 

ns'  -  1  1  Kij  kl’  +  -  2"-=ij  +  |i|M 

i  j  t  k 


(50) 


(51) 


(52) 


(46) 


(53) 
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Now  from  cq.  (50) 


r  *  »  •  ►  ... 

c •  c  .  «  >  c  •  n  c  .  *  c • )  n..c.  *  nc  * 

i J  f ,  lj  i j  n 


ij,k  ^  ij  ^  ^ 


(54) 


With  this  relation,  the  last  two  terms  in  eq.  (53)  may  bo 
rossed  as 


~}  l  ^ i  i  4  l  I  ^ I  ■’  “  "nl 

;  T  »  *>  J  i  i  i. 


i  j  #  k 


i  j,k 


-n| c| 7 


(*>*») 


Using  eqs.  (19)  and  (55)  in  eq.  (53)  we  obtain 

s-  -  {  ,S:.  .  K-ijI')  -  |i|-  . 


(56) 


Next  we  average  over  all  configurations  of  the  molecule 
keeping  the  locations  of  the  branch  points  fixed.  Wo  denote 
this  average  by  <  >R.  This,  from  eg.  (50) 


where  we  have  used  eq.  (50)  to  rewrite  the  last  term  in  eq.  (56) 
Now  depends  only  on  |i^-R.|.  In  fact,  if  the  branch  is 

a  freely  orienting  chain,  it  can  be  shown  that 


n .  .  a  * 

s-  >  =  _U_ 

ij  R  12 


fl  + 

l 


R.-R  | 

„J _ 

n .  .  a-* 
13 


(58) 


where  a  is  the  mean  segment  length.  Furthermore,  since  with 
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the  branch  pointr.  fixed,  the  chance  of  observing  a  gi  ,en  con¬ 
figuration  in  one  branch  ia  independent  of  the  configuration 
in  another  branch 

<3ij  *  'im'R  -  <2ij>R  *  <c£jb>r  .  (59) 

This  result  can  be  substituted  into  the  last  term  on  the  right 
of  eq.  (57).  From  symmetry  it  is  clear  that 

cij>R  "  .  (60) 

Furthermore,  <kij|,>R  will  also  depend,  only  on  R^  and 
so  that  <S7>r  given  by  eq.  (57)  depends  only  on  the  coordinates 
of  the  branch  Points.  The  evaluation  of  the  complete  mean 
square  radius  of  gyration,  namely  <S*>,  involves  averaging  <SJ>R 
over  all  configurations  of  the  branch  points.  Thus  all  that 
is  necessary  for  the  computation  of  <S*>  is  the  distribution 
giving  the  probability  of  configuration  of  the  branch  points. 

Wo  develop  a  variation  principle  (self  consistent  field  method) 
in  order  to  approximate  this  distribution  function. 

First  we  note  that  if  every  branch  consists  of  a  freely 
orienting  chain  at  low  enough  extension  so  that  Gaussian 
statistics  apply,  the  distribution  function  for  the  branch 
points  can  in  principle  be  evaluated  in  closed  form.  Thus,  if 

pij  I  Rj~Ri  * )  "  pij(Rij}  is  93ussian  function  for  the  ij  branch, 
the  branch  point  distribution  function 


whore  K  is  a  normalizing  constant  ami  R  refers  to  the 

coordinates  of  the  set  of  branch  points.  When  the  p  .  are 

1  J 

gaussian  it  is  possible  to  evaluate 


1 

K 


•’ij  d,V 


'I, 


) 

•  / 


explicitly,  by  a  cooxdinatc  transformat ion  which  d<  composes 
(O’)  into  factor  integrals  each  of  which  can  In*  computed  m 
closed  form.  The  matrix  di agonal izat ion  involved  in  this  pro- 
et*urc  however ,  depends  sensitively  on  the  connectivity  of  the 
molecule  so  that  in  most  cases  it  is  impractical  to  follow  this 
route.  Furthermore,  the  method  fails  for  short  branches  when* 
the  assumption  ot  gaussian  behavior  is  invalid. 

We  there  1  ore  introduce  an  approximate  method,  based  c>n 
a  variation  principle,  which  is  capable  of  handling  the  non- 
gaussian  case,  and  which,  in  spite  of  its  dependence ,  still,  on 
connectivity,  may  be  easier  to  apply  to  some  "average"  molecule 
characterized  only  by  the  degree  of  polymerization  and  the 
umi  *r  of  branch  points.  For  the  purpose  of  i l 1 ustration ,  we 
work  out  the  case  of  a  specific  simple  branched  mo l ecu It  con¬ 
taining  rings.  This  molecule  is  shown  in  Fiuuro  . 
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It  has  4  branch  point.  and  5  branches,  including  2  branches 

between  points  8,  and  8..  Since  we  arc  only  interested  in  the 

relative  configurations  of  the  molecule  we  choose  8,  as  the 
origin. 

Now  with  each  branch  point  fixed  the  free  energy  of 
say  the  ij  th  branch  may  be  denoted  by 


Au  '  Aij  <V 


Presumably  the  value  of  can  be  evaluated  exactly 
since  a  linear  chain  is  involved.  If  potential  energy  is 
important  the  methods  discussed  in  Flory's  book10  may  be  used, 
In  the  simplest  case,  for  the  freely  orienting  chain,  A..  = 

"TSij  whoro  Sij  is  the  entropy  consistent  with  a  given  value 
R^j*  Furthermore, 


Pij  (Rij 


-A.,/kT 

(R.J  =  K^e  ^ 


(64) 


where  is  a  normalizing  constant. 

Corresponding  to  a  given  configuration  {Rg}  the  free 
energy  A ( { Ru } )  is  given  by 


A(l8BD  =  l  a..  (Rij 


) 


(65) 


Furthermore ,  PUR,),  is  given  by  eg.  (61)  which  may  be  written 
in  the  alternative  form 


p((Rb))  = 


^((Rfii) 


(66) 


where  Z({R0})  is  the  configurational  partition  functi 


ion  corres- 
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ponding  to  fixed  {RQ}  and  Z  is  the  total  configurational 
partition  function, 

Z  =  Jz ({RBJ)d(RB}  .  (67) 

It  is  also  true  that 

A({RbJ)  -  -kT  in  Z({Rb))  ,  (68) 

and  that  the  total  configurational  free  energy  is 


A  =  -kT  in  Z 


(69) 


From  the  last  two  equations, 

[A-A({Rn})]/kT 

P({RB))  =  e 


(70) 


Thus,  the  possession  of  A({^fl})  will  not  by  itself  determine 
P({iL})  because  A  is  not  known. 

D 

Suppose,  however,  that  we  wish  to  make  maximum  use  of 
information  on  A({Rfi})  in  order  to  estimate  A.  To  this  end,  we 
can  guess  at  the  function  P({Rg})  in  the  hope  that  some  further 
principle  will  be  available  to  assist  with  the  process  of  guessing. 
We  denote  the  guessed  value  of  P({Rfi})  by  P*({R0}).  Now,  since, 
within  this  approximation,  the  fraction  of  time  which  the  system 
spends  in  d{£Q}  is  given  by  P* ( {^B> )d{£fi} ,  the  contribution,  A* , 
to  the  estimated  A  from  this  configuration,  might,  at  first,  be 
taken  as 


P*  ({£B})A({$B))d{£B} 


(71) 
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i 


However,  the  full  value  of  A*  must  also  include  entropy 
contributions  arising  from  the  uncertainty  as  to  which  con¬ 
figuration,  {Rb),  the  system  is  actually  in.  Thus,  we  must 

include  a  term 


kT 


P*({Rb})  Jin  P*({fcB))dtV 


(72) 


in  the  estimate  of  the  total  free  energy.  Adding  the  contri¬ 
butions  defined  by  eqs.  (71)  and  (72)  ,  we  get 


A*  = 


,((SB))A((SB})dfSB}  +  kT  jp.Hfy)  i n  P,(lSB})dtV-  1731 

It  is  easy  to  show,  for  any  choice  of  P*((Rg})  which 
satisfies  the  normalization  condition, 


P*({RB})dtV  =  1 


(74) 


that 


A* 


>  A 


(75) 


Herein  lies  the  variation  principle.  To  prove  eq.  (75),  we 
substitute,  in  eq.  (73),  using  eqs.  (66),  (67),  (68),  (69), 
(74) .  The  result  is 


A*  =  A  +  kT 


P*({RB}) 

MlV>  P({Rb)>  d(RB1 


and 


(76) 


Now  eq.  (74),  together  with  the  equivalent  normalization  of 
P({r  }),  can  be  shown  to  require  the  integral  on  the  right  to 
be  positive  or  zero.  This  assures  the  satisfaction  of  eq.  (75). 

The  best  choice  of  ?,((*„»  will  be  that  which  therefore 
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minimizes  A*.  If  there  are  no  constraints  on  P*({Rfi})  beyond 
those  of  normalization,  then  the  extremal  is  supplied  by 

P*  ({Rfi})  =  P({Rg})  ,  (77) 

which,  by  eq.  (76),  gives  A*  =  A.  On  the  other  hand,  we  may 
constrain  the  form  of  P*({Rg})  to  be  such  as  to  simplify  the 
cooperative  problem,  in  which  case  eq.  (77)  will  not  hold. 

As  indicated  earlier  A({Rfi}),  specified  by  eq.  (65) 
can  prematurely  be  evaluated  more  or  less  exactly.  We  there¬ 
fore  replace  the  true  P({Rg})  by  a  product  of  "single  branch 
point"  functions, 

P*  ({Rfi})  -  tt  ^  (RA)  »  (78) 

where  normalization  now  requires  that  each  single  branch  point 
function  satisfy  the  constraint 

(*.  (Rj)  dSt  -  1  .  (79) 


We  then  substitute  eq.  (78)  into  eq.  (73)  and  choose  the  set 
of  4>i(Ri)  which  minimize  A*  subject  to  the  constraints  imposed 
by  eq.  (79).  Thus  we  look  for  the  solution  to 


6{|<(.i(^i)d^i}  =  0  .  (80) 

For  the  particular  molecule  illustrated  in  Figure  2  we 
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have 


A*  - 


4>z  (R2)4>3  (R3)<K  (h)  tA12  (Ri2)+A2  3  (R2  3)+A24  (R24)+A3.,  (Rsm) 


+A  $  4  ( R  3  4  )  1  dR  2  dR  3  dR  4 


+  kT 


(jj2  (r2  )  <()  3  <R3 )  <()  ^  (£4 )  £,n{  42  (R2 )  <f>  3  (R  j  )  4"*  UU ) ) dR?.dR 3<3Rm  •  (81) 


Application  of  eq.  (79)  gives 


A*  = 


<j>  2A  i  2dR2  + 


(j>  2  4> 3 A2  sdR2dR 3  + 


R2dR4+ J  < 


4)24>4A2  4dR2dR4+  <p 


+  kT 


<f)2  S-n  4)2d$2  +  kT  4>  a  4>3d*&3  +  kT 


4>  <♦ 


3 4> 4  [A3  4+Ai  4  ]dR3dR4 

Jin  4>4d^4  ,  (82) 


where  we  have  not  shown  the  arguments  of  the  various  functions 
under  the  assumption  that  they  are  obvious.  Performing  the 
variation  indicated  by  eq.  (80),  we  obtain  the  following  set  of 
equations : 


4>?  •■=  K2  exp  {-  [A i  2  + 

4>  3  =  K  3  exp  { -  jpjr  l 

4>  4  ~  k4  exp  { k*p  [ 


4>  3 A 2  3dR3  + 


4>  2A2  sdR2  + 


4>  z A2  4dR2  + 


4> 4 A2  4dR4  ] ) 
4)  4  [A3  4+Ai  4  1  d R 4  ]  ) 
4>  3  [A  3  4  +A  i  4  ]  dR  3  ]  ) 


(83) 


Eqs.  (83)  are  to  be  solved  simultaneously  for  the 
functions  4>2,  4>a,  and  4>-.  The  solution  can  be  substituted 
into  eq.  (78)  to  obtain  an  approximate  distribution  function, 
P((R  }),  for  the  branch  points  with  the  aid  of  which  the 
various  averages  <  >R  appearing  in  eq.  (57)  can  be  further 
averaged  to  give  <S2>,  the  mean  square  radius  of  gyration. 
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The  essence  of  the  present  theory  is  as  follows. 

Consider  an  isotropic  cube  of  rubber  of  edge  and  volume 

In  the  undeformed  state,  and  make  the  following  assumptions: 

(1)  It  consists  of  a  network  structure  each  branch  of 
which  contains  the  same  number  of  freely  orienting 
segments  (no  potential  energy) . 

(2)  The  distribution  of  end  to  end  distances  for  the 
branches  is  the  same  as  if  the  branches  were  free 
molecules.  Therefore  the  fraction  of  branches  of 
length  R  in  dR  is  given  by  eg.  (2)  which  we  now 
rewrite  as 


P0 (x,y , z)dxdydz 


3 

2tt  na  * 


3 (x2+y2+z 2 ) 

3/2 


dxdydz 


(84) 


where  we  have  used  R2  =  x2+y2+z2 

(3)  When  the  rubber  is  deformed  the  distribution  function, 
eq.  (84),  undergoes  an  affine  transformation.  This 
means  that  when  the  edges  go  from  all  of  them  equal 
to  Lq  to  Lx,  Ly,  and  ,  respectively  PQ  ■*  P  such 


P (x,y,z) 


that 


a  u  a 

x  y  z 


27rna2 


3/ 2  " 

e 
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(85) 


where 


a 


L  /L  , 
X  o 


“y  -  yv 
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=  L  /L 
z  o 


(86) 
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(4)  Finally#  the  rubber  is  incompressible, 


,  (87) 

a  a  a  =  1 
x  y  z 

This  assumption  is  not  absolutely  necessary. 

Since  there  is  no  potential  energy  the  change  in  internal 
energy  upon  isothermal  deformation  is  zero  and  the  combined  first 
and  second  laws  of  thermodynamics  require  that,  the  change  in 

entropy 


where  DW  is  the  mechanical  work  done  b£  the  system  during 
deformation.  If  we  choose  ex  -  a  and  oy  =  oz,  then  with  eq.  (87) 
the  state  of  deformation  is  described  by  a  alone.  Furthermore 
DW  in  eq.  (88)  can  be  expressed  in  terms  of  the  tensile  stress 
x  and  strain  a.  Equations  (84)  and  (85)  allow  one  to  enumerate 
the  change  in  the  number  of  configurations  accessible  to  the 
network  upon  deformation  and  so  to  compute  dS.  When  this 
result  is  substituted  into  eq.  (88)  the  following  stress-strain 

relation  is  obtained 


where  N  is  the  number  of  branches  or  more  properly,  strands, 
in  the  network. 

Actually,  besides  the  entropy  change  deduced  from 
eqs.  (84)  and  (85),  another  contribution  must  be  considered, 
associated  with  a  quantitative  difference,  between  the  un- 
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deformed  and  deformed  state,  in  the  restrictions  imposed  on 
configuration  by  network  branch  points.  However,  this  con¬ 
tribution  does  not  change  the  form  of  eq.  (89). 

Assumption  (1)  and  (2)  above  are  quite  ad  hoc  in 
their  characters  and  it  is  desirable  to  find  means  of  elimi¬ 
nating  them.  Also  it  is  of  some  importance  to  introduce  the 
effects  of  excluded  volume  (this  time-of  an  inter-cham 
nature)  and  potential  energy.  The  self-consistent  field 
approach  may  have  much  to  offer  in  accomplishing  these  re- 

f inements . 

V.  Glassy  Polvmers  and  the  Glass  Transition  -  Some, 

New  Research  Ideas 

Most  polymer  masses  undergo  a  transition  from  a  rubbery 
to  glassy  state  as  the  temperature  is  lowered.  This  may  occur 
independent  of  whether  or  not  a  network  structure  exists.  The 
onset  of  this  state  is  generally  signalized  by  dramatic  changes 
in  viscoelastic  properties,  especially  in  the  spectrum  of  re¬ 
laxation  times  characterizing  them.  However,  there  are  often 
significant  thermodynamic  or  quasi-thermodynamic  effects,  such 

as  heat  capacity  anomalios. 

Por  some  time  it  had  been  thought  that  the  transition 

to  the  glassy  state  did  not  involve  a  thermodynamic  transition 
but  merely  corresponded  to  a  gradual  quenching  in  an  re 
luxation  processes  slowed-down  with  decreasing  temperature. 
Thin  point  of  view  received  support  from  the  fact  that  longer 
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time  experiments  designed  to  explore  slower  relaxation  processes 
led  to  lower  glass  transition  temperatures.  Recently  however, 
there  has  been  a  growing  conviction  that  the  transition  is, 
fundamentally,  of  a  thermodynamic  nature.  Gibbs  and  DiMarzio19 
have  set  forth  a  theory  for  this  effect  which,  though  obviously 
incomplete,  is  convincing. 

According  to  this  theory,  there  are  energetic  effects 
which  act  to  establish  a  disordered  configurational  state  as 
being  of  lower  energy  than  any  ordered  one.  Furthermore,  as 
the  temperature  is  reduced  the  system,  if  allowed  to  come  to 
equilibrium,  condenses  into  a  disordered  state  with  a  finite 
degeneracy.  This  degeneracy  is  finite  in  the  sense  that  if  it 
is  represented  by  a  number  of  states,  W,  then.  In  W  =  0, 
relative  to,  say,  Avogadro's  number.  As  a  result  all  con¬ 
figurational  entropy  vanishes  at  the  glass  transition  even 
though  the  system  remains  disordered  (in  the  sense  that  a 
periodic  lattice  is  not  formed). 

Actually,  the  Gibbs-DiMarzio  theory  is  highly  modelistic, 
and  is  based  on  a  lattice  model  of  the  disordered  state.  In 
addition,  several  other  ad-hoc  assumptions  concerning  the  ener¬ 
getics  of  the  system  are  made.  It  would,  therefore,  be  of 
significant  value  if  a  theory  could  be  developed  without  appeal 
to  a  lattice. 

In  this  connection,  the  present  author  would  like  to 
suggest  that  another  system  exists  in  which  a  transition  has 
been  studied  which  on  closer  examinat'^”  has  many  features 
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seem  to  be  related  to  the  glass  transition.  In  fact,  one 
might  say  it  undergoes  a  "hyalo-phobic"  transition  and  there¬ 
fore  avoids  the  glassy  state  and  loss  of  configurational 
entropy.  The  system  in  question  is  the  well  known  fluid  of 
rigid  spheres  studied  by  many  authors.  It  is  known  that  as 
the  volume  of  the  fluid  is  decreased,  the  number  of  spheres 
remaining  constant,  a  point  of  density  is  reached  well  below 
the  density  of  close-packing,  at  which  the  system  undergoes  a 
transition  to  the  crystalline  state.  This  transition  has  been 
observed  both  in  approximate  analytical  theories 2 0  * 7 1 ,  with 
and  without  lattice  models,  and  by  computer  methods,  either  by 
means  of  Monte  Carlo  techniques  or  through  integration  of  the 
dynamical  equations  of  motion.  Although  there  is  no  absolute 
proof,  the  existence  of  the  transition  is  regarded  as  well 
established . 

Now  since  there  is  no  potential  energy  the  thermo¬ 
dynamics  of  the  rigid  sphere  system  is  based  entirely  on  con¬ 
siderations  of  entropy.  Regarded  from  this  viewpoint,  the 
"causative"  mechanism  of  the  transition  is  very  likely  the 
following . 

As  the  volume  is  decreased  and  the  system  remains  in 
the  disordered  fluid  state  the  number  of  distinct  configurations 
available  to  the  collection  of  rigid  spheres  is  progressively 
decreased.  It  is  well  known  that  spheres  can  be  packed  more 
efficiently  in  an  ordered  rather  than  a  disordered  array.  As 
a  result  the  system  begins  to  "jam"  at  a  volume  larger  than 


-385- 


that  of  close  packing.  As  this  "jamming"  continues  with 
further  decrease  in  volume  it  is  accompanied  by  a  simultaneous 
decrease  in  the  number  of  accessible  disordered  configurations, 
until  a  point  is  reached  at  which  only  one,  or  at  the  most  a 
relatively  finite  few,  configurations  are  available.  Thus 
the  entropy  of  the  fluid  approaches  zero  as  in  the  case  of  the 
glass  treated  by  Gibbs  and  DiMarzio. 

However,  unlike  the  case  of  the  glass  it  costs  the 
sphere  system  no  energy  to  adopt  an  ordered  state  while  at 
the  same  time  it  can  realize  an  appreciable  gain  in  entropy. 
Thus  if  a  small  volume  of  the  fluid  crystallizes,  the  more 
efficient  packing  which  occurs  "loosens  up"  the  remaining 
fluid  by  providing  it  with  more  volume  and  more  configurations. 
Thus  crystallization  leads  in  this  case  to  an  overall  increase 
in  entropy  and  the  transition  occurs.  The  rigid  sphere  system 
is  thus  able  to  avoid  a  glass  transition  by  becoming  ordered. 
The  transition  may  then  be  thought  of  as  being  induced  by 
an  aversion  to  the  glassy  state  —  hence  the  suggested  termin¬ 
ology  "hyalo-phobic" . 

Since  this  hyalo-phobic  transition  can  be  studied  with¬ 
out  introducing  a  lattice  it  may  be  worthwhile  to  start  the 
search  for  a  non-lattice  theory  of  the  glass  transition  by 
building  further  restrictions  which  forbid  ordering  into  the 
hard  sphere  system.  This  represents  an  interesting  challenge 
for  the  future. 
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It  is  worth  noting  that  such  a  modified  hard  sphere 
model  might  form  a  useful  theoretical  basis  for  the  study  of 
amorphous  metals  and  semiconductors. 

Another  area  of  increasing  importance  to  polymer 
technology  combines  both  the  features  of  the  glassy  and 
rubbery  state  in  a  single  molecule;  a  block-copolymer.  Such 
molecules  involve  a  polymer  of  say  type  A  connected  to  a  chain 
of  typo  13  which  may  in  turn  be  connected  to  A,  i.e.,  of  the 
form  A13A.  Now  it  has  been  observed  that  a  bull'  block-copolymer 
can  undergo  a  transition,  as  the  temperature  is  lowered,  such 
that  the  13  portion  becomes  glassy  and  separates  (except  for  the 
AU  and  13A  bond)  from  the  A  portion  which  remains  rubbery.  One 
therefore  achieves  a  composite  structure  in  which  the  "filament" 
and  the  matrix  are  bound  by  a  covalent  bond!  Furthermore,  the 
glassy  regions  often  form  a  quasi-ordered  array.  Obviously  a 
great  variety  of  specialized  mechanical  features  may  be  "engineered" 
in  such  substances. 

Such  "engineering"  would  be  considerably  advanced  if 
it  were  possible  to  predict  the  conditions  of  temperature  and 
composition  under  which  specific  such  "heterophase"  structures 
would  develop.  Some  crude  beginnings  in  this  direction  have 
been  made  by  Williams22  in  which  he  treats  the  heterophase 
state  as  a  true  two-phase  system  with  an  interfacial  region 
between  them.  It  seems,  however,  that  much  more  can  be  done 
in  the  way  of  a  statistical  mechanical  theory  employing  the 
developing  theory  of  the  statistical  thermodynamics  of  curved 
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interfaces 1  *  together  with  a  better  treatment  of  the  statistical 
thermodynamics  of  the  glassy  state. 

More  again  the  self-consistent  field  approach  may  he  of 
value.  For  example,  with  the  block  copolymer  of  type  ADA  the 
bonding  points  between  the  blocks  might  be  treated  like  the 
branch  points  R^  in  eq.  (75)  while  the  A^  might  refer  to  the 
free  energies  of  A  and  B  blocks,  respectively. 

VI .  Inhomogeneous  Networks 

Three  dimensional  polymer  networks  are  frequently  con¬ 
sidered  as  homogeneous  structures  and  their  ultimate  properties 
are  generally  related  to  the  properties  of  such  a  continuum. 
Actually,  if  such  networks  were  homogeneous  their  theoretical 
strengths  should  be  about  one  hundred  times  higher  than  is 
ordinarily  observed.  This  suggests  that  those  networks  are  in 
reality  quite  inhomogeneous  --  regions  having  a  high  degree  of 
cross  linking  being  interlaced  with  those  which  are  less  heavily 
cross-linked.  From  the  practical  point  of  view  such  inhomogene¬ 
ities  may  at  times  even  be  desirable,  when  they  can  confer  on 
the  system  some  of  the  features  sought  after  in  composites. 

Recently  Labana,  Newman,  and  Chompff24  have  developed  a 
theory  (and  performed  experiments  aimed  at  testing  it)  which 
indicates  that  the  development  of  inhomogeneities  is  a  natural 
outgrowth  of  the  kinetics  of  the  cross-linking  process,  and 
that  indeed  homogeneous  networks  are  not  to  be  expected. 

In  such  a  cross-linking  process  there  is  a  stage, 
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depending  upon  the  functionality  of  the  branch  points,  at 
which  cross-linking  has  reached  a  levei  such  that  a  "gel"  is 
said  to  have  formed.  For  example,  if  the  branch  points  are 
f- functional  then,  when  on  the  average  (f — 1 ) ”  1  of  the  potential 
branches  of  each  branch  unit  are  utilized,  the  probability  of 
formation  of  infinite  network  becomes  effectively  unity75.  This 

is  the  gel  point.  Usually  it  is  assumed  that  the  gel  thus  formed 
is  a  uniform  network. 


Labana,  Newman,  and  Chompff  obtain  thoir  important  result, 
contradicting  this  premise,  as  follows.  They  consider  a  single 
non-cross  linked  linear  molecule  in  bulk  polymer  mass,  about 
to  be  crosslinked.  They  then  assume  as  in  the  case  of  eq.  (26) 
that  the  distribution  of  segments  around  the  center  of  mass  of 
this  molecule  (including  the  effects  of  excluded  volume)  is 


gaussian. 

P  (r)  = 


Thus,  they  write 


(90) 


in  which  n  is  the  number  of  segments  in  the  molecule  <r2> 
is  the  mean  square  radius  of  gyration  and  p (r)  is  the  segment 
density  at  a  distance  r  from  the  center  of  mass.  They  define 


For  a  linear  molecule  <R2>  is  obtainable  from  eq.  (5)  and 
for  a  branched  molecule,  through  the  application  of  eqs.  (29) 
and  (30) ,  but  for  a  molecule  containing  rings  another  pro- 
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cedure,  described  below,  is  necessary. 

As  the  initial  unlinked  molecule  undergoes  crosslinking 
it  is  assumed  that  the  distribution  maintains  the  form  given 
by  eq.  (90)  but  that  both  n  and  <R*>  change.  With  this 
assumption  it  is  possible  to  study  the  relative  rate  at  which 
the  molecule  links  with  itself  as  compared  to  the  rate  of 
forming  cross  links  with  other  molecules.  The  analysis  indi¬ 
cates  that  the  rate  of  intramolecular  cross  linking  gradually 
accelerates  relative  to  the  intermolecular  process  so  that  an 
inhomogeneity  develops.  The  system  gels  locally  before  the 
extended  gel  point  is  reached.  This  result  is  summarized  by 
the  statement  that  "gel  balls"  are  formed,  and  that  these 
local  highly  cross-linked  regions,  separated  from  each  other 
by  more  lightly  cross-linked  material,  are  natural  ioatures  of 
the  network  forming  process. 

The  actual  analyses  goes  as  follows.  At  any  stage  of 
the  process  the  probability  that  a  segment  of  the  molecule, 
located  in  the  volume  element  dr,  reacts  with  another  segment 
from  the  same  molecule  is  given  by  an  expression  which  reflects 
the  bi-molecular  nature  of  the  rate  process,  namely, 

Q[p  (r)  ] 2  dr  ,  (92) 

whore  Q  is  proportional  to  the  rate  constant  for  cross-linking. 
From  this  it  follows  that  the  total  probability  of  intra¬ 
molecular  reaction  is 
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Pintornal  ■  0  |1'>(r)l’  4”r’dl  ’  (’3’ 

uu 

Dy  the  same  lino  of  reasoning  the  total  probability  of  forming 
and  intermolocular  link  is 


Pextorn.1  *  0  J<*o  -  -(r"  4rr’,,r  *  "" 

o 

where  pQ  is  the  average  segmental  density  in  the  bulk  polymer 
mass  and  pQ  -  p(r)  is  supposed  to  represent  the  density  of 
segments  in  4nr2dr,  arising  from  other  molecules  besides  the 
one  in  question.  The  use  of  pQ  -  p(r)  in  this  manner  repre¬ 
sents  a  first  order  attempt  to  account  for  the  other-molecule 
segmental  density  on  the  basis  that  part  of  pQ  in  the  volume 
element  4nr7dr  is  accounted  for  by  p(r)  from  the  primary 
molecule  under  consideration.  As  we  shall  show,  thin  is  a 
somewhat  inconsistent  approach  since  pQ  and  p(r)  are  not  de¬ 
fined  in  the  same  coordinate  systora.  pq  is  defined  in  the 
laboratory  frame  of  reference  while  p(r)  is  in  the  ccntor  of 

mass  system  of  the  molecule. 

In  the  present  author's  opinion  eq.  (94)  should  be 

replaced  by 

S) 

poxternal  '  0  J  V''1  4’r'dr  '  W 

0 

The  argument  for  this  will  be  presented  later.  Also,  Labana, 
Newman  and  Chompff  insist  that  p(o)  defined  by  eq.  (91)  can¬ 
not  exceed  pQ.  For  very  similar  reasons  the  presont  author 
considers  this  to  be  an  incorrect  statement.  On  the  other 
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hand,  in  spite  of  these  inaccuracies  the  substance  of  con¬ 
clusions  drawn  by  Labana  ot  al.  is  not  altered  and  their 
theory  remains  significant. 

Upon  substituting  eqs.  (90)  and  (91)  into  cqo.  (93) 
and  (94)  and  performing  the  indicated  integrations,  one  finds 
(using  an  obvious  abbreviation  of  notation) 


Pln  B  p(o) 
‘’ox  *  pin  2’/>  B 

o 


(90) 


If,  in  fact  p(o)  <  pQ,  then,  according  to  eq.  (90),  Pln/(PCX 
♦  Pln)  could  not  exceed  0.354. 

According  to  eq.  (91)  o (o)  depends  on  n  and  <RJ>, 
and  these  change  during  network  formation.  With  branched 
molecules,  obtained  by  random  intermolecular  reaction  of  the 
central  molecule  with  its  neighbors,  it  can  be  shown,  using 
the  statistical  methods  for  the  calculation  of  the  radius  of 
gyration  outlined  in  Section  II,  that  pq(o)  changes  only 
slightly  as  the  molecule  grows  --  the  distribution  broadens 
but  does  not  grow  in  amplitude.  Thus  according  to  eg.  (96) 
the  ratio  Pin/<Pex  ♦  Pin)  stays  almost  the  same  during  the 
branching  process. 

The  computation  of  <RJ>  for  a  molecule  containing  rings 
is  another  matter.  As  indicated  at  the  end  of  Section  II  simple 
techniques  do  not  suffice.  Using  an  indirect  method  which  we 
shall  discuss  later,  Chos^pff,*  is  able  to  extimate  <r’>  as  the 
cross  linking  proceeds  to  the  point  where  rings  actually  form. 
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As  rings  form,  p (o)  undergoes  a  drastic  increase,  and  p.  /  (p 
+  p^n)  also  increases  abruptly.  Therefore  the  process  of  ring 
formation  increases  the  chance  for  more  ring  formation  and  p  (o) 
increases  rapidly  towards  p  ,  then  the  "gel  ball"  which  the 
growing  cross  linked  molecule  represents  must  grow  outward 
(i.e.,  must  become  more  extensive).  In  this  manner  inhomogene¬ 
ities  are  produced. 

Before  discussing  the  question  of  possibly  improving 
the  estimate  of  <RZ>  for  molecules  with  rings  we  comment  on 
the  validity  of  eq.  (95)  versus  eq.  (94). 

Wo  return  to  the  primary  molecule  whose  center  of  mass 
defines  the  origin  of  the  coordinate  system,  and  we  denote  by 
G (R)  the  radial  distribution  function  of  the  centers  of  mass 
of  other  polymer  molecules  about  this  origin.  The  simplest 
estimate  of  G(R)  is  that  it  is  constant  (since  molecules  can  be 
interleaved  and  since  no  segment  need  lie  at  the  center  of  mass, 
two  molecules  may  even  have  their  centers  of  mass  at  the  same 
point)  such  that 

G  (R)  -  Pq/M  .  (97) 

Note  that  G(R)dR  gives  the  number  of  mass  centers  in  the  volume 
element  dR.  As  before  p(r)  is  used  to  represent  the  density  of 
segments  about  the  center  of  mass  of  a  given  molecule.  p(r) 
should  already  contain  interference  effects  between  molecules 
because  it  refers  to  the  bulk  state.  Now  we  compute  the 
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Probability  or  a  link  forming  between  two  different  molecules 
in  the  volume  element  dr  about  the  center  of  mass  of  the  primary 
molecule.  The  situation  is  diagrammed  in  Figure  3. 


Figure  3. 

The  distances  r,  s,  and  R  are  self-explanatory.  V.’e  employ  s 
and  R  as  bipolar  coordinates  with  an  aximuthal  angle  for 
rotations  about  the  axis  r.  Then  in  place  of  -  p(r)  in 
eq.  (94)  we  must  use 


p  J  d<J>  J  BdB  J  G(R)  p(s)  RdR  ,  (98) 

where  the  range  of  integration  for  *  must  be  (0,  2n)  while  the 
integrations  over  and  R  must  be  taken  in  two  parts  as  follows: 


] 

r  r+s  *» 

’  f  t 

r+s 

f 

1 

ds  I  dR  + 

ds  I  dR  , 

(99) 

o  r-s  r 

s-r 

The  expression  for 

PGX  now  becomes 

F 

'ex  -  0  |  »(r> 

dr  |  ^  |  Sds  f  G(R)p(s)  RdR 

9 

(100) 
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where  the  limits  in  (99)  are  to  be  observed.  Employing  eq.  (97) 
for  G(R)  and  carrying  out  the  integrations  over  4>  and  the  bi¬ 
polar  coordinates  eq.  (100)  reduces  immediately  to  eq.  (95) 
which  proves  the  point. 

The  new  p  given  by  eq.  (95)  is 

-  n  (.101) 
p  8  UP  n 
1  ex  u 

and  the  ratio 

pin  =  _ P  (o) _  t  (102) 

pex  +  Pin  23/2  pQ  p (o) 

Unlike  the  expression  given  in  eq.  (96),  even  if  p (o)  exceeds 
p  ,  as  it  may,  p,„/(pov  +  P,„)  cannot  exceed  unity.  As  a  matter 
of  fact  this  is  the  upper  limit  for  the  ratio  and  indicates 
that  t  ie  instability  in  reaction  (intramolecular  versus  inter- 
molecular)  can  grow  until  no  further  reaction  outside  the  growing 
molecule  occurs.  Of  course  p  (o)  will  probably  reach  some  limit 
but  it  need  not  be  pfJ. 

Turning  now  to  Chompff's26  estimate  of  <R2>  for  mole¬ 
cules  containing  rings  it  is  sufficient  to  describe  his  method 
briefly.  In  another  context  Chompff  was  able  to  generalize  the 
Rousse  model,  to  be  discussed  later,  to  compute  the  viscosity 
contribution,  in  solution,  of  molecules  containing  rings.  In 
this  way  he  was  able  to  develop  a  relationship  between  the 
structure  and  degree  of  polymerization  of  the  molecule  and  the 
viscosity.  An  alternative  relationship  existed  between  viscosity 
and  radius  of  gyration.  Thus  by  eliminating  the  viscosity 
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between  these  two  expressions  he  was  left  with  the  relation 
between  <R2>  and  structure. 

This  seems  like  an  awkward  method  for  deriving  a 
geometric  quantity  like  radius  of  gyration,  it  amounts  to 
computing  an  equilibrium  quantity  by  moans  of  an  i Trover- 
sible  (viscosity)  process  1  There  should  ho  a  more  direct 
route,  involving  only  equilibrium  considerations.  Tin*  self- 
consistent  field  approach  for  ring  molecules,  described  be¬ 
tween  eq.  (45)  through  oq.  (83)  seems  to  offer  promise  in 
this  connection. 

As  a  final  note  we  should  record  the  fact  that  the 
discussions  during  the  current  summer  study  have  in  '.catod 
that  glassy  carbon  seems  also  to  bo  comprised  of  an  inhomogeneous 
network.  In  fact,  the  inhomogonieties  seem  to  have  dimensions 
similar  to  those  predicted  by  the  foregoing  theory  and,  indeed, 
apparently  observed  by  Labana  et  al.  Since  the  pyrolysis  pro¬ 
cess  leading  to  glassy  carbon  structures  probably  involves  cross 
linking,  the  advances  made  in  connection  with  inhomogeneous 
polymer  networks  may  be  relevant  to  the  study  of  glassy  carbon. 

VI .  Polymer  Crystals 

Crystalline  polymers  are  also  known  in  the  bulk  state. 
Frequently  they  can  be  observed  growing  within  amorphous  polymer 
masses  as  spherulites,  and  they  have  been  known  for  isany  years 
as  micelles  in  polymer  fibers.  Until  the  1960’s  the  "fringe" 
theory  of  polymer  crystals  was  well  accepted.  According  to 
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thin  theory  a  single  polymer  molecule  could  run  it*  course 
through  both  crystalline  micelles  and  amorphous  regions.  and 
the  fraction  of  crystal  Unity  could  vary  with  external  factors 

such  as  state  of  strain*  etc. 

It  was  assured  that  the  polymer  molecules  within 
micelles  lined  up  with  their  axes  parallel  to  one  another. 

During  ihe  IHO'ii  especially  under  the  influence  of 
lioffnan  and  his  associates,  vigorous  exper im*ntal  and 
theoretical  work**  was  performed  on  polymer  single  crystals, 
especially  polyethylene.  Tim*  cross  referencing  of  theory  and 
experiment  has  made  it  clear  that  the  polymer  chains  in  a 
crystal  (and  also  In  spherul lies  ami  micelles)  are  highly 
folded  back  upon  themselves,  and  are  anything  but  straight  ami 

aligned  as  In  a  bundle  of  sticks. 

Purthermore.  recent  work  on  polymer  morphology  sere* 
to  indicate  that  spherul lies  in  bulk  masses  are  lied  to  ea  h 
other  by  thin  fibrils  so  that  the  polymer  represent*  *  v**rY 
complex  composite  indeed.  Huch  work  needs  to  !»c  done  in  this 

area. 

Perhaps  on*  of  the  most  interesting  hits  of  information 
uncovered  by  the  interdisciplinary  exchange  of  the  summer  study 
is  the  fact  that  non  chain-folded  polyethylene  crystals  can 
be  produced  by  allowing  a  polymeric  melt  to  crystallise  under 
conditions  of  flow,  e.g.»  while  being  stirred.  Such  crystals 
which  seem  to  have  the  molecules  aligned  parallel  to  their 
long  axes  are  found  to  be  very  strong  (although  they  have  some 


( Laws)  . 


It  is  possible  that  they  could  form  ideal  carbon 
filaments  for  use  in  carbon  composites!  Exploration  of  this 
possibility  is  strongly  rucommcndod. 


y 1 1 1 ,  pr jet tonal  and  Dynamical  hffocts 

The  incremental  viscosity  imparted  by  polymor  molecules 
to  a  solution  has  been  investigated  at  great  length.  These 
effects  are  usually  discussed  in  terms  of  the  Intrinsic 
viscosity  defined  as 
n-n„ 


Ihl  *  tim 

c»o  no 


(103) 


where  n  Is  the  viscosity  of  the  solution,  nD  is  the  viscosity 
of  the  pure  solvent,  and  c  is  the  concentration  of  polymer 
solute  in  g/cc.  This  limiting  quantity  (n  is  a  function  of  c) 
represents  the  relative  increase  in  viscosity  per  solute 


molecule. 

The  methods  developed  for  the  treatment  of  visco- 
dynamlcal  effects  for  polymer  molecules  in  solution  are  to 
a  large  extent  applicable  to  the  treatment  of  relaxation 
effects  in  bulk  network  polymers.  In  fact,  a  beginning  has 
already  been  made  by  Chompff  and  his  collaborators  in  this 
respect.  He  therefore  outline  some  of  these  methods  and 
indicate  seme  directions  of  research  which  might  be  fruitful 
In  tfte  immediate  future.  In  this  area,  in  particular, 
twhnl.pem  «f  Him  solid  slate  physlclsl,  .*s|**clnlly  l 


i 


connected  with  the  lattice  dynamics  of  disordered  lattices, 

seem  to  hold  a  great  deal  of  promise. 

In  the  discussion  it  is  convenient  to  have  in  mind  a 

particular  flow  field.  We  choose  this  such  that 

(104) 

vx  =  gy#  vy  =  vz  -  0 

whore  g  is  a  constant,  x,  y,  z  are  the  coordinates  of  position 
and  vx,  v  ,  and  vz  the  components  cf  flow  velocity.  This  flow 
could,  for  example,  be  generated  by  the  motion  of  one  of  two 
parallel  plates  (with  fluid  between  them)  perpendicular  to  the 

y  axis. 

Let  o  and  ov°  be  the  stresses,  in  the  solution  and 
solvent  respectively,  exerted  across  a  unit  area  Z  whose  miit 
normal  is  ev.  We  evaluate  the  increase  in  stress,  ov  -  %°  , 

(at  constant  rate  of  shear)  due  to  the  introduction  of  polymer 
molecules.  This  fundamental  derivation  is  due  to  Kramers 
who  recognized,  that  the  increase  of  stress  is  due  to  the  tension 
in  the  segments  of  the  polymer  chain  which  intersect  L.  He 
considered  a  molecule  with  n  +  1  segments.  The  terminus  of 
the  j  th  segment  is  located  by  the  vector  R.  while  the  vector 

length  of  the  j  th  segment  is  given  by  r^  -  Rj  Rj-1* 

tension  along  the  jth  segment  is  denoted  by  T..  If  P  is  the 
number  of  polymer  molecules  per  unit  volume,  then  by  averaging 
over  nil  configurations  of  molecules  intersecting  Z  it  is 
possible  to  show  that 


-399- 


0 


(105) 


a  -  a  ’  »  p 
v  v  M 


|  •  *„» 


where  the  brackets  indicate  the  average  over  all  configurations 
of  a  molecule. 

The  total  force  exerted  on  the  j  th  segment  is  derived 
from  the  gradient"  of  Tj  from  segment  to  segment  and  the 
frictional  force  P\  on  the  segment.  Thus  the  equation  of  motion 


is 


d2R. 

m  dt^1  -  Vi ' 


(106) 


Since  inertial  effects  may  be  neglected  the  left  side  of  eq. 
{106 )  may  be  set  equal  to  zero  and  the  result  substituted  into 
eq.  (105).  After  a  small  amount  of  manipulation,  one  obtains 


a  =o 
v  v 


*  P  I  <F,  (Rj 


j  j  '"j 
whore  the  boundary  condition 


(107) 


To  =  Tn+1  "  0 


has  been  used.  If  we  set  e  *  e  ,  the  x- component  of  a 


becomes 


(108) 


°*y  ■  °*y°  -  0  \  <(?j  •  Sx>'Sj  •  V” 
and  since,  for  the  flow  field  described  by  eq.  (104) 


(109) 


a  -  ng 

xy  * 


eq.  (109)  can  be  converted  into 


(110) 
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n  -  n. 


'o  f  ?  |  -(?j  •  V(Rj  •  V’ 

and,  finally,  it  can  be  shown  using  (111)  that 


(111) 


N. 

In]  =  -  rj-A-  l  <F.  y . > 

Mncg  j 


(112) 


where  na  is  Avogadro*  s  number,  M  the  polymer  molecular  weight, 
and  r.x  .  P.  •  cx  is  the  x-coinponent  o£  F\  while  y.  is  the  y 


component  of  . 


This  extremely  important  basic  equation  is  used  in  a 
very  central  fashion  in  the  evaluation  of  the  intrinsic  vis¬ 
cosity.  in  the  form  shown  in  eq.  (112)  it  appears  disarmingly 
simple.  It  must  be  remembered  however  that  the  evaluation  of 


the  average  indicated  by  the  brackets  in  eq.  (112)  requires 
the  possession  of  the  molecular  configurational  distribution 
function  in  the  nonequilibrium  state  characteristic  of  the 
flow.  m  essence,  then,  the  remainder  of  the  problem  involves 
the  determination  of  this  distribution  function. 

The  distribution  function  is  a  density  P(&0,  ) 

in  the  space  defined  by  the  various  R . .  if  it  is  assumed  that 
each  segment  interacts  dissipatively  with  the  solvent  through 

a  friction  coefficient,  c,  such  that  the  frictional  force  on 
the  segment  is 


where  ^  is  the  velocity  of  the  surrounding  fluid  at  R.  while 
“1  iS  the  °f  the  segment,  then  a  Fokker-Planck  equation 
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can  be  derived  from  which  it  may  be  shown  that 


pVi  +  |  (-7iU  +  ViP 


(114) 


In  this  equation  is  the  flux  density  in  the  direction 
in  the  generalized  configuration  space.  In  other  words,  3. 
measures  the  average  rate  at  which  P  changes  its  generalized 
position  because  the  ith  segment  changes  its  position.  V\ 
symbolizes  the  gradient  with  respect  to  I$i#  while  X,^  represents 
the  force  on  the  ith  segment  arising  outside  the  molecule  and 
-V^U,  the  force  from  within  the  molecule.  The  continuity 
equation  requires 

If  -  - 1  »i  •  h 

1=0 

Since  the  current  density  is  also  expressible  as 


=*  P  u.  ,  (116) 

use  of  eq.  (113)  and  (116)  in  eq.  (114)  gives 

*L  =  “ViU  +  XL  -  kT7i  In  P  ,  (117) 

so  that  the  frictional  force  which  must  be  used  in  eq.  (112) 
is  seen  to  be  expressible  in  terms  of  both  intramolecular 
(-ViU)  and  external  (X^)  forces  and,  not  surprisingly,  an 
entropy  generating  "statistical"  force,  -kTV^nP,  associated 
with  intramolecular  diffusion  (Brownian  motion).  Thus  P  in 
eq.  (112)  is  not  only  involved  in  taking  the  average  repre¬ 
sented  by  the  brackets,  but  also  in  F.  . 

j  •* 
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Kirkwood  has  attempted  a  very  general  evaluation  of 
lJ  in  Riemann  space.  However,  this  approach,  in  spite  of  its 
systematic  beauty,  has  not  bec.t  easy  to  apply  to  the  computation 
of  data  concerning  real  systems ,  and  another,,  more  heuristic 
approach  is  more  frequently  employed.  This  is  the  so-called 
Rousse  "spring  and  bead"  model29.  It  may  be  applied  in  the  so- 
called  "free  draining"  and  "non  free  draining"  cases.  The 
former  refers  to  the  situation  in  which  the  perturbation  in 
the  flow  field  at  segment  i  due  to  the  influence  of  other 
segments,  say  segment  j,  etc.,  are  ignored  because  they  are 
assumed  small,  while  in  the  latter  case  such  perturbations  are 
included  in  the  treatment. 

Although  we  shall  limit  our  considerations  to  the  free 
draining  case  it  is  pertinent  to  mention  that  a  sort  of  Green's 
function  tensor,  the  Oseen  tensor,  is  used  in  the  non  free 
draining  case  which  expresses  the  effect  on  the  flow  at  segment 
i  at  of  the  perturbation  due  to  a  "point"  segment  at  £  j . 

The  Oseen  tenser  formalism  is  a  fruitful  point  of  interaction 
with  physicists  and  continuum  mechanicians. 

The  Rousse  model  may  be  described  as  follows.  We  start 
with  a  linear  chain  molecule  and  formerly  divide  it  into  sub- 
molecules,  all  of  the  same  size,  which  are  to  constitute  the 
n  molecular  segments.  Each  segment  is  assumed  to  be  a  freely 
orienting  molecule  having  an  end  to  end  distribution  of  the 
gaussian  form  typified  by  eq.  (9).  Using  eq.  (64)  we  can 
write  for  the  ith  segment 
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-Ai/kT 


(118) 


t (r^ )  ■  Ke 


3_ 

2n<a2> 


3r  2 

,  -  i 

*/2  2<a*  > 

0 


or 


ai <ri> 


kT  An  K 


3 

2n<ai> 


)  J/2 


3kT  ri 
2<as> 


(119) 


In  both  of  these  equations  K  is  a  normalizing  constant. 

The  tensile  force  ^  in  the  ith  segment  is  obtained 
by  substituting  given  by  oq.  (119)  into  the  thermodynamic 
relation 

and  the  result  is 


-  < 


(^i  "  ^i-1* 


so  that  the  segment  actJ  like  a  spring  of  moduluii 


(121) 


K  «  3kT_  (122) 

<a2> 

In  eq.  (114),  -V^u  is  the  intramolecular  force  on  the 
ith  segment.  In  our  model  this  force  originates  in  the 
effective  springs  to  which  eq.  (121)  applies  and  it  follows 

that 


VAu  •  k(Rq  -  1^)  ,  i  -  0 

■  K  t 

-  « +  *n>  i‘n 
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i  <  i  <  n-1 


(123) 


Since  we  are  dealing  with  the  -free  draining-  care  we  sot  Xi 

in  eq.  (114)  equal  to  zero. 

The  friction  coefficient  c  in  eq.  (114)  is  still  a 
semi-macroscopic  quantity.  Thus  the  present  model  doen  not 
treat  the  molecular  dissipation  procoss  directly.  Nevertheless, 
it  does  allow  all  relaxation  times  to  bo  expressed  in  terms  of 
this  single  dissipative  quantity  t.  In  general,  wo  take  f,  pro¬ 
portional  to  the  size  of  the  submolecule  or  segment.  With  this 
assumption  it  turns  out  that  the  final  result  of  the  theory  is 
independent  of  the  size  of  the  submolecule,  so  the  choice  of 
size  is  not  critical. 

Now  wo  define  vectors  and  matrices  in  the  complete 
configuration  space  spanned  by  the  set  of  vectors  ft^  The 
vectors  are 


ft  ■  (ft# ,  ft i ,  •  •  •  •  ftyj) 

V  “  tv* ,  Vl ,  .  .  .  .  Vn) 

3  •  (3* ,  3 1 ,  .  •  •  •  3n) 

$  •  ($•»  $ i »  •  •  •  • 


(124) 


while  the  matrix  is  the  tridiagonal  array 
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With  these 

definitions 

#  eq. 

(124)# 

and  with  set  equal  to 

zero#  the 

set  of 

cqs 

s 

(109) 

may 

be  expressed  compactly  as 

J  -  Pv  -  7  *  A'R  -  ~  tip 
C  *v  C 


and  c<].  (115)  become n 


Pv  ♦ 


ap 

Tt 


$T*Pv  +  7  tfT*  (Kl»  A*R) 


hi  $T.$  p 


9 


whore  $T  it  the  transpose  of  $. 

Lq.  (127)  can  be  put  into  an  easily  solvable  form  by 
a  similarity  transformation  which  diagonalizes  A.  We  denote 

'V/ 

tho  matrix  of  this  transformation  by  Q.  Then  the  diagonal 
matrix  is 


A  -  o_l  A  g 

•t.  *  V  -V 

Thu  transformed  (normal)  coordinates  are 

*  .  I  * 

»  g  1  •  u  # 


(125) 


(126) 


(127) 


(128) 


(J  2»J) 
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while  the  transformed  velocity  is 


v5  =  •  V 

Furthermore,  the  transformed  gradient  operator  is 


(130) 


t  -  -  U  *  $ 

% 

where  \?,  =  (V.  ,  V..  .  .  .  V_  ) 

o  1 1  5  n 

Eq.  (127)  transforms  to 


(131) 


H  -  *  V +  k  •  (|CPH>  +  •  V 


(132) 


Because  A  is  a  diagonal  matrix,  this  equation  contains 
no  cross  terms  and  can  be  solved  for  P.  In  practice,  eq.  (132) 
is  used  not  to  solve  for  P  directly,  but  rather  to  write  an 
equation  for  <F.  y.>  in  Eq.  (112),  using  for  F.  the  component 

J  x  J  j  X 

derived  from  Eq.  (117).  This  equation  can  be  solved,  and  the 
[n]  is  computed  from  Eq.  (112). 

The  matrix  A  contains  along  its  diagonal  the  eigenvalues 
of  A,  and  so  the  problem  can  only  be  completed  when  these  eigen- 
values  have  been  found.  These  eigenvalues  are,  in  fact,  easily 
found.  We  may  denote  them  by  A  j . 

Usually  the  measurement  of  intrinsic  viscosity  is 
carried  out  in  a  non-steady  flow  field,  oscillating  at  some 
frequency  w.  In  this  case,  it  proves  desirable  to  introduce 
a  complex  intrinsic  viscosity  InJ  which  reduces  to  In)  ft  zero 
frequency.  Without  going  into  any  further  detail,  it  turns  out 
that 
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RT 

Mt)0 


i 


(133) 


Ini 


T+IuTT 


n 

RT  y 

Mn  .  L 

3=1 


whore  R  is  tho  gas  constant  and  i  is  /T  .  The  i  ^  are  tlio 
relaxation  times  related  to  the  eigenvalues  A.,  by 


We  have  presented  this  rather  superficial  outline  of 
the  theory  of  polymer  viscosity  in  order  to  emphasize  tho 
central  role  played  by  the  diagonalization  of  tho  matrix  A. 

We  have  not  considered  effects  duo  to  "non-free  draining”, 
cross-linking,  excluded  volume,  or  potential  energy  within 
the  submolecules.  As  indicated  earlier,  Chomp ff  and  co-workers 
have  shown  how  the  same  theory  can  be  applied  to  the  calculation 
of  the  relaxation  times  of  bulk  polymer  networks,  and  it  is 
therefore  quite  important  to  refine  the  model. 

At  higher  frequencies,  shorter  relaxation  times  become 
important  and  this  implies  shorter  segments.  Thus,  we  will  not 
be  at  liberty  to  choose  the  lengths  of  submolecules  as  arbi¬ 
trarily  as  before.  Furthermore,  potential  energy  may  have  to 
be  introduced  into  the  segmental  springs  in  an  explicit  manner. 

A  more  careful  examination  of  tho  true  meaning  of  the  model  may 
then  be  in  order,  and  it  is  quite  probable  that  a  distribution 
of  submolcculc  sizes  will  have  to  be  used. 

Under  theso  conditions,  tho  normal  mode  problem  (from 
which  the  relaxation  times  are  derived)  would  become  similar 
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to  that  encountered  with  solids  when  dealing  with  disordered 
lattices.  Certainly  a  straightforward  diagonalization  of  the 
matrix,  equivalent  to  A,  will  no  longer  be  possible.  It  is 
also  possible,  and  probable,  that  band  gaps  will  appear  in  the 
spectrum  of  relaxation  times.  It  seems  as  though  this  problem 
is  ideally  suited  for  the  attention  of  the  solid  state  physicists, 
especially  those  concerned  with  disordered  lattices. 
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Abstract 

Tin*  ground  6f4to  pnt>f<jy  of  an  of  ch4r«)«l 

particles  of  density  a  l«d»edded  In  a  eoniinuur*  of  charge*  of 
the  other  sign  in  an  electrically  neutral  syst*»  l»  considered. 
Asymptotic  forr-ulae  for  the  ground  mat*  energy  of  such  systems 
are  known  in  the  high  ami  low  density  regimes.  An  interpola¬ 
tion  formula  covering  the  entire  denaity  range  ia  derived  using 
the  ret  hod  of  two  point  Pad*  approsiranls.  A  phaae  transition 
fro*  an  electron  lattice  to  an  electron  gas  seer*  to  occur  at 
r  *  14,  r  being  the  radius  of  a  sphere  which#  on  the  average, 
contains  a  single  charge,  in  units  of  the  fcobr  radius  of  the 
electron  in  a  hydrogen  a toe. 
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A  NOTE  ON  THE  GROUND  STATE  ENERGY 
or  Ail  AUGLMULY  OF  INTERACTING  EEHCTHONS 

Akir*  Isihar* 

E.  W.  Nontroll 

A  perennial  many-body  problem  common  to  the  lhoorl«»8 
of  metale  Ami  cf  tho  internal  constitution  of  ntara  (especially 
llu?  while  owsrfs)  is  the  determination  of  the  ground  t  talc 
energy  of  an  assembly  of  point-charged  particlna  an  a  function 
of  their  number  density.  In  a  traditional  model*  the  electrical 
neutrality  of  the  assembly  is  maintained  by  imlKuidlng  the  point 
charges,  which  we  identify  as  electrons  (in  the  theory  of  white 
dwarfs,  the  positively  charged  nuclei  are  considered  to  Le  the 
point  charges),  in  a  continuum  of  positive  charge.  In  the 
ground  state  tO*K),  the  only  parameters  which  appear  in  a  non- 
relativisitc  theory  are  Planck's  constant  h,  the  charged  particle 
density  p,  mass  m,  and  char*;  @.  The  basic  dimensionless 
quantity  produced  from  these  parameters  is  * .  An 

important  variable  proportional  to  this  combination  is  rn  -  r/rH 
where  r  I*  related  to  the  density  e  through  the  definition 
(4/J)*^  o"1  and  rH  la  the  iohr  radius,  n*/*n*. 

Since  the  energy  of  s  perfect  Fermi  gas  is,  per  particle, 

K t/H  *  (J/ilhM)#/*)'^/**  (1) 
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the  introduction  of  the  coulomb  interactions  changes  the  ground 
state  energy  by  a  factor  which  depends  on  rs  so  that  E/Df  = 

II  +  w(rs)i.  The  central  problem  then  becomes  the  determination 
of  the  functional  form  of  w(rg).  In  metals  2  <  rg  r>  while 

in  stars  its  ranye  is  much  broader. 

The  high  and  low  density  limit  behavior  of  our  assembly 

of  interest  is  somewhat  different  from  that  observed  in  molecular 
systems.  In  their  high  density  regime,  atoms  and  molecules 
become  localized  in  a  lattice  structure  whose  zero  point  vi¬ 
brations  arc  quite  small.  Tor  very  light  electrons,  localization 
•ould,  through  the  uncertainty  principle,  force  the  particles 
l„  have  large  momentum  fluctuations  which,  in  turn,  correspond 
to  a  high  kinetic  energy.  The  total  energy,  kinetic  plus 
potential,  might  then  be  higher  than  in  the  electron  gas  state 
in  which  the  division  of  the  two  forms  of  energy  might  be  better 
balanced.  However,  at  low  densities,  lattice  localization  need 
not  be  so  severe,  so  that  the  kinetic  and  potential  energies 
might  take  up  more  equal  shares  of  the  total.  We  have  estimate 
that  a  phase  transition  from  the  low  density  lattice  state  to 

thu  high  density  gas  state  should  occur  at  rfl  14. 

Wigner'  showed  that  among  the  cubic  electron  lattices, 
the  body-centered  one  had  the  Lowest  lattice  energy,  its  value 
taking  U^.  -  -1.79186  r/'  Rydbergs.  Since  the  lattice  must 
suffer  some  small  vibrations  from  its  equilibrium  state,  a 
correction  for  the  energy  of  zero  point  oscillations  must  be 
added  to  this  value  of  the  lattice  energy  in  tho  estimation  of 
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the  ground  state  energy  of  the  electron  lattice.  The  first 
estimate  of  the  correction,  made  by  Fuchs2  in  1935,  was  im¬ 
proved  by  Caldwe ll-l!orse fall  and  Maradudin3,  who  found 
En  =  2.638  rs“3/2  Rydbergs  while  Carr4  had  independently  re¬ 
ported  a  value  of  2.66  rs“3/2.  Carr  has  also  estimated  the 
lowest  order  anharmonic  contribution  which,  when  added  t.n  the 
above  terms,  yields  the  beginning  of  an  asymptotic  expansion 
for  the  ground  state  energy  (in  Rydbergs)  in  the  low  density 
(large  r  )  regime: 

b 

Eg  =  -1.79186  rs“  1  +  2.638  r,,-3/2  -  0.73  r^2  +  ...  (2) 

At  high  densities,  the  limiting  unperturbed  state  is 
that  of  the  perfect  Fermi  gas.  As  the  density  increases,  ex¬ 
change  terms  and  electron  correlations  of  various  orders  become 
important.  These  effects  were  investigated  in  a  flurry  of 
activities  in  the  late  1950's  and  early  1960's.  Gell-Mann  and 
Urucckner5  calculated  the  lowest  order  correlation  term  while 
Dubois6  obtained  the  higher  order  ones.  The  resulting  small 
rg  expansion  is 

'v  2.21  r  “  2-0. 916  r  e_  1+0.0622  in  r  -0.096 
a  s  s 

+  rg (0.0049  in  rg  +  C)  +  .  .  .  (3) 

where  C  -  -0.02.  Progress  in  series  expansions  essentially 
stopped  when  it  seemed  that  the  calculation  of  another  term 
or  two  would  require  a  tremendous  effort  which  would  probably 
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not  lead  to  a  significant  improvement  in  the  understanding  of 
the  electron  correlation  phenomenon. 

The  state  of  affairs  is  reminiscent  of  that  which 
existed  in  the  investigation  of  the  3D  Ising  model  in  the  1950's. 
By  counting  the  number  of  ways  appropriate  graphs  could  be  con¬ 
structed  on  lattices ,  a  number  of  terms  in  a  power  scries  ex¬ 
pansion  in  reciprocal  temperature  could  bo  obtained  for  the 
thermodynamic  properties  of  the  Ising  ferromagnet.  The  state 
was  reached  at  which  the  determination  of  a  new  term  required 
tremendous  effort.  Until  Domb7  and  his  collaborators  and 
G.  Baker8  showed  hew  to  extract  information  from  the  coefficients, 
it  was  hardly  wort)  expending  any  more  effort  to  obtain  more 
coefficients . 

The  Baker  technique  is  to  systematically  express  a  power 
series  f  (x)  *  c0+c][x  +  c2x2  +  •••  as  the  ratio  of  two  polynomials 

a  +  a,x  +  ...  +  a  xn 

f(x)  =  -2 - ! - 2 —  (4) 

n  1  +  b.x  +  ...  +  bxm  1  } 

*  m 

by  using  the  method  of  Pade  approximants 7 •  8 .  The  a's  and  b's 

are  determined  from  the  c's.  The  nature  of  singularities  in 

f(x)  are  found  as  well  as  their  location.  With  10  to  20  terms, 

one  obtains  results  of  considerable  precision. 

Our  individual  electron  assembly  expansions  have  fewer 

terms  but,  together,  the  large  and  small  r  expansions  do  have 

s 

a  considerable  number  of  terms.  We  assume  that  they  are  two 
asymptotic  forms  of  the  same  expression  and  attempt  to  use  the 
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Padd  expansion  to  lead  us  to  an  approximation  ot  th*t  expression. 
Ono  of  tho  difficulties  in  doing  so  is  that  our  small  rg  expan¬ 
sion  includes  logarithmic  terms  and  the  small  and  large  r  ex- 
pansions  are  not  of  tho  same  typo.  This  fact  makes  a  simple 
application  of  the  Padd  approximant  method  impossible.  However, 
one  can  circumvent  this  difficulty  by  differentiating  E„  twice 
with  respect  to  rs  and  expressing  the  results  in  terms  of  a  new 

L 

variable  x  =  r  .  Then,  one  finds 
s 

"13.258  -  1.832x2  -  0.0622x2  +  0.018x6  +  ... 

rsd"Vdrs  =  \  if  x  «  1  (5) 

1.-3.584X2  +  9.8925X  -  4.38  -  tx" 1  +  ... 

if  x  >>  1  (6) 

where  Eq.  (5)  corresponds  to  Eg.  (3)  and  Eq.  (6)  to  Eq.  (2). 

In  the  latter  equation  an  additional  term  tx" 1  has  been  intro¬ 
duced  with  an  unknown  coefficient  t. 

Note  that  Eqs.  (5)  and  (6)  are  counterparts  of  each 
other  for  the  two  limiting  domains  of  x.  Since  the  right-hand 
sides  are  simple  power  series  in  x  or  x"  1 ,  it  is  now  possible 
to  apply  the  Pade  approximants  to 


fn(x)  “  rs(d2EG/drs) 


(7) 


In  the  low  density  regime  as  x  *  in  Eq.  (6),  the  first  term 
dominates  for  very  large  x.  Therefore,  in  Eq.  (4),  m  =  n  +  2. 

In  the  traditional  applications  of  Pade  approximants, 
one  considers  the  expansion  of  a  function  about  one  point, 
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while  horo  wo  win,  to  take  advantage  of  tho  fact  that  wo  have 
independent  information  concerning  the  behavior  of  E„  at  two 
points,  x  «  0  and  x  -  a  similar  situation  has  arisen  in  the 

polaron  problem.  Shcng  and  Dow*  have  applied  two  point  Padd 

approximants  to  that  problem. 

The  systematic  procedure  for  the  determination  of  the 
ai  s  and  b^s  in  (4)  from  asymptotic  formulae  such  as  (5)  and 
(6)  is  discussed  in  Appendix  I.  The  values  of  these  constants 
for  tho  case  n  *  2  and  m  ■  4  are 

aQ  -  13.2594,  a,  -  2.6600,  a,  -  -1.3617  -  -0.3676 

a<*  *  "0.12729,  bj  m  0.2006,  »  0.03552 

while  those  for  the  case  n  «  3  and  m  «  5  arc 

ao  "  13. 2594 ,  a J  -  11.848,  3j  -  1.0146 

a,  -  -1.2165,  a^  -  -0.4557,  a,  »  -0.1137 

bi  «  0.8954,  b2  -  0.21474,  bj  «  0.03173 

The  expression  for  f(x)  given  by  (4)  with  those  constants  must 
be  integrated  twice  in  order  to  obtain  a  formula  for  the  ground 
state  energy  of  an  electron  gas,  Eq.  a  systematic  discussion 
of  this  integration  and  tho  resulting  equations  are  presented 
in  Appendix  II.  The  computed  curves  for  EQ  as  a  function  of 
rs  basod  on  L'qa*  (7)  and  (6)  of  Appendix  II  for  n  -  2  and  3  arc 
plotted  as  (i)  and  (ii)  in  Fig.  1.  The  zeros  of  the  denominator 
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of  f(x)  of  Eq.  (4)  for  the  n  -  2  and  n  -  3  cases  have  no  positive 
poles.  Ilenco  those  approximations  to  Efl  have  no  singular i ticn 

in  the  ry  rango  0  <  rg  <  ***. 

Since  the  cloctron  lattice  is  the  stable  form  of  an 

assembly  in  the  low  density  regime  whilo  the  electron  gas  in 
the  stable  state  in  tho  high  density  regime,  one  expects  a 
phase  transition,  the  lattice  melting,  to  occur  at  some  inter¬ 
mediate  rg  value.  Various  estimates  which  range  from  r#  -  &  to 

r  «  2000  have  been  made  for  the  critical  rfl  valic.  Our  two 

s 

approximations  to  Eq  diacussed  above  seem  to  be  unsatisfactory 
because  they  give  no  indication  of  the  existence  of  such  a 

critical  value. 

If  we  try  to  make  the  next  (n  -  4)  approximation  to  Ec 
we  are  faced  with  the  difficulty  that  we  need  to  know  the  valuo 
of  the  coefficient  t  of  x"  in  Eq.  (6).  This  corresponds  to  the 
second  order  anharmonicity  contribution  of  the  electron  lattice 
to  r*d'Ec/drJ.  This  has  not  yet  been  calculated,  but  we  can 
investigate  its  influence  by  assuming  that  it  falls  in  the 
interval  -2  <  t  <  7  and  plotting  Eq  as  a  function  of  r§  for 
several  values  of  t  in  this  range.  The  striking  new  feature 
of  the  n  -  4,  m  -  6  approximation  to  f(x)  is  that  it  yields  a 

polo  in  d*Ec/drJ  at  rf  *  14. 

The  denominator  of  the  left  hand  side  of  (7)  in  our 

prosent  approximation  is  a  fourth  degree  polynomial  with  ono 
positive,  one  negative,  and  two  complex  roots.  It  in  tho 
positive  root  which  leads  to  the  singularity  at  rR  M. 
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(9a) 


Equation  (7)  can  b#  rewritten  a® 


■>‘Vdci 


with 

P,(x)  -  U-a)  (x+b)  (x,-2ax-*-c*) 


c>  -  a’+B* 


(9b) 

(10) 


The  integration  of  (9a)  i*  diacuaaed  in  Appondix  1.  Tho  result 
is 

E  %  K.r-*  ♦  K,r“‘  -  (K.  -  K.r  )  In  r  -  K%r|j 

C  >  a  1  i  *  ■  ■ 

♦  K4{(rB-a*)  tn(r^-a)*  -  2arJ) 

♦  K7{(ra-b*)  ln(rjj+b)*  ♦  2br]j) 

♦  K#(Crg  ♦  (B^a*) )tn( (rjj-a) *  ♦  B*J  -  2arJ) 

♦  K,(4r|j  ♦  2a  Inlr^-a)  ♦  B* ) ) 

♦  Kj #r§(tan“l  t  (rB-a)/|  B| )  -  •**  ♦  iBlr”1*) 

♦  K,  ,tan“‘ ( (rJ-a)/|B|  -  •*")  ♦  Ki  t  *13 

The  various  coefficients  and  roots  are  given  in  Tablo  1  for 
various  values  of  t.  The  parameters  aQ,  bQ,  K, »  K,,  K,  and 
K1?  aro  completely  independent  of  t  while  KG  and  KJ#  have  the 
strongest  t  dependence.  The  sensitivity  is  greatest  for  those 
terms  which  are  large  for  large  r#.  However,  through  certain 
basic  cancelations,  Ec  itself  is  very  small  for  large  r8  and 
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TABLE  1 


Coefficients  and  Roof  of  the  Fourth  Order  Pad6  Approxlmant 


Kj 
Ka 
Kj 
K  4 
Ks 
K« 
"K  7 
-He 
-K, 
Ki  o 
Km 
Km 


13.2594 

1.0315 

1.6864 

0.2701 

0.1406 

0.008609 

0.1561 

0.9720 

1.6887 

0.2629 

0.1399 

0.008360 

0.01562 

0.9571 

1.6893 

0.2611 

0.1398 

0.008297 

0.01562 

0.9274 

1.6905 

0.2575 

0.1397 

0.008173 

0.01562 

0.8976 

1.6917 

0.2539 

0.1395 

0.008049 

0.01563 

1.0 

tt 

tt 

tt 

tt 

0.07780 

0.07331 

0.07219 

0.06994 

0.06770 

0.01103 

0.01086 

0.01081 

0.01072 

0.01063 

0.009674 

0.009694 

0.009714 

0.009752 

0.009791 

0.00435 

0.004357 

0.004358 

0.004359 

0.004361 

3.8158 

3.7957 

3.7907 

3.7807 

3.7706 

4.4629 

4.4814 

4.4919 

4.5035 

4.5150 

0.7807 

0.7672 

0.7638 

0.7571 

0.7503 

3.5882 

3.5901 

3.5906 

3.5916 

3.5926 

2.2099 

tt 

It 

It 

It 

-0.91633 

tt 

It 

It 

It 

0.0622 

tt 

tt 

It 

It 

0.08558 

0.08627 

0.08644 

0.08678 

0.08712 

0.00977 

0.00988 

0.00987 

0.00982 

0.00977 

0.000753 

0.000773 

0.000778 

0.000789 

0.000799 

0.002441 

0.002396 

0.002385 

0.002363 

0.002341 

0.008289 

0.008264 

0.008258 

0.008245 

0.009231 

0.001158 

0.001543 

0.001679 

0.001830 

0.002020 

0.000645 

0.000860 

0.000913 

0.001019 

0.0011250 

0.100797 

0.101628 

0.101834 

0.102241 

0.102644 

0.062200 

tt 

tt 

tt 

II 
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it  is  insensitive  to  t  in  that  range.  In  the  small  r  regime. 

s 

Eq  is  essentially  independent  of  t. 

Our  estimate  of  the  ground  state  energy  is  plotted  in 
Fig.  1.  The  most  striking  feature  of  the  curve  is  the  anomaly 
at  rfi  -  14.4.  The  location  of  the  singularity  depends  slightly 
on  t.  That  dependence  on  t,  as  well  as  that  of  the  energy  at 
the  minimum  and  rg  value  at  the  minimum  of  EQ  is  exhibited  in 
Table  2.  Curve  (iii)  corresponds  to  t  -  x. 


Table  2.  Certain  Eg  Characteristics  as  a  Function  of  t 


t 

7 

3 

2 

0 

-2 

Eq  minimum 

-0.16342 

-0.16311 

-0.16303 

-0.16287 

-0.16271 

r  at  minimum 
s 

3.77 

3.76 

3.76 

3.76 

3.76 

location  of 
singularities 

14.56 

14.41 

14.37 

14.29 

14.22 

Note  that  while  the  location  of  the  singular  point 
depends  only  weakly  on  t.  the  dependence  is  roughly  linear. 

At  the  singular  rg.  the  second  derivative  d  £G/irg  diverges, 
but  Eq  itself  is  continuous.  In  the  immediate  neighborhood  of 
singularity,  the  curve  shows  a  van  der  Waals  type  loop.  By 
using  an  argument  similar  to  that  due  to  Maxwell  for  the  inter¬ 
pretation  of  the  van  der  Waals  loop,  the  Maxwell  equal  area 
construction  implies  that  a  first  order  phase  transition  occurs 

at  the  singular  rg.  For  large  values  of  r  .  the  curve  is  close 

s 


-423- 


-424 


to  that  reported  by  Carr,  Caldwell-Hor.efall  and  Niradudln'. 
The  minimum  in  (or  all  t  valuea  investigated  in  the  4th 
order  Padd  approximant  lie,  aomewhat  deeper  than  in  the  3rd 
order  case.  The  rising  part  of  the  curve  in  tho  range 
3.B  •  rH  <  14  might  bo  attributed  to  local  ordoring  which 
persists  at  densities  higher  than  tho  molting  point. 

The  melting  of  an  oloctron  lattico  may  bo  treated  in 
accordance  with  Lindemann's  criterion.  For  a  bcc  lattice  it 
is  rs  -  0.40S4i-‘  whore  S  is  tho  ratio  of  the  amplitude  of 
lattice  vibration  to  the  interlattice  .pacing.  Using  the  value 
rs  ”  14'37'  it;  ««  'ound  that  <  la  approximately  0.4. 
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Appendix  1 

Two  l»oinl  I*ad4  Approx  HMtU* 

Lot  us  exanine  a  situation  In  which  two  Myxptotic 
fonts  arc  know?  for  a  function  fix) 


fix)  *v 


m 

*c  ♦  A,.  ♦  A,*'  ♦  ... 

V*  ♦  DjK 


«•  x  *  0 


«•  X 


ilo) 

tlb) 


We  ditcuoo  a  systematic  manner  of  approximating  fix)  by  a 
ratio  of  two  polynomials 


,  ,  ,  •«*•,**  •••  *  •«.»* 
«-(*)  -  lAili")  *  -*■ 
n 


t?) 


1  ♦  b,X  ♦  ...  ♦  bnx’ 


•y  oi< 
(la) 


Consider  first  tho  snail  x  expansion  of  this  ratio, 
intary  division,  if  tho  ratio  is  to  bo  consistens  with 


•o  *  V  *1  *  Vi  *  Ai 


*  Vi  *  *i 


•.  *  v.  *  \b»  *  v.  *  \ 


m 


etc. 


As  an  example,  let  n  •  2  in  (2).  Then  b?  •  b% 
...»  0  ar« J 

•„  •  Ao’  *■  *  Vi  *  *1 


*  Vi  *  Aibi  *  Ai 
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*,  *  \b»  *  V.  *  \ 


a  *  A  b  *  A  b  ♦A 

*  >  #  »i  » 


(41 


Sinl  l«r  equations  can  bo  constructed  for  n  *  J#  «tc.  The 
connection  between  the  a*a,  b'a#  and  i*e  U  obtained  by 
writing  (with  y  *  a*1). 

f 14  Un*  .  >  *♦  •  •  *4  *  V#n*  i  1 

|n*2,n)  •  ®  9— —  \ 

n  "  ^  U(bf|.|/^J|ly*...«ClAf|)yn  J 

When  n  *  2*  the  flrat  two  Una  in  the  expansion  leply 


tM 


•i  *  Hobi 


a  •fib  4  t  t» 

•»  oi  it 


When  n  •  J.  the  first  three  terms  imply 


(41 


a  •  R.b  * 

a 

•  ♦  ». 

b 

a  •  H  b  4  |  b  ♦ 

»  OI  I  I 

% 

•,b, 

o  >  1 

i 

and*  when  n  •  4*  the  first 

four 

term  imply 

a  *  w  b 

a.  • 

•  b  ♦  |b, 

♦  lb 

1  o  * 

i 

O  1  It 

i 

a  *  h  b  4  i  b 
"l  o»  1  * 

a  • 

* 

*ob,  *  ",b, 

♦  tib 

(71 


(S) 


The  pattern  is  obvious  for  larger  values  of  n 

We  are  now  in  a  position  to  discuss  the  evaluation  of 
the  (a  )  and  ( Uj  I  when  (nO)  Ais  and  n  D'a  are  given.  This  is 
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sufficient  input  data  to  find  the  <2nO)  constant*  requirod 

for  the  (n*2»n)  approximation. 

Khan  n  •  2#  tho  given  data  value*  wuuid  be  liQ,  M,# 

A  -  A%.  The  basic  equations  would  be  the  sets  (6)  and  (4). 
The  values  of  bg  and  b,  would  be  determined  by  equating  both 
expressions  for  a%  and  af 


*  B  b 

•  A  b 

♦  A  b 

♦  A 

Of 

>  i 

i  t 

k 

*  *Obl 

♦  ».b, 

♦  Atb, 

♦  A,b 

(9) 


Then  b  and  b^  are  expressible  as  the  ratio  of  the  two  (2x2) 
determinants.  The  quantity  1  ♦  b,x  ♦  b,x'  which  appears  in 
the  denominator  of  <2)  can  then  be  written  as  the  ratio  of  a 
()uj)  and  a  (2*2)  determinant. 


laxb|^x,b| 


1 

\ 

\ 

/ 

VA. 

0-A, 

• 

-x 

D  -A. 

0-A 

/ 

O  1 

i 

/ 

-X* 

VA. 

D  -A 

O  1 

/ 

V\ 

Ok 

< 

l 

O 

ax 

(10) 


as  the  reader  can  easily  verify.  Clearly  the  combination 
a  ♦«  b  +a  b  has  the  corresponding  determinant  representation 


A>  A 

/ 

VA»  °'A> 

-a?  B0-A,  0-A, 

/ 

bi’ai  Bo~A> 

/ 

VA,  VA> 

The  numerator  of  (2)  has  the  form  (using  4) 
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aQ  +  xaf  +  x2a  +  x3a  +x‘*a 

=  (Aq  +  XA,  +  x2A2  +  x3A3  +  x**A4) 

+  b,  (xAq  +  X2A  j  +  x3A2  +  x-A3) 
+  b2 (x2Ao  +  x3A3  +  x4A2) 

Hence 


F2  (x)  =  [4,2]  = 

When  n  ■  3,  the  basic  equation  for  the  determination 
of  the  b's  as  a  ratio  of  two  determinants  follow  from  (3)  with 
b,,  *  b 5  ...  =  0.  And  (7) : 

aS  *  A2b3  +  A,b2  +  V,  +  AS  -  ®obj  (13a) 

a,  -  A,b2  +  A 2 b 2  +  A2b,  +  A,  "  V7  +  B(bj  (13b) 

a2  *  Aob,  *  A,b2  +  A  2b  i  +  A,  -  V.  +  V2  +  V,  <13=) 

Once  the  b's  are  written  as  a  ratio  of  determinants,  the  same 

can  be  done  for  the  denominator  of  (2)  when  n  =  3.  Finally, 

F 3  (x)  is  easily  shown  to  have  the  form 


-430- 


/ 


F .  ( x )  -  (  C->  I  3  1  = 


(S  5 ,  -xS^,  -*3‘V 

(1,  -X,  -x",  -x‘) 


whore  we  define  S„  =  and 


(M.i) 


VA* 


(a. #a2 »a  »a4)  =  A  b  -A.  °“Aj 

*  Oij  i  o  2 

a  b,"a2  BrAi  Bo-A2 


(14b) 


Also, 


F  (x)  =  16,4]  - 

k 


(S  ,  -xS  ,  -xzS„,  -x3S3,  -x 


(1,  -X,  -X2,  -x3»  -X4) 


(15,1) 


(aj,.**»a5) 


VAz 

VAi 

b2'Ao 


Bo"A2 

BrA. 


B  -A, 
o  2 


B  -0  B2-Ac  Bi’A i  Do'A2 


(15b) 


4  ,n  anv  F  (x)  is  obvious.  Similar  expressions 
The  generalization  to  any  Fnlx) 

p»d4  approximants  for  [n+M,n]. 
exist  for  two  point  Paae  aPP* 
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Appendix  II 

Integration  of  d2E-/rir 2 


In  this  appendix,  we  are  concerned  with  the  integration 


of  expressions  (with  x  =  r  **  and  b  =  1) 


such  as 


i 2r  /a v 2 


d^Eg  '/dr 2  =  x“8 


(TvH*  V’J 


The  basic  integrals  required  are 
Im(1)  “  I*"™  dx/(l+x) 


Note  that 


while 


I0  (1)  "  lo9d+x);  1,(1)  -  log  [x/  (1-fx) ) 

I,  (1)  «  -x“‘  -  log (x/ (1+x) J 

Xm  *  Vi  a  /<x"m  ♦  x"m+1)dx/(l+x)  -  Ox”  ^nv“ 1 V  (m-1, , 


m- 1 

!  (-l)mtss-*x's 
8=  1 


-  (-l)m  log (x/ (1+x)  1 


Furthermore, 


^(y)  ^  /x“m  dx/(x+y) 


y'  ( (-l)m+1log(x/(y+xJ 1+  J  (-l)m+s(y/x)s/S)  (2) 
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The  quantities  [gn  (x) ]  —  1  =  (l+btx  +  ...  +  bnx  ) 
in  Eq.  (1)  have  the  following  partial  fraction  representations 

for  n  =  2,3,4  respectively: 


b"  1  {  [  (x-a  j ^  i  2 1  ” 1  +  E(x-a2)A21]-1};  Ai;J  =  o^-a. 

b” 1 { [ (x-a j ) A j 2 A j 3 ] " 1  +  [ (x-a2 ) A 2 j A2 3 ]  1 + [ (x-a3 ) A 3 t A 3 2 ]  } 

b“  1  {  t  (x-QjJA^AjjA^]-1  +  ...  +  [(x-a,)AuAuA1)3]-1} 


(3a) 

(3b) 


(3c) 


The  { a j }  for  a  given  n  are  the  roots  of  gn(a)  ■  0* 

Since  dE„/dr  *  0  as  r  +  *,  the  integration  of  (1) 
G  s  s 

form  r  to  00  yields,  employing  (2)  and  (3), 


dE 


/  x  n+2  J7-m(r'“0t2)  J7-m(r,"ot2) 


+ 


if  n  >  4,  where 


J7-m(r  i~0tn) 
^ni ^n2 ’ *  *  ^n ,n- i 


(4) 


J  (r,-a)  =  -a~k  log  (r*5/ (r^-a)  ]  +  l  p_1ap  kr  p//z  (5) 

K  p=  1 

This  function  is  easily  integrated  and  the  constant  of  inte¬ 
gration  can  be  chosen  so  that  the  integral  vanishes  as  r  -+■ 
as  is  required  by  our  problem.  If  a  is  real  and  positive,  and 
r**  <  0 ,  the  term  (r^-a)  should  be  written  as  |  r*5— ot  |  .  The  form 
of  the  integral  when  k  >  4  is 
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Fk (r,-a) 


.kr‘  ap-kr1-t,p  , 

\l,  PU-P)  +  '  ° 


*  <S)a!'k  +  a'k(r-a,)lo9t(rl,-o)/r'l  <6a) 


When  k  -  2  and  3,  the  term  expressed  as  a  sum  over  p  in  omitted, 
and  when  k  ■  1, 


F  j  (r ,  -<x)  ■  cT^ar^-a2  log  r***  (r-a2 )  log  |  (r^-aj/r**) )  (6b) 

L  L 

Again,  when  a  is  real  and  positive  and  r*  <  a,  the  terms  (r^-a) 
in  (6a)  and  (6b)  should  be  replaced  by  Ir^-af.  The  final  ex¬ 
pression  for  E ^  (rs)  is 


Ejn*  (r  )  -  (2/b  )  l  a  D'n; (r  ) 
G  's'  '  '  n'  _L .  m  7-m'  s' 


n-f  j 


(n) 


(7a) 


m«« 


(n) 


(r)  s 


Ai2,,_,A£n 


Fk(r,-o2) 
2i2i  an 


+  ...■*• 


Fk(r>-an) 

Ani’,,An,n-» 


(7b) 


Several  technical  points  are  to  be  observed  in  the 
application  of  these  formulae.  First,  various  symmetrical 
functions  of  the  roots  of  9n(a)  ■  0  occur  naturally.  For 
example, 


ot1+a2  +  .  *  ,+an  "  -bi/,bn;  aia2,,,an  “  (“Dn/bnf  etc.  (8) 


A  recurrence  formula  exists  for  the  combination 


u 


-3 


><?> _ 

—  j  A  t  ?  •  .  .  A 


u 


-j 


+  . . .  + 


n 


in 


A  .  . .  A 
n  i  n, n-  i 


(9a) 
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x  (n) 

4-i 


•  •  • 


(91>) 


-  -b 


-b 


2 


-b 


n^- j+n 


This  io  easily  deduced  from  the  relation 


a"3  -  -b  a~-*‘  -b  ...  -b  a_:1+n  (10) 

•  i  n 

When  n  ■  2,3,4  the  initial  values  to  be  used  with  (9b)  uro, 
respectively, 


4d°  "  °'  "  -b2  (lla> 

6<*>  .  6^°  -  0,  «i -  -b,  (lib) 

62(%)  -  «J%>  -  6^k)  -  0,  6^  -  -b%  (11c) 

In  the  case  in  which  one  pair  of  roots,  say  a(  -  -a+ib 
and  a}  -  -1-ib  are  complex,  one  notes  that 

log  (rS-a-ib)  ■  Hlog  ( (a+r**)  *+b* )  -  i  tan- 1  lb/  (a-fr**) )  (12) 


Through  the  appropriate  combinations  of  a,  and  which  appear 
in  our  problem,  no  imaginary  terms  appear  in  final  formulae 
for  .  Finally,  some  care  has  to  be  taken  in  the  integration 
which  yields  logarithms  when  a  given  is  real  and  positive. 
However,  the  singularity  at  leads  to  no  difficulty  in  per** 
forming  the  required  integrations.  As  was  stated  earlier  in 
this  case,  the  logarithm  terms  in  (6)  are  to  be  replaced  by 
logt  Ir^-al/r**) . 
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A  RIGID-PLASTIC  MODEL  OF  SPALL 
FRACTURE  BY  HOLE  GROWTH 

F.  A.  McClintock 


Abstract 


A  numerical  procedure  is  formulated  for  calculating 
spall  fracture  by  hole  growth,  as  approximated  by  the  spherical 
growth  of  holes  in  rigid-plastic  material.  An  order-of-magnitude 
estimate  indicates  that  inertia  effects  are  more  important  than 
rate  effects  and  that  this  model  is  likely  to  be  appropriate  for 
6061-T6  aluminum  alloy  at  stresses  up  to  twice  the  static 
strength. 


Pracedfnc  page  blank 


-437- 


A  RIGID-PLASTIC  MODEL  OF  SPALL 
FRACTURE  BY  HOLE  GROWTH 


F.  A.  McClintock 

Introduction 

In  some  metals,  including  6061-T6  aluminum  alloy,  spall 
fracture  occurs  by  the  growth  and  coalescence  of  holes.  This 
mode  is  shown  by  both  scanning  electron  micrographs  (Joyce  et  al., 
1968)  and  metallographic  cross-sections  obtained  by  Viola  (see 
McClintock  et  al.,  1866).  Furthermore,  the  sides  of  the  growing 
holes  are  so  smooth,  even  though  curved,  that  it  seems  relevant 
to  calculate  the  hole  growth  from  continuum  mechanics,  starting 
from  some  initial  array  of  holes.  Under  dynamic  loading  the 
resulting  calculations  of  elastic-plastic  wave  interactions 
require  detailed  numerical  methods  and  computer  times  of  the 
order  of  hours.  An  approximate  analysis  is  therefore  desirable 
as  a  first  step  in  investigating  the  generalized  empirical 
fracture  criterion  of  Tuler  and  Butcher  (1968).  This  criterion 
predicts  that  fracture  occurs  at  a  stress  o  and  a  time  t f  when 

ft£,  .X.,  „  „  (1) 

(u-u  Q )  dt  *  K 

o 

The  object  of  the  present  analysis  is  to  test  the  form  of  the 
above  relation  and  to  propose  another  or  to  derive  the  magnitudes 
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of  the  constants  0Q,  X,  and  K  from  metallographic  data  on  hole 
size  and  spacings,  as  well  as  the  stress-strain  behavior. 

Conceivably  the  time  dependence  of  the  fracture  criterion 
(1)  could  be  due  to  strain  rate  effects.  Typically  reported 
values  for  the  exponent  X.  are  of  the  order  of  2  which  would 
require  a  much  greater  strain  rate  effect  than  is  normally  ob¬ 
served.  It  seems  more  likely  that  the  time  dependence  arises 
from  inertia  effects  on  the  stress  distribution  around  the 
growing  holes.  If  so,  the  limit  load  calculations  are  not 
applicable. 

For  very  high  stress  levels,  elastic  strains  will  be 
important.  At  a  somewhat  lower  stress  level,  not  only  will  the 
elastic  strains  be  relatively  unimportant  but  also  there  will  be 
sufficient  time  before  fracture  for  the  elastic  stress  waves  to 
run  back  and  forth,  giving  a  quasi-static  stress  distribution 
from  the  elastic  point  of  view.  We  therefore  consider  a  rigid- 
plastic  material  with  inertia  terms  in  the  equilibrium  equations. 

For  a  first  approximation  neglect  strain  hardening. 

Consider  layers  of  holes  normal  to  the  direction  of  wave  motion 
as  shown  in  Figire  1.  Interactions  between  the  holes  in  a 
layer  will  make  each  hole  behave  as  if  it  were  in  a  cylindrical 
tube  of  constant  cross-section  with  zero  shear  stress.  Such 
boundary  conditions  would  give  a  two  or  three  dimensional  problem 
in  plasticity.  For  simplicity  it  is  desirable  to  assume  spherical 
growth  of  the  holes,  as  also  appears  justified  from  the  metallo¬ 
graphic  cross-sections.  The  question  then  arises  as  to  what 
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boundary  conditions  on  the  outside  o f  the  sph.r.s  would  plausibly 
simulate  the  actual  problem.  Th.  applied  load  consists  of  plane 
waves  traversing  the  layer,  of  holes.  As  the  holes  grow  and 
make  a  given  layer  porous,  there  are  also  unloading  wave,  which 
affect  neighboring  layers,  m  other  words,  the  decrease  in 
traction  exerted  by  the  net  are.  of  one  layer  will  appear  an  „n 
unloading  wave  at  another  layer  at  a  time  later  by  an  amount  of 
the  order  of  the  distance  travelled  divided  by  the  velocity  of 
an  elastic  wave.  (This  appear,  to  be  the  one  point  st  which 
the  elastic  wave  velocity  should  appear.) 


Finally,  fracture  occur,  when  the  radius  of  the  hole 
becomes  approximately  th.  initial  half-distance  between  hole. 
K.  In  a  spherical  shell  the  boundary  conditions  would  be  now 
applied  at  the  somewhat  greater  current  external  radius  and 
fracture  would  not  yet  have  occurred,  m  the  actual  case  of 


course,  material  is  flowing  axially,  normal  to  th.  spall  plane 
SO  the  approximation  of  fracture  when  R  .  a  should  he  reasonable 


Analysis 


The  initial  and  boundary  condition,  are  indicated  for 
a  simple  case  in  Figure  2,  i„  „hich  tho  posltlona  of 

layers  of  holes  are  plotted  versus  time.  For  convenience  we 
speak  of  a  row  of  holes  rather  than  a  series  of  layers. 


Initially,  positive  or  negative  pulses  So  ,  to 
according  to  the  direction  of  travel  along  the 


,  are  specified, 
row.  in  the 


diagram,  they  travel  to  the  right  diagonally 


upwards  or  down- 
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warda,  respectively.  The  units  of  tine  are  the  travel  tine  of 
a  wave  with  velocity  c  across  the  half-spacing  R  of  the  holes, 
iiJL Vc*  Initial  values  of  the  applied  stress  on  a  spherical 
shell  of  outer  radius  R  are  given  at  one  lino  unit  before  the 
beginning  of  the  actual  calculation.  Initial  values  of  the 
hole  radius  a  are  given  just  at  the  start  of  the  calculation. 
There  is  a  possibility  that  stress  pulses  will  enter  the  field 
of  interest  at  later  tines,  so  &op  nust  be  defined  below  the 
lower  row  of  holes  and  4on  above  the  upper.  The  normal ized 
tines  i_  at  which  these  Initial  conditions  are  to  be  set  are 
determined  from  the  later  discretisation  of  the  equations. 

Civem  a(3,j)  j  .  2, 

V2'l>  *  -  2,  W‘ 

4op».J>.  4on<l.j>  j  .  2.  jm-'  <J*’ 

4op(l.l),  1  -  1.  IM,-'  by  *•». 

In  addition  to  the  initial  conditions  to  be  read  in,  it 
turns  out  to  be  necessary  to  set  to  sero  the  Initial  radial 
velocity  of  the  hole,  a,  the  Initial  radial  acceleration  of  the 
hole,  a,  and  the  unloading  wave  from  prior  hole  growth,  Ao^. 

i<3,j)  -  0  j  -  2,  j^-' 

a(2,j)  -  0  j  -  2,  J  (2b) 

J  - 2*  W- 

Tho  main  computational  loop,  carried  out  for  each  time 
step  2[i  and  hole  position  !•  now  begun.  First,  tho  radial 
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velocity  of  the  hole  at  the  middle  of  the  next  tine  step  is 
emitted  from  the  prior  acceleration.  For  brevity,  where  j 
is  constant  in  en  equation,  denote  a(i,j)  by  for  example. 

Ai  *  V,  *  V»  (3) 

If  the  hole*  appear  to  be  shrinking  their  velocity  is  set  to 
tero.  Later  a  check  will  be  made  to  Insure  that  the  yield 
strength  in  compression  has  not  been  exceeded. 

As  after  all  further  calculations  of  the  hole  radius  .. 

check  is  made  to  insure  that  fracture  has  not  yot  occurred  in 
the  sense  that 

Mcxt  the  hole  radius  is  estimated  from  the  velocities 

•i  "  V.  ♦  ^V,  ♦  V«t.  (4> 

As  after  all  further  calculations  of  hole  growth,  a  chock  is 
made  that  fracture  has  not  yet  occurred  in  the  sense  that 
a  -  R.  If  a  -  R,  the  program  is  terminated. 

Now  calculate  the  stress  pulses  that  will  change  the 
applied  stress  at  R.  A.  indicated  in  Fig.  3,  an  incoming 
plastic  stress  pulse  will  be  partly  reflected  by  a  hole.  For 
conservation  of  momentum  the  fraction  transmitted  must  bo 
unity  -  the  fraction  reflected  as  a  negative  wave.  The  fraction 
transmitted  is  assumed  to  be  proportional,  with  the  factor  Kf 

to  the  area  fraction  of  the  holes  in  that  layer,  assuming  the 
holes  in  a  square  array: 
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Tr  »  1  -  R£u»,/R,«  '  ' 

The  positive-  and  negative-travelling  waves  can  now  bo  calculated; 

6op<i,j>  -  Tr  6op(i-2,  j-1)  +  (l-Tr)«on{i-2.  j+l>  (6) 
«on(i,j)  -  (1-Tr)  «op<i-2,  j-1)  +  Tr  6on(i-2,  j+1). 

It  would  seem  that  in  some  way  a  loss  term  due  to  radial  dis¬ 
persion  of  waves  in  the  plastically  deforming  field  should  be 
taken  into  account,  but  that  will  be  left  as  a  matter  for  future 
work.  Next  calculate  the  current  stress  in  the  element  due  to 
the  pulses  that  have  just  passed  it.  In  addition  there  will  be 
a  stress  pulse  due  to  the  previous  growth  of  holes  which,  it 
turns  out,  is  most  easily  and  accurately  calculated  at  odd 
intervals  of  time.  For  instance,  the  hole  growth  at  time  6t 
will  radiate  out  to  the  radius  R  at  time  26t  and  the  effect  will 
reenter  the  hole  at  time  35t,  so  it  is  included  in  the  calculation 

at  this  times 

oR(i,j)  -  oR(i-2,j)+5op{i,j)+6on(i,j)+6og(i-3,j)  (7) 

Next  check  that  the  resulting  radial  stress  is  greater  (less 
negative)  than  that  required  for  compressive  yielding  from  a 
static  conditions 

o_  -  2Y  SL n(a/R)  (8) 

K 

If  the  static  compressive  strength  is  exceeded,  the  calculation 
is  stopped. 
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The  stress-acceleration  relation  for  a  rigid-plastic 
spherical  shell  of  non-hardening  material  with  yield  strength 
Y  is  given  by  Hopkins  (I960).  For  a  material  with  density  p, 
hole  radius  a,  hole  velocity  a,  acceleration  a,  and  with  zero 
applied  stress  at  the  surface  of  the  hole,  the  radial  stress 
or  at  the  radius  r  of  the  hole  is 

@  •  2 

or  =  p  (aa+2a2 )  (1-a/r)  -  £|- (1- (a/r) 4 ) +2Y  £n(r/a)  .  (9) 


The  acceleration  can  be  found  from  Eq.  9  in  terms  of  the  radial 
stress  oR  at  R„  In  this  and  subsequent  equations  it  is  con¬ 
venient  to  normalize  distance  in  terms  of  R,  velocity  by  the 
uniaxial  strain  wave  velocity  c,  time  by  R/c,  and  stress  by 
pc  ,  which  is  the  modulus  of  elasticity  for  one  component  of 
normal  strain  alone.  The  normalized  acceleration  of  the  hole 
is  then 


"  ■  {[^  +  §T  *»  |  +  *  £(l-  (a/r) 


/  (1-a/R) 


(io: 


Because  Eq.  10  involves  the  radius  and  radial  velocity, 
which  in  turn  depends  on  the  acceleration,  Eqs.  3,  4  and  10 
must  be  solved  iteratively.  kmax  iterations  will  be  carried 
out.  The  first  step  is  to  integrate  to  determine  the  velocity 
from  a  modified  form  of  Eq.  3,  but  assuming  a  step  change  in 
acceleration  at  i  -  1,  and  a  constant  acceleration  until  i: 


a . 
l 


ai— i  +  ai  st¬ 


un 
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Once  again,  if  the  hole  appears  to  be  shrinking,  make  it  rigid 
and  set  the  acceleration  to  zero.  Next,  for  calculating  the 
hole  radius,  Eg.  4  still  applies  and  can  be  stated  as 


With  the  improved  estimates  of  hole  radius  and  rate,  return  to 
Eg.  10  for  another  iteration,  until  Egs.  10  through  12  have 

evaluated  kma^  times.  After  calculating  the  radius,  check 
for  fracture  as  before. 

As  a  matter  of  interest,  estimate  the  mean  traction 
carried  across  a  section  containing  the  hole.  If  the  holes  have 
neither  velocity  nor  acceleration,  the  mean  traction  would  be 
the  same  as  oR.  with  a  growing  hole,  however,  the  two  tractions 
will  be  different.  As  long  as  the  hole  is  growing. 


Substitution  of  Eg.  13  into  Eg.  9,  integration,  dividing  by 

the  cross  sectional  area  to  get  the  stress,  and  normalising 
yield 


(g0>av 

pc2 


(^  +  ^)MI+  (ijXtnVi-fiytnf 


(14) 


An  estimate  of  the  unloading  pulses  due  to  hole  growth 
can  be  made  from  the  volumetric  rate  of  hole  growth,  assuming 
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that  an  increment  in  volumetric  rate  V  divided  by  the  cross 

sectional  area  gives  rise  to  a  uniaxial  velocity  increment  6V 
in  either  direction: 


6v  =  Jj  (SV/nR2 


1 

2nfP 


d2V  At. 

XV  6t 


d2| 

r47ia 1 ) 

XV\ 

*  3  J 

av  *  Rtj1  s  +  4  v1] 


6 1 


(15) 


The  velocity  increment  Sv  in  a  medium  with  a  modulus  for  uni¬ 
axial  normal  strain  o*  Ec  -  pc'  produce,  an  unloading  wave  of 

magnitude  -So  : 

9 


-60g  a  EcSv/c  a  pc6v 

Combining  Eqs.  15  and  16  and  normalizing  gives 

•  -rww 


(16) 


6(Vav 


+.  4  g  a 

R  c 


<St 

R/c 


(17) 


in  preparation  for  the  next  time  step,  calculate  for 
the  hole  rate  and  radius  of  the  following  odd  interval  of  time 
using  Eqs .  11  and  12  with  26t  substituted  for  St.  Again,  checks 
are  made  that  the  holes  do  not  appear  to  be  shrinking  and  that 
they  have  not  yet  grown  to  fracture. 

With  the  calculation  completed  for  hole  }  at  time  i, 
attention  is  directed  to  hole  j  ♦  1  and  so  on  to  1  -  , 

which  time  the  time  index  is  incremented  by  2  intervals,  2St 
=  2R/c. 
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The  Fortran  computer  program  is  listed  in  the  Appendix. 
Output  consists  of  hole  radius  a  and  applied  stress  oR  for 
each  hole  at  each  interval  of  time  step  2R/c.  If  desired,  a 
complete  set  of  output  data  is  available. 

Elastic  Effects  in  Slow  Expansion  of  Spherical  Holos 

As  one  indication  of  the  range  of  validity  of  the  pre¬ 
ceding  analysis,  consider  the  stress  levels  required  for  slow 
expansion  of  spherical  holes  in  the  absence  of  inertia  terms, 
but  taking  elasticity  into  account.  Hill  (1950)  gives  the 
following  equation  for  the  radial  stress  required  to  expand 
infinitesimal  holes  in  a  non-hardening  elastic-plastic  material 
with  modulus  of  elasticity  E  and  yield  strength  Y: 

°R 

=  [1  +  An (E/1.5  Y) ]/l. 5  (18) 

Values  of  6r/Y  are  presented  in  Table  1  for  a  variety  of  values 
of  Y/E.  In  a  rigid-plastic  continuum,  an  infinite  stress  would 
be  required  to  expand  infinitesimal  holes  (a/R  ->  0).  Therefore, 
the  rigid-plastic  analysis  becomes  invalid  when  the  holes  are 
small  enough  so  that  the  applied  stress  oR  required  to  expand 
the  holes  according  to  Eq.  8  exceeds  that  to  expand  infinitesimal 
holes  in  an  elastic  medium,  given  by  Eq.  18.  Limiting  values 
of  a/R  according  to  this  criterion  are  given  in  Table  1.  For  a 
hole  ratio  of  0.2  the  calculations  might  be  valid  to  Y/E  =  0.008, 
which  represents  fairly  high  strength  aluminum,  titanium  or  steel 
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alloys,  whereas  for  a  hole  radius  ratio  of  0.1  only  relatively 
soft  materials  with  Y/E  =  0.001  to  possibly  0.002  can  be  cal- 

culated. 


Order-Of -Magnitude  Estimate  of  Inertia 

For  6061-T6  aluminum  alloy,  taking  a/R  =  0.1  to  0.2  and 
a  yield  strength  Y  of  4  *  10*  dyne/cm2  gives  a  static  strength 
of  13  to  18  x  109  dyne/cm2.  Consider  an  applied  stress  of,  say, 
double  this  value.  From  Eq.  14,  at  high  velocities  most  of  the 
stress  will  be  used  in  maintaining  a  velocity  rather  than  in 
further  acceleration.  Then  from  the  first  term  of  Eq.  14,  with 
pc2  -  10 12  dyne/cm2,  c  =  0.6  x  10s  cm/sec,  taking  a  mean  value 

of  a/R  =  h  during  growth. 


. 

a 

c 


=  /To!  -  o.i 


(19) 


The  fracture  time  is  then  of  the  order  of  R/a  -  R/0.1  c.  For 
R  =  10” 3  cm,  the  time  is  then 


10”  3 

tf  ~  (0.1)  (0.6*10"}" 


1.6  x  10” 8  sec. 


(20) 


This  is  of  the  order  of  that  observed  by  Viola  in  shot  9J0 


Order-Of-Magnitude  Estimate  of  Strain  Rate  Effect 

6061-T6  alloy  exhibits  almost  negligibly  small  strain 
rate  effect  under  ordinary  conditions.  Here,  let  us  assume  a 
power  law  relation  o  =  o.U/e,)"1,  with  m  =  1/60  to  1/120  for 


-448- 


steels  and  brass  (MacGregor  and  Fisher,  1945).  The  strain  rates 
of  the  order  of  unity  in  10" 8  sec.  instead  of  10 3  sec.,  correspond 
to  a  rise  in  stress  by  a  factor  of 

10ll/(60  to  120)  .  1>5  t0  1-24 

Thus  strain  rate  effects  may  in  some  metals  be  comparable  to 
inertia  effects.* 
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TABLE  1 


Stress  Ratios  for  Static  Expansion  of  Holes  in 
an  Infinite  Elastic-Plastic  Medium  and  in  a 
Finite  Rigid-Plastic  Medium 

Infinite  Elastic-Plastic  Medium,  from  Eq.  18 

Y/E  0.001  0.002  0.003  0.008 

a  / y  5.00  4.53  4.07  3.61 

R 


Finite  Rigid-Plastic  Medium,  from  Eq.  8 


a/R 

VY 


0.2 

3.22 


0.1 

4.61 


0.05 

5.99 


0.025 

7.38 
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Hole  number  j=(position/2R)  +1 


I 


I 


2 


4 


i  =  [time/(R/cO 


6  7 


Figure  3:  Transmission  and  reflection  of  positive-traveling 

pulse  <5 a q  and  addition  of  pulse  due  to  hole  growth, 

6cv 
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SD  EFFECT 


D.  C.  Druckor 


Abstract 

The  distinction  between  true  and  apparent  strength- 
differential  (SD)  effects  must  be  sharpened  and  definitive 
experiments  performed  to  evaluate  recent  data  and  place 
plasticity  theory  in  proper  context. 
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SD  EFFECT 


D.  C.  Drucker 


Additional  attention  has  been  devoted,  with  Morris 
Cohen  and  John  Ilirth,  to  ever  increasing  reports  of  a  yield 
and  flow  strength  differential  (SD)  for  martensitic  steels 
and  other  materials  with  the  stress-strain  curve  for  simple 
compression  significantly  above  the  curve  for  simple  tension. 

A  difference  between  the  yield  strength  in  tension 
and  compression  can  result  from  a  wide  variety  of  causes  and 
be  strongly  dependent  on  the  offset  chosen  to  define  yield. 
Prior  deformations,  or  phase  changes,  or  differential  temper¬ 
ature  contractions  may  produce  large  residual  stresses  on  a 
macroscopic  or  on  a  dislocation  scale  or  both  which  favor 
shear  in  one  direction  over  its  reverse.  Microcracks  or  de¬ 
cohesion  between  particles  and  matrix  favor  tension  yielding 
over  compressive  while  Bauschinger  and  allied  effects  can  go 
either  way.  Residual  effects  tend  to  decrease  with  increasing 
plastic  strain  and  decreasing  plastic  modulus.  Void  opening 
should  lead  to  an  increasing  SD  with  plastic  straining. 

SD  may  be  thought  of  simply  as  the  difference  between 
the  magnitude  of  the  yield  strength  in  compression  and  in 
tension,  but  the  physical  effect  most  authors  seem  to  wish  to 
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describe  is  the  effect  of  hydrostatic  pressure  on  the  flow 

strength  in  shear,  on  effect  examined  experimentally  by 

Bridgman  some  years  ago  and  Rauch,  et  al  recently.  The 

customary  assumption,  based  on  Bridgman's  results  primarily, 

is  that  the  SD  is  negligible  in  the  range  of  hydrostatic 

pressure  of  *  the  yield  strength.  Vet  Rauch,  et  al  report 

an  enormous  influence  of  hydrostatic  pressure  on  martensitic 
steel . 

Chait  reports  a  small  but  not  negligible  SD  effect 
(10%  or  so)  which  agrees  with  Rauch  and  Leslie.  Olsen  and 
Ansell  give  results  for  TD-Nickel,  and  Rari  and  Gibala  for 

niobium  with  dissolved  oxygen,  all  of  which  reopen  the 
question. 

Except  for  the  remarkable  and  totally  surprising 
direct  observation  by  Rauch,  et  al  that  the  addition  of 
somewhat  over  100,000  psi  hydrostatic  pressure  raised  the 
magnitude  of  the  compressive  yield  strength  and  flow  curve 
ov  almost  100,000  psi,  most  comparisons  are  of  the  flow  curves 
in  simple  tension  and  compression.  True  SD  effects  are  dis¬ 
tinguished  in  the  literature  from  apparent  by  their  persistence 
as  plastic  strain  increases  well  beyond  the  0.002  plastic 
strain  offset  which  arbitrarily  defined  yield  strength.  Re¬ 
sidual  stress  effects  are  uniformly  described  as  apparent 
rather  than  true  SD. 

An  attempt  will  be  made  to  sharpen  the  distinction 
between  true  and  apparent  SD,  to  indicate  effects  which  lead 
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to  some  confusion,  to  describe  the  severe  limitations  on 
behavior  imposed  by  conventional  plasticity  theory  of  both 
the  simple  and  complex  work-hardening  variety,  and  to  suggest 
some  more  definitive  experiments  in  both  the  elastic  and 
plastic  domain.  Although  the  giant  SD  effects  reported  by 
Rauch,  et  al  can  be  brought  within  the  framework  of  plasticity 
theory,  every  indication  is  that  the  results  of  experiments 
not  yet  run  will  limit  those  true  SD  effects  which  lie  within 
plasticity  theory  to  the  far  more  moderate  range  reported  by 
Rauch  and  Leslie  and  confirmed  by  Chait  (say  20,000  psi.  for  a 
250,000  psi  yield  strength  steel). 
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ENERGY  TO  CREATE  NEW  SURFACE 
DURING  CRACK  PROPAGATION 

D.  C.  Drucker 


Abstract 

An  understanding  of  the  effect  of  microstructurai 
and  atomic  features  and  properties  along  with  the  influence 
of  corrosive  and  other  environments  depends  critically  on 
the  energy  needed  to  create  new  surface,  an  energy  which  is 
neither  the  thermodynamic  equilibrium  surface  energy  nor 
the  energy  needed  to  deform  bulk  material. 


-459- 


ENERGY  TO  CREATE  NEW  SURFACE 
DURING  CRACK  PROPAGATION 

D.  C.  Drucker 

An  incisive  experimental  determination  of  the  likeli¬ 
hood  of  brittle  or  quasi-brittle  crack  initiation  and  propa¬ 
gation  in  the  prototype  requires  a  duplication  of  the  local 
conditions  of  stress  and  strain  history  in  a  test  specimen. 

This  enormously  complicated  problem  in  mechanics  of  continue 
reduces  in  the  case  of  small  scale  yielding  (plastic  zones 
of  small  size  constrained  by  elastic  surroundings  which  follow 
a  fully  linear  elastic  solution)  to  duplication  of  the  appro¬ 
priate  K  values.  A  remarkably  simple  result  and  a  startling 
achievement  of  continuum  mechanics  at  a  fundamental  level,  it 
does  bring  order  out  of  chaos  when  followed  in  studies  of 
crack  propagation  in  beneficial,  neutral,  and  adverse  environ¬ 
ments  . 

However,  the  very  simplicity  and  generality  of  the 
requirement  that  the  appropriate  K  be  matched  leaves  completely 
open  the  details  of  the  process  of  separation  as  the  crack  ex¬ 
tends.  In  an  energy  balance  calculation  based  upon  experimental 
results  for  crack  propagation,  the  term  which  appears  as  surface 
energy  depends  strongly  upon  the  method  of  calculation  of  the 
work  of  the  applied  forces,  the  strain  energy  stoi  d,  ami  the 
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Yet , 


energy  dissipated  and  radiated  away  as  kinetic  energy, 
an  understanding  of  the  effect  of  microstructural  and  atomic 
features  and  properties  along  with  the  influence  of  corrosive 
and  other  environments  depends  critically  on  the  ability  to 
compute  the  actual  energy  needed  to  create  new  surface  sepa¬ 
rately  from  the  energy  required  for  deformation  of  the  bulk 
of  the  material  around  the  crack  tip.  Thermodynamic  equilibrium 
surface  energy  clearly  is  a  lower  bound  and  an  excellent  approxi¬ 
mation  when  sufficient  thermal  energy  is  available  to  overcome 
the  activation  energy  barrier  to  forming  new  surface.  In 
general,  however,  this  will  not  be  so  as  Robb  Thomson  has  shown 
for  a  simplified  picture  of  atomic  separation  at  a  crack  tip. 
Energy  lost  through  radiated  kinetic  energy  or  inelastic  de¬ 
formation  in  the  immediate  region  of  the  surface  of  separation 
can  be  many  times  larger  than  the  equilibrium  surface  energy. 

This  is  a  genuine  energy  to  create  new  surface  and  is  not  to 
bo  confused  with  the  often  far  greater  amount  of  energy  dissipated 
in  the  plastic  zone  around  the  crack  tip  associated  with  ir 
stable  continuum  behavior.  As  Jim  Rice  has  emphasized  earlier, 
the  genuine  energy  to  create  surface  governs.  When  it  reduces 
to  zero  a  sharp  crack  runs  at  zero  applied  load. 

Instability  of  the  local  force- separation  relations 
leads  to  the  running  crack.  How  the  unstable  portions  of 
force-separation  relations  alter  with  microstructure,  atomic 
structure,  and  environment  warrants  intensive  additional  study 
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at  both  the  atomic  a„a  microstructural  level  to  permit  reliable 
prediction  in  advance  of  tests. 
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ON  THE  CHARACTERISTICS  OF  GRADIENT  MATERIALS 


M.  B.  Bever 


Abstract 

Materials  with  compositional  and  structural  gradients 
are  of  theoretical  and  practical  interest.  Such  materials 
have  been  widely  used  and  probably  will  find  new  applications. 
This  memorandum  deals  with  the  general  characteristics  of 
gradients  in  metallic,  ceramic,  polymeric,  composite  and  complex 
materials.  The  mathematical  analysis  of  gradients  and  the 
systematic  consideration  of  the  effects  of  gradients  on  proper¬ 
ties  will  be  the  subjects  of  later  memoranda. 
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ON  THE  CHARACTERISTICS  OF  GRADIENT  MATERIALS 


M.  B.  Bever 


1.  Introduction 

*-  aterials  with  compositional  or  structural  gradients  have 
been  widely  used  in  the  past.  They  probably  will  find  many  new 
applications  in  the  future.  These  materials,  however,  have  not 
been  systematically  investigated  and  analyzed.  This  memorandum 
will  deal  with  the  general  characteristics  of  gradient  materials 
c*nd  will  also  briefly  consider  the  effects  of  gradients  on  some 
properties.  The  mathematical  analysis  of  gradients  and  the  de¬ 
tailed  consideration  of  their  effects  on  properties  will  be  the 
subjects  of  subsequent  memoranda. 

Gradient  structures  are  found  in  metals  and  alloys, 
ceramics,  polymers,  composites  and  complex  materials.  Among 
the  oldest  examples  of  gradient  materials  are  surface  hardened 
steels  •  .  Steels  can  be  surface  hardened  by  various  methods, 
but  they  all  have  transition  zones  or  gradients  between  the 
hard  but  brittle  surface  layer  and  the  softer  but  tough  interior. 

A  recent  application  of  the  gradient  principle  is  repre¬ 
sented  by  graded  cermets  which  combine  a  ceramic  and  a  metal. 

Such  cermets  have  been  proposed  for  jet  engine  parts3 *M  and  are 
being  considered  for  armor5*6.  Some  other  gradient  materials 
are  graded  seals,  which  serve  as  a  transition  between  glass  and 
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metal  or  between  two  different  glasses,  and  tempered  glasses 
in  which  compressive  stresses  are  present  in  the  surface  layer. 

Polymeric  materials  may  have  many  different  kinds  of 
gradients'.  In  one  proposed  application  the  values  of  the 
elastic  moduli  change  continuously  with  location  in  the  polymer; 
such  a  gradient  should  make  it  possible  to  combine  a  soft  layer, 
which  is  compatible  with  natural  tissue,  and  a  hard  layer,  which 

can  be  anchored  to  a  strong  material  • 

Many  different  types  of  gradient  structures  can  occur  in 
composite  and  other  complex  materials9.  Gradient  structures  are 
also  found  in  nature,  especially  in  biological  and  geological 
materials . 

The  essential  characteristic  of  a  gradient  material  is 
the  spatial  variation  of  a  compositional  or  structural  feature. 
"Gradient  materials"  must  be  distinguished  from  other  inhomo¬ 
geneous  materials.  In  a  gradient  material,  a  single  inhomo- 
geneity  occurs  on  essentially  a  macroscopic  or  global  scale. 

This  criterion  separates  gradient  materials  from  the  products 
of  spinodal  decomposition,  in  which  numerous  concentration 
gradients  are  present  on  a  fine  scale.  Another  criterion  of  a 
gradient  material  is  that  the  inhomogeneity  must  be  gradual  -  a 
sharp  discontinuity  is  an  interface  rather  than  a  gradient. 

The  criteria  of  scale  and  continuity  are  relative  and  deserve 
further  consideration.  In  summary  a  gradient  material  may  be 
defined  as  a  material  in  which  a  compositional  or  structural 
feature  changes  continuously  in  space  on  a  macroscopic  scale. 
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A  gradient  can  serve  different  functions.  At  one  extreme, 
the  gradient  region  provides  a  transition  between  two  materials 
or  components;  the  gradient  is  merely  incidental  to  the  combination 
and  constitutes  a  necessary  compromise.  At  the  other  extreme, 
the  gradient  region  provides  a  desirable  spatial  variation  in 
properties.  Transitions  between  the  two  extremes  are  possible. 

The  features  which  may  have  gradients  are  not  necessarily 
the  same  in  metallic,  ceramic,  polymeric,  composite  and  complex 
materials.  Gradients  characteristic  of  ‘ hese  major  classes  of 
materials  will  now  be  considered. 

2.  Gradients  in  Metals  and  Alloys 

2.1  Single-Phase  Metals  and  Alloys 

Single-phase  metallic  systems  may  have  gradients  in  their 
composition,  microstructure,  crystal  orientation  (texture)  and 
internal  stresses.  Composition  gradients  may  occur  in  sclid 
solution  alloys.  For  example,  a  surface  layer  may  differ  in 
composition  from  the  bulk  metal;  such  a  material  may  be  espec¬ 
ially  resistant  to  corrosion  or  to  high- temperature  oxidation. 
Nabarro  has  postulated  a  gradient  of  the  concentration  of  inter¬ 
stitial  solute  atoms,  which  has  theoretical  interest10. 

The  grain  size  is  the  most  important  microstructural 
feature  of  a  single-phase  metal  in  which  a  gradient  is  possible. 
Such  a  gradient  can  be  produced  by  differential  mechanical  or 
thermal  treatments  or  by  suitable  alloying  (including  the  form¬ 
ation  of  a  minute  amount  of  a  second  phase).  A  grain  size 
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gradient  results  in  gradients  of  properties,  especially  mechanical 
properties . 

Gradients  in  grain  shape  and  in  grain  shape  anisotropy 
can  be  conceived;  their  effects  probably  would  be  subtle. 

Gradients  in  crystal  orientation  -  both  in  the  type  and  intensity 
or  a  preferred  orientation  or  texture  -  are  possible11.  They 
will  be  associated  with  gradients  in  the  anisotropy  of  some 
local  properties  such  as  the  elastic  properties  in  cubic  metals 
and  also  the  thermal  expansion  and  electrical  conductivities  in 
noncubic  metals.  Gradients  in  preferred  orientation,  however, 
would  be  difficult  to  produce12. 

Internal  stresses  are  a  special  kind  of  structural  feature. 
They  may  have  macroscopic  gradients.  For  example,  compressive 
stresses  can  be  introduced  at  the  surface  of  single-phase  metals 
and  alloys  by  surface  working  processes;  these  stresses  are 

necessarily  balanced  by  subsurface  tensile  stresses,  thus  in¬ 
volving  gradients. 

2 . 2  Multiphase  Metals  and  Alloys 

The  structure  of  a  multiphase  metal  or  alloy  depends  on 
the  volume  fractions  of  the  constituent  phases  and  the  configura¬ 
tion  of  these  Phases,  especially  their  microstructural  and 
crystallographic  arrangements.  Three  major  types  of  micro- 
structuid  arrangements  can  occur; 

(1)  one  continuous  and  one  (or  more)  dispersed  phase (s) , 
that  is  a  matrix  and  dispersed  phase;  in  such  an  arrangement 
either  the  major  or  the  minor  phase  may  be  continuous; 
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(11 )  two  (or  more)  discontinuous  phases  arranged  in  a 
mixed  grain  structure  or  a  lamellar  structure; 

(in)  two  (or  more)  continuous  and  interpenetrating 
phases;  in  such  an  arrangement  each  phase  has  a  high  connectivity 
Each  of  these  types  affords  the  possibility  of  structural 
gradients . 

Matrix  and  Dispersed  Phase  -  if  the  matrix  is  the  major 
phase,  it  displays  most  of  the  characteristics  of  a  typical 
single-phase  polycrystalline  metal.  In  principle  it  can,  there¬ 
fore,  have  the  gradients  in  composition,  microstructure ,  crystal 
orientation  and  internal  stresses  discussed  in  2.1  above. 

The  characteristics  of  the  dispersed  phase  (or  phases) 
which  may  have  gradients  are  the  volume  fraction  and  the  size, 
shape  and  orientation  of  the  particles  of  the  dispersed  phase. 

A  gradient,  in  the  volume  fraction  can  result  from  either  a 
gradient  in  the  initial  composition  of  the  parent  phase  or  from 
a  differential  thermal  treatment  which  produces  a  gradient  in 
the  nature  of  the  precipitation  reaction.  An  interesting 

possibility  is  the  preferential  stimulation  of  precipitation  in 
a  surface  layer  by  surface  working. 

Gradients  in  the  size  of  the  dispersed  particles  can  be 
produced  by  suitable  gradients  in  composition  or  suitable  thermal 
treatments  such  as  a  temperature  differential  causing  differences 
in  space  of  the  rates  of  nucleation  and  growth  of  the  precipitate. 
Since  little  work  appears  to  have  been  done  in  exploring  such 
possibilities,  opportunities  for  development  probably  exist. 
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Gradients  in  particle  shape,  particle  shape  anisotropy  and 
crystallographic  orientation  of  dispersed  particles  suggest 
themselves,  but  would  probably  be  difficult  to  produce. 

Mixed-Grain  Structures  -  Such  structures  occur  in  two- 
phase  regions  such  as  the  (u  +  3)  region  in  the  copper- zinc 
system.  Gradients  of  the  grain  sizes  of  the  two  phases  and 
perhaps  also  of  their  mutual  arrangement  are  possible. 

Lamellar  Structures  -  Lamellar  structures  have  been  in¬ 
vestigated  extensively  because  of  their  role  in  pearlitic  steels 
and  some  eutectic  systems.  The  degree  of  fineness  of  the 
lamellae  and  the  size  of  the  pearlite  colonies  can  probably  be 
changed  with  position,  but  such  gradients  do  not  seem  to  have 
been  investigated.  Their  investigation  should  be  undertaken. 

Continuous  Interconnected  Phases  -  Gradients  in  the 
composition  and  scale  of  the  interconnected  phases  appear  to  be 
possible  in  these  structures. 

Examples  from  the  Metallurgy  of  Steels  -  The  quench- 
hardening  of  steel  presents  a  classical  example  of  a  gradient 
structure.  If  a  steel  part  is  cooled  at  a  rate  not  sufficiently 
fast  to  yield  martensite  throughout,  pearlite  forms  in  the  in¬ 
terior  and  in  an  intermediate  zone  pearlite  and  martensite  form 
as  a  mixture;  this  results  in  a  gradient  from  an  all-martensitic 
to  an  all-pearlitic  structure.  The  phenomena  are  well  understood 
and  pertinent  tests  have  been  developed.  Parts  with  martensitc- 
pearlite  gradients  can  be  used  in  technical  applications. 

The  metallurgy  of  steels  suggests  the  possibility  of 
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producing  structural  gradients  by  a  unique  mechanism:  since  the 
decomposition  of  austenite  and  the  resulting  structure  are 
affected  by  the  grain  size  of  the  austenite,  the  decomposition 
products  will  have  gradients  if  the  austenite  has  a  grain  size 
gradient.  Experimental  work  on  this  subject  seems  to  be  de¬ 
sirable. 

The  properties  of  a  quench-hardened  (martensitic)  steel 
are  modified  by  tempering  (holding  at  relatively  low  temperatures). 
Tempering  in  a  temperature  gradient  may  be  expected  to  produce 
gradients  in  the  structure  and  properties  of  the  steel.  The  low 
temperatures  involved  would  make  the  control  of  such  a  dif¬ 
ferential  procedure  relatively  easy. 

Various  heat  treatments  and  thermomechanicn l  treatments 
of  plain  carbon  and  alloy  steels  such  as  austempei ing ,  mar- 
tempering  and  ausforming  provide  opportunities  for  producing 
other  gradient  structures. 

In  the  case  hardening  of  steel  by  carburizing,  '  lie  carbon 
is  supplied  to  a  surface  layer.  The  steel,  therefore,  can  form 
effective  martensite  only  in  this  layer1' 2 .  The  transition 
from  the  high-carbon  case  to  the  low-carbon  core  is  relatively 
steep.  Troiano  and  coworkers13'14  have  shown  that  the  resulting 
abrupt  change  in  local  properties  causes  a  "metallurgical  notch" 
at  the  interface  and  hence  a  susceptibility  to  fracture  initi¬ 
ation.  The  obvious  solution  is  a  more  gradual,  transition  due 
to  a  less  steep  carbon  gradient,  but  such  a  gradient  appears  to 
be  difficult,  if  not  impossible,  to  produce. 
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In  case  hardening  of  steel  by  nitriding,  the  hardness 
of  the  case  results  from  the  precipitation  of  alloy  nitrides 
and  decreases  gradually  at  the  bottom  of  the  nitrided  layer*'2. 
While  this  gradual  decrease  has  been  deplored  because  it  tends 
to  reduce  the  case  depth  and  hardness  at  the  surface,  it  probably 
improves  the  mechanical  behavior  of  nitrided  steels  by  reducing 
the  notch  effect  present  in  carburized  stool.  Induction  hardened 
and  flame  hardened  steels  provide  the  possibility  of  producing 
deeper  cases  with  more  extended  transition  zones  than  nitrided 
steels  1 ' 2 .  The  characteristics  and  effects  of  the  transition 
zone  between  case  and  core  in  carburized,  nitrided,  induction 
hardened  and  flame  hardened  steels  merit  further  investigation. 

Other  Metallurgical  Gradients  -  Surface  treatments  can 
be  applied  to  metals  other  than  steels.  The  protection  against 

corrosion  of  aluminum  alloys  by  a  surface  layer  of  pure  aluminum 
is  an  example. 

Porosity  -  which  is  usually  undesirable  in  metals  -  will 
be  discussed  in  connection  with  ceramics  (see  Section  3).  The 
generation  of  compressive  stresses  by  surface  working  was  men¬ 
tioned  in  connection  with  single-phase  metals  (see  2.1  above). 

This  process  is  also  applicable  to  multiphase  metals  and  es¬ 
pecially  to  steels. 

3*  Ceramic  Materials 

The  compositional  and  structural  features  which  characterize 
ceramic  materials  may  have  spatial  gradients.  Many  of  these 
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features  are  analogous  to  features  which  are  also  characteristic 
of  metals  and  which  were  discussed  in  Section  2.  Section  3  will 
deal  with  features  of  special  interest  for  ceramic  materials. 

3 . l  Single-Phase  Ceramics 

A  major  variable  in  polycrystalline  single-phase  ceramics 
is  the  grain  size.  This  has  important  effects  on  mechanical  and 

other  properties  of  ceramics15. 

A  grain  size  gradient  has  recently  been  observed  in 
aluminum  oxide  ceramics:  the  grain  size  averaged  about  1.6  urn 
in  the  interior  of  a  typical  specimen  and  0.8  um  at  the  surface16. 
'PJ-jq  investigator  attributed  the  gr'iin  size  gradient  to  an  impuricy 
gradient.  lie  believed  that  the  grain  size  gradient  contributed 
to  the  high  strength  properties  observed  in  this  material. 

Porosity  has  been  investigated  extensively  in  ceramic 
materials15.  The  possibility  of  porosity  gradients  obviously 
exists.  Gradients  may  occur  in  the  total  density  (or  volume) 
of  the  pores,  the  size  and  shape  of  the  pores,  and  the  degree 
of  their  connectivity.  An  example  is  the  open  porosity  deliber¬ 
ately  introduced  at  the  surface  of  certain  ceramic  materials  which 
are  being  considered  for  use  in  surgical  implants  • 

The  chemical  tempering  by  ion  exchange  provides  an  ex¬ 
ample  of  a  gradient  in  a  glass.  In  one  of  several  possible 
processes  ions  at  the  surface  are  replaced  by  larger  ions;  this 
is  carried  out  below  the  annealing  temperature  of  the  glass. 

After  cooling  to  room  temperature,  the  concentration  gradient  is 
associated  with  a  gradient  in  the  compressive  stresses. 
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3,2 


Multiphase  Ceramics 


The  most  common  structure  of  multiphase  ceramic  materials 
is  probably  the  dispersion  of  one  or  more  phases  in  a  matrix. 

The  matrix  may  be  a  crystalline  phase  or  a  glass.  The  dispersed 
particles  may  have  a  variety  of  shapes  and  different  orientation 
relations.  Many  possibilities  exist  and  in  principle  each  may 
yield  a  structural  gradient. 

A  matrix  containing  dispersed  particles  is  not  the  only 
multiphase  structure  occurring  in  ceramic  systems.  For  example, 
spinodal  decomposition  may  produce  a  structure  of  two  inter¬ 
penetrating  phases.  While  the  concentration  gradients  occurring 
on  a  microscale  in  a  spinodal  decomposition  product  do  not  qualify 
for  a  gradient  material';  as  discussed  in  the  Introduction  (see 
1  above),  a  spinodal  decomposition  product  may  have  a  gradient  on 
a  macroscale  due  to  a  gradient  in  the  composition  or  in  the 
applied  process  variables. 

The  effects  of  various  possible  arrangements  of  the  phases 
on  the  properties  of  multiphase  ceramics  have  been  analyzed  for 
several  schematic  arrangements.  Various  mixture  rules  apply  for 
such  properties  as  the  electrical  and  thermal  conductivities. 

These  rules  can  be  adapted  to  gradient  ceramic  structures. 


4 ■  Polymeric  Materials* 

The  structure  and  properties  of  most  polymeric  materials 
can  be  varied  over  wide  ranges,  but  to  date  little  effort  has 

‘the  con  tents 'of  “section  COntributl°"s  ™de  bV  M.  Shen  to 
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been  devoted  to  developing  gradient  polymeric  materials.  Ferry6 
has  analyzed  some  features  of  gradient  polymers  for  biomedical 
applications.  Shen  and  Dover7,  in  a  concurrent  memorandum, 
consider  systematically  the  structure  and  properties  of  polymeric 
systems  susceptible  to  spatial  gradients  and  discuss  some  potential 
applications.  The  present  discussion  is  based  on  their  paper, 
which  should  be  consulted  for  details. 

Gradients  in  the  structure  of  polymeric  systems  may  be 
generated  by  varying  (i)  the  chemical  nature  of  the  monomers, 

(ii)  the  molecular  constitution  of  the  polymers  and  (iii)  the 
supramolecular  structure  or  morphology  of  the  polymers.  Gradients 
in  each  of  these  categories  are  possible  in  single-phase  as  well 
as  heterophase  systems. 

4 . 1  Single-Phase  Polymers 

The  nature  of  a  polymer  depends  first  of  all  on  the  con¬ 
stituent  monomers.  Various  monomers  A  and  E  with  different 
properties  can  be  combined  to  form  random  copolymers  ranging  in 
composition  from  all  A  to  all  B.  A  gradient  polymer  with  a 
spatial  variation  in  composition  can  therefore  be  prepared.  An 
example  is  the  possible  combination  in  a  gradient  structure  of 
methyl  methacrylate,  which  forms  a  tough,  hard  polymer,  and 
methyl  acrylate,  a  soft  rubber.  Polymer  chemistry  offers  many 
possibilities  for  creating  similar  composition  gradients  by 
copolymerization . 

Crosslinking  is  another  characteristic  feature  of  a 
polymer  which  can  be  varied.  In  principle,  techniques  available 
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for  controlling  crosslinking  can  be  adapted  to  producing  gradients. 

Differences  in  the  nature  of  the  constituent  monomers  and 
differences  in  crosslinking  can  cause  differences  in  equilibrium 
swelling.  This  opens  the  way  to  creating  gradients  in  the 
swelling  tendency. 

The  average  molecular  weight  and  the  molecular  weight 
distribution  are  other  variables  affecting  single-phase  polymers. 
Since  they  can  be  manipulated,  corresponding  gradients  may  be 
achieved.  Gradients  in  the  degree  and  the  direction  of  the 
orientation  of  polymers  are  other  possibilities. 

4 . 2  Heterophase  Polymers 

The  variables  discussed  in  the  foregoing  for  single-phase 
systems  can  also  yield  gradients  in  heterophase  systems.  Hetero¬ 
phase  polymeric  systems,  however,  offer  additional  possibilities 
for  gradients. 

In  crystalline  polymers  the  ratio  of  the  crystalline  phase 
to  the  amorphous  phase  can  be  varied.  The  degree  of  crystallinity 
can  be  altered  by  thermal  treatments.  The  degree  of  crystallinity 
also  depends  on  the  degree  of  tacticity  and  the  ratio  of  cis  to 
trans  isomers  of  a  given  polymer.  Copolymerization  with  an  appro¬ 
priate  comonomer  is  another  method  for  changing  the  degree  of 
crystallinity.  These  methods  should  make  it  possible  to  estab¬ 
lish  gradients  in  the  degree  of  crystallinity.  Gradients  in  the 
orientation  and  size  of  the  spherulites  appear  also  to  be 
attainable. 

An  important  class  of  huterophase  polymers  can  be  prepared 
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by  mixing  polymers.  Different  techniques  yield  "polyblends", 
block  copolymers  and  graft  polymers. 

As  in  metals  and  alloys  and  ceramic  materials,  the 
morphology  of  heterophase  polymer  mixtures  depends  on  the  amount 
and  configuration  of  the  constituent  phases.  In  particular, 
the  matrix-disporsoid  structures,  the  lamellar  structures  and  the 
highly  connected  structures  are  to  be  considered.  (See  Sub¬ 
section  2.2  for  details.)  In  polymers  these  configurations  can 
be  produced  by  varying  the  proportions  of  the  components  or  the 
method  of  preparation.  In  this  way  gradients  in  morphology  can 
also  be  established. 

5 .  Composite  Materials 

The  large  number  of  compositional  and  structural  features 
which  characterize  a  composite  material  make  a  large  number  of 
gradients  possible.  Bever  and  Duwez9  have  systematically  con¬ 
sidered  these  gradients  and  their  effects  on  the  properties  of 
composites;  their  paper  also  discusses  reported  and  potential 
applications  oi  gradient  composites. 

The  gradients  in  a  composite  may  involve  the  matrix  or 
the  reinforcing  phase.  The  same  gradients  may  be  present  in 
the  matrix  of  a  composite  as  in  the  matrix  material  in  the  ab¬ 
sence  of  a  dispersed  phase.  For  example,  if  the  matrix  is  a 
metallic  or  ceramic  material,  gradients  may  occur  in  the  size, 
shape  or  orientation  of  the  grains.  (See  Sections  2  and  3). 
Polymeric  matrices  of  composites  also  can  have  gradients  (See 
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Section  4 ) . 

Gradients  may  also  involve  the  dispersed  phase  in  a 
composite  material.  We  assume  first  that  the  dispersed  phase 
consists  of  unidirectionally  arranged  filaments.  In  this  case 
the  most  obvious  possibility  is  a  gradient  of  the  concentration 
(density)  of  filaments.  Other  gradients  can  involve  the 
orientation  of  the  filaments  and  the  length  of  discontinuous 
fibers. 

The  concentration  gradient  may  lie  in  a  plane  normal  to 
the  filament  direction.  In  a  plate,  such  a  gradient  can  lie  in 
the  plane  of  the  plate  or  be  normal  to  it.  In  a  rod,  the  con¬ 
centration  of  filaments  may  change  in  a  radial  direction.  The 
concentration  of  discontinuous  filaments  can  also  change  in  the 
direction  of  the  filaments. 

If  a  composite  contains  more  than  one  type  of  filament 
various  concentration  gradients  are  possible.  These  gradients 
may  alter  the  ratio  of  the  local  concentrations  of  several  types 
of  filaments. 

A  dispersed  phase  in  a  composite  may  have  shapes  other 
than  filaments  of  circular  cross  section,  such  as  ribbons.  In 
such  a  case  additional  possibilities  of  gradients  involving  the 
orientation  of  the  ribbon  (with  respect  to  its  width  as  well  as 
to  its  length)  are  introduced.  Similarly,  gradients  in  a  dis¬ 
persed  phase  consisting  of  flakes  or  platelets  may  involve 
orientation  in  addition  to  such  variables  as  concentration,  size 
and  shape  of  the  particles.  If  several  dispersed  phases  are 
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present/  the  number  of  possible  combinations  and  corresponding 
gradients  is  further  increased. 

Details  concerning  gradients  in  composites  and  a  discussion 
of  their  effects  on  the  local  and  global  properties  of  composites 

may  be  found  in  Reference  9. 

Composite  materials  can  be  designed  on  a  coarser  scale 
than  that  of  the  composites  considered  in  the  foregoing.  For 
example,  various  kinds  of  laminates  have  been  used.  They  lend 
themselves  to  gradient  construction. 

6 .  Complex  Materials 

Materials  belonging  to  different  classes  can  be  combined 
in  one  structure.  As  mentioned  in  the  Introduction,  a  cermet 
combines  a  metal  and  a  ceramic.  The  ratio  of  the  components  and 
other  characteristics  in  a  cermet  can  be  varied  and  this  intro¬ 
duces  the  possibility  of  gradients.  The  example  of  armor  appli¬ 
cation  has  been  mentioned. 

A  graded  glass/metal  seal  is  a  type  of  material  which 
solely  depends  on  the  gradient  for  its  usefulness.  The  specific 
nature  of  this  gradient  depends  on  the  thermal  expansion  co¬ 
efficients  of  the  glass  and  metal. 

Polymers  can  be  combined  with  nonpolymeric  materials. 
Reinforcing  fillers,  which  cause  marked  changes  in  the  properties 
of  polymers,  are  usually  not  polymers;  an  example  is  carbon  black 
in  natural  rubber.  Doping  can  change  a  polymer  from  an  insulator 
to  a  semiconductor;  the  addition  of  iodine  to  polyethylene 
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causes  such  a  change.  The  use  of  fillers  and  doping  agents 
makes  concentration  gradients  possible.  Another  potential 
development  is  the  joining  of  a  polymer  to  an  inorganic  material; 
the  joint  can  be  made  if  the  inorganic  material  has  a  porosity 
gradient  at  the  surface  and  the  pores  are  impregnated  with  the 
polymer. 

7 .  Conclusion 

This  memorandum  has  concentrated  on  the  characteristics 
of  gradients  which  can  occur  in  the  major  classes  of  materials. 
Details  on  quantitative  aspects  of  gradients  and  the  effects  of 
gradients  on  properties ,  particularly  in  polymeric  and  composite 
materials ,  may  be  found  in  References  7  and  9.  The  mathematical 
analysis  of  compositional  and  structural  gradients  and  the 
systematic  consideration  of  the  effects  of  gradients  on  properties 
will  be  the  subjects  of  later  memoranda. 
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ANALYSIS  OF  STRESS  INTENSITY  FACTORS  IN  A  PLATE 
WITH  ANY  GIVEN  DISTRIBUTION  OF  CRACKS 

M.  Ishida 


1 .  Introduction 

Since  the  introduction  of  the  concept  of  the  crack 
tip  stress  intensity  factor,  K,  by  Irwin1,  many  analyses  of 
the  theoretical  value  of  K  in  various  new  problems  have  been 
carried  out  parallel  with  applications  to  the  problems  of 
[[brittle]]  fracture  and  fatigue.  For  the  mutual  interference 
among  more  than  two  cracks,  exact  solutions  exist  only  for  the 
case  of  cracks  lined  up  on  a  straight  line.  For  other  cases, 
in  general,  elaborate  analyses  are  necessary,  but  recently 
Yokobori  et  al.2  have  obtained  important  results  for  parallel 
arrays  of  cracks. 

This  paper,  in  further  generality,  describes  the 
method  of  solution  by  iteration  for  a  plate  with  an  array  of 
cracks  of  arbitrary  number,  positions,  lengths,  and  directions 
subjected  at  a  long  distance  to  arbitrary  biaxial  tensile  and 
shear  stress  and  bending  moment.  The  method  is  applied  to 
typical  problems,  providing  new  data  on  K.  The  range  of  validity 
of  the  method  and  the  accuracy  of  the  results  are  carefully 
examined. 


-484- 


2. 


Theory 

2.1  Stress  I unction.  We  consider  an  infinite  plate  with  a 
distribution  of  an  arbitrary  array  of  an  arbitrary  number  (N) 
of  linear  cracks  subject  to  stress  at  a  long  distance.  We  fix 
a  reference  coordinate  system  (X0,  Y„)  on  the  plate,  and  let 
each  crack  have  center  0.,  length  2L.  ,  angle  with  respect  to 
the  Xo-axis  a..  and  polar  coordinates  from  CK  in  the  reference 

coordinate  system  (Rj  ,  e.)(j  -  1,  2 . N) .  For  use  later 

in  the  analysis,  we  establish  N  rectangular  coordinate  systems 
(Xj ,  Y j )  with  origin  at  the  center  of  each  crack  and  with  the 
X-axis  in  the  direction  of  the  crack. 

We  further  set  a  standard  length  d  and  define  dimension¬ 
less  rectangular  coordinate  systems  (x  .  ,  y . ) ,  complex  coordinates 
zj  and  parameters  1^  and  r^  as  in  the  following  equations: 


y  =  Yo 
d  '  yo  T 


z„  =  ♦  iy, 


z,  =  x.  +  iy. 


d  '  -  Aj 


=  Xo+iYo 
d 

X.+iY . 

■ -V-1 


I'.i  K  . 

•1  "  T  '  rj  *  T 


(j  ■  1,  2,  ...,  N) 


Then  the  relative  dimensionless  position  vectors 
0j°k  of  the  crack  centers  are  given  by 


i0ik  iek  i8-i 

rjk°  -  v  -  3 
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Assume  that  the  plate  is  infinite  in  extent,  that  there 
are  no  external  forces  on  the  boundary  of  any  of  the  cracks, 
and  that  a  stress  of  the  following  form  consisting  of  a  com- 
bination  of  biaxial  tension,  shear  stress  and  bending  moment 
is  applied  at  a  long  distance. 


o 

X 


u 


.  KYo 

*  ~r 


A 


a  “> 

y 


oB  + 


T 


Xya> 


ay 


(3) 


Here,  o  is  some  standard  stress  and  a,  0,  y,  <  and  u 
are  constants  (Fig.  1). 

For  our  analysis,  we  first  assume  the  following  form 
for  Airy's  stress  function  in  this  problem. 

N 

X  “  X0  ♦  l  xk  (4) 

k*»l 


X 0  corresponds  to  the  stress  condition  at  a  long  dis 
tanco  (l!q.  3),  and  is  expressed  in  the  following  form  using 
complex  potontialn  <(>0(z0)  and  i^0(z0): 

X o  "  od?V  Mo  +  <*0)}  1 


l  o  (  %  )  “  *j[(0+“)zo  +  fl(p-iK) Z„ 2  \ 

'b „  I  *  it )  *  (j  2ly)  zo ?  ♦  yj(P+itO 1 


(5) 
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Next,  consider  all  the  cracks  as  limiting  cases  of 
elliptical  holes  of  large  eccentricity.  Then/  in  general 
is  a  stress  function  which  has  singularities  only  inside  the 
crack  k,  and  may  be  expanded  as  follows: 


xk  -  adiRe{Jk*k(zk)  +  *kUk>) 


W  *  J  <Fn,k-  +  iFn,k')Zk 


-(n+1) 


(6 


W  =  “Do,k*lo5  zk  *  U* n.k*  *  iDn.k’>z 


-n 


n-1 


n,k  '  A~n,k  ' ‘k 


Here,  coefficients  bearing  the  signs  "  •  "  and  . 

express  the  real  parts  and  the  imaginary  parts  respectively, 
of  the  corresponding  unknown  complex  coefficients. 

2.2  Coordinate  transformations.  In  determining  these  un¬ 
known  coefficients  from  the  boundary  conditions,  we  only  need 
to  consider  the  conditions  such  that  all  the  edges  of  the  cracks 
are  free,  since  the  boundary  conditions  (Eq.  3)  at  infinite 
distance  are  satisfied  by  x0  alone  and  the  xk's  (k  -  1,  2,  ..., 

N)  are  of  the  form  such  that  the  stress  vanishes  at  a  long 
distance. 

Since  each  element  x^  of  the  stress  function  is  expressed 
in  a  different  coordinate  system,  in  considering  the  boundary 
conditions  for  a  given  crack  j,  it  is  convenient  to  express 
everything  in  the  coordinate  system  **  (x..  +  iy ^ )  whose  origin 
is  at  the  center  0^  of  this  crack.  For  Xo»  using  the  relation 
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between  z.  and  z. 


ia .  i8 

=  z.e  J  +  r.e 


j 


3-  ‘j' 

In  Eq.  5,  we  obtain  the  following  form: 

X0  -  ad2Rc{5.4>0*(z.)  +  V<Zj)} 

1  i|3-i  iaj 

4'o*(zj)  -  ^-U+a+r^e  J(M-i«)}z,  +  ^ — (n-iK)z.. 


2ia  . 
e  3 


j)  =  — 4 — ( 3-a+2iy+r j (p  cos  0.,-k  sin  BjJJz^2 


3ia 


+  ~~24~  (M+iK )  2  j  3 

Also,  for  xk(k  i  1) ,  we  put 


(7) 


(8) 


zk  =  z.e 


i(W  _  i(fljk-ak) 

r  jke 


(9) 


into  the  first  of  Eq.  6  and  obtain  an  expression  in  terms  of 


z  . 
3 


xk  -  od!Re{;jtk*(zjj  +  vuj)) 

V«»J>  -  e'  <Ctlt-a3  Uje* 

V(zj>  "  *ktzjel<0j  °k)  '  rjkel<Sjk"°k)) 


)  (10) 


.  r  0i(W 

jk 


VZj> 


J 
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and  then  substitute  the  second  and  third  of  Eq.  6  into  Eq.  10, 
and  again  expand  in  a  power  series  of  Zy  Using  the  rosult 
together  with  Eq.  8  in  Eq.  4,  the  entire  stress  function  may 
bo  rewritten  in  terms  of  the  z^'s  as  follows: 


x  =  o  d 2  R  { z  .  ‘I* .  ( z . )  ♦  Y.fz.)} 

J  J  J  j  J 

<t.  (z.)  =  l  {  (F  ,.+iFn  ,')*,“  (n+1)  +  (M  A*+iMn  V,2in+1} 
D  3  n„o  n,3  n,j  3  no  n»J  j 


>  (ID 


W  -  -D,(j-109  Vj1(Dn.j,+1Dn.J,,2j 


+  l  (K  .  *+iK  .')l1n'f2 
n-0  n,J  J 


-n 


A  n  A  n  «v 

Mn  j*  ■  -J— (8+a+r ^  (McosBj+KsinBj  ) )  ♦  L-jf- (nco*a^<sinQj )  | 


p*kF_  4P,kr_  „.) 


+  p-o  d)10"'*  ‘P'k'T‘n>J  rP>k 

A  n  *  n 

Mn  ^  ■  — |-r ^  (iJsin0j-<co«Bj )  ♦  — (usina^«:cosa^) 


N 


♦  Z  z  C-* 


p 


F_  .  • +e 


P»k 


w‘) 


P-0  k>*j 


n»  j  p,k  n,  j  p#k 


)  (12) 


A  n 

Kn  ^  •  -J— { (B-o)cos2o;j-2Y»in2o^r^co»2a^  (uco«Bj-*c»inB^ ) ) 


n 


N 


♦b  .p,kD  .'+c  ,P'*F  .  •  *d  .p,^F  .') 

n# j  p,k  n, j  p,k  n,j  p,k 
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km' 


&  n 

(B-a)ain2o^2YCOi2a^r^«in2o^  (iicosB^-KsinH^) } 

»  n  ««  n 

♦  jJ-(uiin3a.*Kco«3a.)  ♦  £  J  (-h  .p'kD  .  • 

^  J  p« o  P#k 


♦«_  4P#V.  t'-d.  4P#kF  ,• 


n,j  p#k  n,  j  rp.k'’c.i.j  rp.k 


P..  l  * ) 


where 


O.r  °o<l(n^KBik-tt<)) 

n'3  ln+2)  lr t.)n*2 


•  b 


0#k  «inl (n42) (B.k-u.) 1 


(n*2)  <r4.  ) 


(?’  ^3  ■  ,-1>t^iR^;;;;;i:;:r>,v-“i)i  w„ 

rn,jP  L,  ■rp[n«p*2'(”n)(|P*»<al-<‘>.>><n^4«)(»<t-tt<)) 

K.J'"kJ  1  n”  1 

JVj  l ..-.fpMfi.*pM )(”!!)« IP*»Hy»k»«(n«p*2)lllu.n<)l 

kH  1  ntl 


and  A#n»  Atn  aro  Kronccker  deltas. 


2»3  Boundary  conditions  on  tha  crack  boundaries.  We  have 
now  an  expression  for  the  stress  function  in  terms  of  only  the 
lj's.  ^  **sxt  consider  the  conditions  which  stake  the  boundary 
of  crack  }  free.  Wo  have  already  expressed  the  stress  function 
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of  on  infinite  plate  with  elliptical  holes  in  the  form  of 
Eq.  11#  and  wo  have  given  the  relationship  which  must  hold 
among  the  coefficients  of  the  stress  function  If  the  edges 
of  the  holes  are  to  be  free.  We  need  to  find  the  limiting 
expressions  as  the  minor  axis  approaches  zero.  Dy  appropri- 
atoly  rewriting  some  variables  and  constants  in  thin  result# 
tho  condition  that  the  stress  function  Kq.  11  makes  the  boundary 
of  crack  free  is  found  as  the  following  relations  which  give 
tl»e  log  z^  and  the  coefficients  of  the  odd-powered  terms  in  z^ 
as  linear  functions  of  coefficients  of  the  evon-powerod  terms 
in  z^  ,#%i 


?  l"+P*2a  n  (K  • +u 

£o  j  P  (Vl  Vj  ># 


p«0 


p* 0  J  P  PO  P»j 


-  I  i  n4p*2 (#  nx  .'4f  \  •), 

p*  0  *  P  PO  P  PO 


p«0 
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The  other  coefficients  (such  as  ap"  and  cpn  when  P  +  n 
is  odd)  all  vanish.  In  these  equations,  the  upper  limits  of 
the  summations  are  taken  as  the  smaller  of  the  two  given. 

We  have  considered  crack  j  so  far,  but  in  our  problem 
all  the  cracks  must  have  free  boundaries,  so  we  have  all  the 
relationships  for  j=l,  2,  ...,  N  in  Eq.  14. 

2.4  Determination  of  unknown  coefficients.  Summarizing 

the  foregoing,  the  stress  function  is  given  in  terms  of  the 
z.'s  by  Eq.  11,  in  which  appear  the  unknown  coefficients  Dn^  , 
«  .  p  ..  and  F  which  are  determined  by  substituting 

n,j'n,j  n,3 

Eq.  12  into  Eq.  14.  However,  it  is  more  convenient  to  consider 


'  Dn, j '  '  Fn, j  *  '  Fn,j  '  Kn,j 


K  '  .  M  , •  ,  and 

'  n , j  '  n,j 


Mn  t.  (n  -  0,  1,  2,  ...;  j  -  1,  2 . N)  as  the  unknowns  and 

to* solve  the  conditions  of  Eqs.  12  and  14  simultaneously. 

Equation  12  is  completely  determined  by  the  relative 
positions  of  the  cracks  from  the  constants  cx,  3,  Y*  <  and  u 
given  in  the  long-distance  stress  condition  Eq.  3  and  from 
Eq.  13.  Equation  14  is  a  power  series  in  1.  (j  -  2'  N)  ' 

so  if  we  write  1.  -  t^X  where  the  constants  Cj  give  the  ratio 
of  lengths  of  the  cracks,  they  can  be  expressed  as  power  series 
of  X  alone.  The  positive-valued  X  may  be  chosen  arbitrarily, 
but  here  we  use  for  our  calculations 


0£) 


for  a  reason  which  will  be  explained  later. 
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Next,  in  solving  the  simultaneous  Eqs.  12  and  14,  we 
use  the  iterative  method,  as  in  the  author's  previous  paper5. 
That  is,  we  assume  all  the  unknown  coefficients  to  be  a  power 
series  in  A,  substitute  them  into  Eqs.  12  and  14,  and  set  the 
terms  of  the  same  powers  in  the  two  expressions  equal  to  each 
other,  giving  a  set  of  relationships  from  which  the  coefficients 
of  the  assumed  series  may  be  automatically  found  progressively 
from  the  low-power  terms  to  the  high-power  terms. 

2.5  The  stress  intensity  factor.  In  general,  if  we  set 
the  rectangular  coordinates  with  the  origin  at  the  crack  tip  as 
(x,y)  and  the  related  polar  coordinates  as  (r,0)  as  in  Eq.  2, 
the  stress  components  in  the  neighborhood  of  the  crack  tip  in 
a  plane  can  always  be  given  in  the  following  form1: 


„  K i  0  .  .  0  .  36 

°x  *  cos  2  1“sln  7  Sln  T 


/IF 


K 


0 


_  sin  j|2+cos  j  cos 


/2r 


0 

I 


cos  ■j(l+sin  §  sin 


Kj_  0  _  0  ___  30 


/IF 


sin  4  cos  ^  cos  ^ 


„  K  i  .  0  0  30 

Txy  /ji  810  7  COS  2  cos  T 


+  — cos  |  1-sin  -|  sin  y- 


/IF 


(17) 
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K !  and  K2*  are  related  to  the  shape,  boundary  shape 
and  load  conditions  of  the  crack,  and  represent  the  intensity 
of  the  stress  field.  In  this  sense,  in  a  planar  problem,  they 
arc  called  the  crack  tip  stress  intensity  factors  and  are  used 
extensively  in  the  analysis  of  problems  of  brittle  fracture 
and  fatigue.  l<i  and  K2  are  respectively  called  the  symmetrical 
and  the  antisymmetrical  components  of  the  stress  intensity 
factor. 

In  the  present  problem,  the  stress  function  is  given  in 
the  form  of  Eq.  11  in  terms  of  the  z^'s.  Here,  the  stress 
intensity  factor  at  the  tips  and  B  j  of  crack  j  is  computed 
from  the  following  equation: 

k/V  j'  3  ,  2/2  o/cf  lim[/Zjie^$  j  ’  (z^)  ]  (lfl) 

After  interchanging  the  order  of  summation  in  Eq.  18 
in  which  the  expansions  in  X  of  Fn>j*  •  Fn,j'  '  Mn,j*  '  Mn,j' 
obtained  by  the  iterative  method  described  earlier  arc  sub¬ 
stituted  into  closed  form  into  4>j(Zj)  of  Eq.  11,  we  sum  up  by 
a  method  similar  to  that  of  the  author’s  previous  paper5  the 
first  series  and  then  pass  to  the  limit.  The  resulting  crack 
tip  stress  intensity  factors  are  given  as  power  series  in  X 
as  follows: 


Editor's  note:  In  the  USA,  Kt  and  K2  are  more  commonly  k»  and 
k2  or  Kj/Zit  and 
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3.  Numerical  Computations 

Tho  large-scale  computer  IIITAC  5020K  at  the  Aeronautics 
anU  Astronautics  Technology  Laboratory  was  used  for  the  numerical 
computations.  A  fortran  program  is  available  which  prints  the 

values  of  tho  coefficients  fi*AJ*,  fi*n3*»  f»^^»  ^  of 

each  crack  tip  intensity  factor  directly  from  the  stress  parameters 
a,  3#  Y,  t,  tho  PoA**1  coordinates  (r^»  fij)  of  the  centers  of 
tho  cracks,  the  directions  of  the  cracks  Uy  and  the  constants 
r jlj  *  1,  2»  •••»  W  expressing  the  ratios  of  the  lengths  of 

tin*  cracks. 

There  arc  no  theoretical  limits  to  the  number  of  cracks 
N  and  tho  order  M  of  the  series  of  Kg.  19.  however,  using  tho 
present  program  which  avoids  tho  use  of  magnetic  tape  in  order 


-496 


to  save  computation  time,  the  maximum  value  of  M  diminishes 
as  the  number  of  cracks  N  increases  because  of  the  limitation 
of  the  core  capacity.  The  relationship  between  N  and  M  is 
shown  in  Table  1. 

Results  of  the  numerical  computation  for  typical  cases 
are  shown  in  Figures  3-10.  Figures  3  and  A  arc  the  horizontal 
and  vertical  tensions  of  a  plate  with  tv/o  cracks  of  equal 
length  at  an  angle  to  each  other.  In  general,  both  Ki  and  K? 
are  finite  but  we  show  only  for  the  f racture-mochanically 
important  Kj  its  dependence  on  the  length  and  indentation  of 
the  crACks.  The  solid  and  broken  lines  correspond  respectively 
to  the  inner  and  outer  crack  tips  A  and  B.  f  B  does  not  vary 
much  with  the  length  of  the  crack,  but  *,fA*  which  corresponds 
to  the  inner  tips,  increases  sharply  under  l (vertical))  tension 
as  the  crack  lengthens  whereas  it  decreases  under  | (horizontal) ) 
tension  and  shows  the  stress -moderating  effect  due  to  alignment 
of  the  cracks. 

Figures  5  and  6  show  the  results  for  a  plate  with  two 
parallel  cracks  of  equal  length  subjected  to  both  tensile  and 
shear  stress,  t,  A  and  f|A  refer  to  the  inner  tips  of  the 
cracks,  and  show  a  rather  complex  behavior  with  respect  to 
variations  in  c/d  and  X.  In  both  cases  the  value  does  not 
increase  significantly  even  if  X  increases  if  c,  d  is  small, 
but  if  c/d  is  large  the  values  increase  sharply  with  increase 
in  X,  converging  to  the  result  for  cracks  lined  up  on  a  straight 


line  (curve  for  c/d  ->  °°) . 

Figure  7  shows  f^A  and  f  A  of  the  inner  crack  tips 

for  a  plate  with  two  cracks  lined  up  on  a  straight  line  sub— 

jected  to  both  tension  and  shear  force.  For  this  case/  there 
are  exact  solutions 1  which  involve  elliptic  integrals,  but 
since  numerical  solutions  are  not  available  we  have  shown  the 
results  in  the  figure.  The  solid  line  for  a  =  0°  in  Fig.  3, 
c/d  -  -  in  Figs.  5  and  6  and  L2/L2  =1  in  Fig.  7  are  the  same 
curve,  and  u  *  90°  in  Fig.  4  and  c/d  =  0  in  Fig.  5  are  the  same 
case,  and  independent  computations  of  these  results,  of  course, 
are  in  agreement. 

Figure  8  shows  f^A  and  f2>A  of  the  middle  crack  for  a 

plate  with  an  odd  number  of  cracks  of  equal  length  lined  up  on 

a  straight  line  subjected  to  both  tensile  and  shear  stress. 

The  limiting  expression  as  N  becomes  infinitely  large  is  known 
in  closed  form  as 


f 


»,A 


(20) 


and  in  included  in  the  figure.  One  can  well  see  the  convergence 
of  the  curves  as  N  increases. 

Figure  9  is  for  a  plate  with  an  odd  number  of  evenly- 
spaced  cracks  of  equal  length,  fj  for  tension  is  shown  in  the 
bottom  half  of  the  figure.  The  solid  lines  are  for  the  outer¬ 
most  cracks  for  which  K»  is  greatest  and  the  broken  lines  are 
for  the  middle  crack  for  which  Kj  is  least.  All  of  these  values 


-498- 


On  tin-  other 


decrease  as  the  number  of  cracks  N  or  A  increases, 
hand,  f2  for  the  shear  force  is  greatest  for  the  middle  crack, 
so  it  is  shown  in  the  top  half  of  the  figure  and  it  increases 
as  the  number  of  cracks  N  or  A  increases.  As  N  approaches 
infinity,  all  groups  of  curves  should  converge  to  a  limiting 
curve. 

Figure  10  is  for  an  example  of  the  most  general  case  of 
crack  distribution  and  stress  conditions,  f,  is  indicated 
above  the  crack  tip  and  f2  below  the  crack  tip. 

Finally,  we  discuss  the  range  of  validity  and  the 
accuracy  of  thi3  method.  In  general,  Eq.  19  obtained  by  this 
mehtod  is  nothing  but  the  Maclaurin  expans -.ins  of  the  exact 
solutions,  so  the  error  arises  only  from  the  omission  of  higher- 
order  terms.  For  example,  for  a  plate  with  two  cracks  of  equal 
length  subject  to  both  tensile  and  shear  stress,  corresponding 
to  L1/L2  *  1  in  Figure  7,  the  exact  solution7 


f.,A  *  fa,A 
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A  irtlcT 


-  (1- A  )  2 


2 A /l- A 


(i+A ) 3/2  a  -  lijsl} 

f.,B=  *„B-  - TT  m 


k 


2/X 

T+T 


(21) 


is  known.  Here,  K(k)  and  E(k)  are  respectively  elliptic  integrals 
of  the  first  and  second  kinds.  If  Eq.  21  is  expanded  in  A,  they 
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indeed  agree  with  the  author's  calculated  Eq.  19.  The  numerical 
values  are  as  compared  in  Table  2,  and  the  results  of  the 
present  method  agree  with  the  exact  solutions  to  more  than  7 
significant  figures  when  X  £  0.8,  to  4  significant  figures  when 
X  =  0.9  and  to  within  only  1.7%  even  when  X  *  0.96. 

A  mathematically  rigorous  examination  of  the  convergence 
of  Eq.  19  and  of  the  errors  for  the  general  case  has  not  been 
done.  However,  it  is  known  from  all  the  problems  of  stress 
concentration  analyzed  by  the  author  by  the  iterative  method 
that  there  is  no  great  error  in  estimating  the  convergence  and 
error  from  the  terms  in  the  scries  actually  computed5.  Also, 
we  recognize  the  general  decrease  in  absolute  value  of  the 
coefficients  of  the  series  with  increasing  order  of  the  terms 
for  all  cases  analyzed  if  we  take  X  as  in  Eq.  16,  in  the  present 
problem.  Considering  these  two  facts,  we  may  consider  the 
present  general  method  of  solution  to  be  valid  and  accurate  as 
long  as  X  is  not  very  close  to  1,  that  is,  as  long  as  the 
circles  whose  diameters  are  the  cracks  do  not  overlap  and  are 
not  very  close  to  one  another. 

Now,  in  the  actual  computation  it  is  convenient  to 
compare  partial  sums  of  the  series  in  order  to  estimate  the 
accuracies  of  the  results.  Table  3  gives  the  partial  sums  of 
the  series  fJ  A  for  c  ■  5d  in  Figure  5.  Lines  in  the  table 
indicate  that  thereafter  there  are  no  changes  in  the  last  digit. 
The  number  of  accurate  places  for  each  X  may  be  estimated  from 
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the  behavior  of  convergence  of  the  partial  sums.  Again,  we 
see  that  the  present  method  has  practical  validity  ih  the 
range  X  £  0.94.  In  the  computation  program  the  partial  sums  of 
the  series  Eq.  19  may  also  be  found  if  necessary,  and  the  curves 
of  Figures  3  through  9  represent  analyses  of  several  typical 
cases  with  the  accuracy  just  described. 

4.  Conclusion 

A  general  method  of  solution  by  iteration  has  been 
proposed  for  the  crack  tip  stress  intensity  factors  Kj  and  K2 
for  an  infinite  plate  with  an  arbitrary  array  of  a  number  of 
linear  cracks,  distributed  in  arbitrary  positions,  with  arbitrary 
lengths  and  orientations,  subject  to  arbitrary  biaxial  tension, 
shear  stress  and  bending  moment  at  a  long  distance.  A  Fortran 
computer  program  was  made  which  directly  gives  Ki  and  K2 ,  given 
mechanical  and  geometrical  constants,  and  numerical  results 
were  obtained  for  typical  cases.  It  may  be  considered  that 
this  method  of  solution  is  valid  as  long  as  all  the  circles 
having  the  cracks  as  diameters  do  not  come  very  close  to  each 

other. 

However,  the  cases  in  which  the  cracks  are  close  to 
each  other  are  also  fracture-mechanically  important,  and  a 
general  solution  for  those  cases  are  also  desirable.  The 
author  wishes  to  report  his  attempt  when  it  is  completed.  In 
closing,  the  author  thanks  Mr.  Amakusa  of  the  Aeronautics  and 
Astronautics  Technology  Laboratory,  who  has  collaborated  in 
the  numerical  computation  and  the  production  of  the  figures. 
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Tabic  1 


Relationship  between  the  number  of  cracks  N 
and  the  order  M  of  the  series  (19) 


N 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

If. 

17 

M 

57 

57 

57 

55 

47 

41 

35 

31 

29 

25 

23 

21 

21 

19 

17 

17 

Table  2 


Tension  and  shear  force  on  a  plate  with  two  cracks 
of  equal  length  lined  up  on  a  straight  line 


imtr-MMaa  M  .wi 

fj 

fB 

X 

(19) 

(21) 

(19) 

(21) 

0.80 

1.228  935 

1.228  935 

1.081  067 

1.081  067 

0.85 

1.312  429 

1.312  439 

1.096  714 

1.096  716 

0.90 

1.453  53 

1.453  87 

1.117  38 

1.117  41 

0.92 

1.543  1 

1.544  5 

1.128  0 

1.128  1 

0.94 

1.669  6 

1.676  2 

1.140  7 

1.141  1 

0.96 

1.861 

1.893 

1.157 

1.158 

Tobin  3 


Example  (c  -  5d  in  Figure  5)  of  partial  suma 

of  the  aeries  f. 

*  i  A 
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29 
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54 

57 
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— 

— 

— 

... 

.  .. 

1.058  1 
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— 

— 

... 

... 

... 

rw' 

1.099  2 

1.099  9 

— 

— 

... 

... 

... 

0.65 

1.128  3 

1.130  1 

— 

— 

_ _ 

... 

... 

1.165  6 

1.169  5 

1.169  2 

— 

... 

m  •  m 

... 

0.75 

1.213  4 

1.221  2 

1.220  2 

— 

... 

... 

1.275  1 

1.289  8 

1.285  5 

1.285  6 

... 

... 

0.85 

1.354  8 

1.  380  4 

1.363  2 

1.364  3 

1.364  8 

1.364  7 

... 

1.458  0 

1.498  4 

1.433  4 

1.442  5 

1.448  4 

1.446  9 

1.446  0 

0.92 

1.507  5 

1.553  9 

1.445  0 

1.465  7 

1.480  5 

1.475  8 

1.473  0 

0.94 

1.562  4 

1.614  0 

1.433  1 

1.479  0 

1.515  7 

1.S01  1 

1.491  6 

0.96 

1.623  2 

1.678  1 

1.379  8 

1.480  0 

1.568  9 

1.525  1 
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EDGE  DISLOCATION  ARRAYS  AROUND  A  CRACK 
UNDER  TENSION 


F.  A.  McClintock 


Introduction 

Currently ,  one  of  the  principal  needs  in  fracture 
mechanics  is  the  stress  and  strain  field  around  a  crack  growing 
normal  to  the  direction  of  tension  (i.e.,  in  Mode  I)  in  an 
clastic-plastic  material.  Pending  an  exact  solution,  a  repre¬ 
sentation  making  use  of  dislocation  6  ays  may  be  useful  in 
shedding  light  on  the  role  played  by  residual  stress  and  on  the 
difference  between  growing  and  monotonically  loaded  cracks.  A 
continuum  solutior  has  been  found  for  shear  parallel  to  the 
leading  edge  of  the  crack  (Mode  III)  by  Chitaley  and  McClintock 
(1971) .  There  the  effect  of  residual  stress  is  especially 
important  where  the  rows  of  screw  dislocations  left  behind  an 
advancing  crack  correspond  to  incompatible  strains.  In  Mode  I, 
however,  the  strain  associated  with  trailing  rows  of  edge  dis¬ 
locations  having  Burger's  vectors  perpendicular  to  the  flank 
is  not  incompatible,  and  the  effects  of  residual  stress  may  be 
much  less. 

For  simplicity,  assume  plastic  flow  to  be  confined  to  a 
single  pair  of  planes  emanating  from  the  tip  of  the  crack.  Non- 
unifo>-  slip  along  these  planes  gives  a  dislocation  distribution, 
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as  shown  in  Pig.  1.  Crack  growth  leavoa  thss#  dislocations 
behind  in  a  wake  region.  Under  Mode  III  shear  Lhltaluy  found 
that  secondary  flow  in  the  wake  region  could  lm  n'Hjlootod.  A 
similar  assumption  will  be  made  and  later  uxainiuod  hero. 

Such  a  study  was  made  feasible  by  a  solution  obtained 
by  J.  R.  Rice  for  the  stress  at  a  point  z  near  tho  tip  of  a 
crack  due  to  an  arbitrary  edge  dislocation  at  the  point  zd 
near  the  tip  (Appendix  1).  These  results  should  also  bo 
obtained  from  the  general  anisotropic  solution  by  Atkinson  (1966), 
applied  to  a  particular  crystal  by  Heald  and  Atkinson  (1967). 

It  should  be  emphasized  that  the  dislocations  considered  here 
are  only  the  resultants  of  the  real  dislocations;  these  are 
a  discrete  model  of  the  continuum  model  of  the  real  dislocations. 

The  Yield  Condition  Under  Loading  Without  Growth 

It  turns  out  to  be  convenient  to  use  complex  variables. 

Let  the  crack  be  along  z  -  x  <  0.  Denote  the  deviatoric  part 
of  the  stress  tensor,  referred  to  the  x-y  coordinates  and 
normalized  using  the  yield  strength  in  shear,  by 


r  o  -o 

yy  xx 
2 


+  io 


A 


(l) 


Referred  to  an  r-8  coordinate  system,  the  stress  deviator  is 
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dr 


^q00~qrr 


+  io 


re 


A 


(2) 
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Normalize  the  coordinates  with  the  height  of  tho  initially 
active  plastic  zone,  II,  i 

C  -  x/lJj  n  -  h/H i ,  c  a  (x*iy)/H|  a  z/lh  (3) 

Define  a  generalized  Burgers  vector  and  normalize  it,  using 
tho  slip  height  jjj^  and  tho  yield  strain  in  shear,  k/G. 

(i  (hx+il>y)/4ni(l+v)H|  (k/G)  (4) 

For  slip  on  planes  at  an  angle  0  to  the  x  axis, 

»/ 1 S J  -  ei0  (5) 

The  stress  doviator  at  z  due  to  a  dislocation  at  *d  having  a 
Burgers  vector  0  can  be  represented  in  the  form 

cdx  “I3*  p«**d.O)  (6) 

Ihe  function  F  (f.  ,r.d,0)  will  bo  given  explicitly  in  a  later 
section. 

The  resolved  shear  stress  on  the  slip  plane  0  >  0  due 
to  a  pair  of  dislocations  at  cd,Cd  can  be  stated  from  Eqs.  2 
and  5  as 

Im(Tdr)  "  In,teji°|3|  [F(c,;d,0)  +  F(r,cd,-0)J)  (7) 

The  resolved  shear  stress  due  to  the  applied  stress  is  given 
in  terms  of  the  stress  intensity  factors  Kj  and  Kjj  for  normal 
loading  and  in-plane  shear: 


-517- 


(8a) 


Im(t 


ViKn 

4/J7  k 


With  symmetrical  loading  Ajj  *  0.  Express  K{  in  tormn  of  a 
normalised,  nominal  plastic  zone  size 


K 


(8b) 


With  K jj  •  0*  substitution  of  Eq.  8b  into  8c  gives 


lra(tar)  -  1m 


(8c) 


The  condition  for  incipient  motion  of  all  dislocations  along 
the  upper  slip  plane  is  that  the  resolved  shear  stress  due  to 
the  applied  stress  plus  that  due  to  the  dislocations  distributed 
along  the  initial  slip  plane,  with  density  per  unit  height  Rjn, 
out  to  the  limit  h/ll|  ■  1,  attain  the  normalized  value  of  unity. 


(9) 


Equation  9  is  a  Fredholm  integral  equation  of  the  first  kind 
for  the  initial  dislocation  density  |Cjn|,  having  a  solution 
for  only  one  value  of  the  normalized  plastic  zone  size  R. 

As  the  applied  stress  is  increased,  the  distributions 
of  stress  and  strain  will  remain  geometrically  similar,  in  view 
of  thu  homogeneity  of  both  the  equations  of  continuum  mechanics 
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and  the  boundary  condition*  (as  long  as  the  plastic  2ono  is 
contained  within  a  boundary  along  which  the  stress  and  strain 
nro  dcncribcd  by  Kj).  The  coordinates  of  homologous  points  will 
bo  proportional  to  Kj  in  view  of  the  constancy  of  the  parameter 
It  from  Ikj.  9.  Therefore  any  parameter  involving  scalo  providnn 
an  appropriate  criterion  for  fracture  initiation}  extent  of 
plastic  2one,  l!|/cos  0,  stress  intensity  factor  Kj,  crack  opening 
displacement  Im  t^ndn  or  stress  at  some  particular  point.  It 
is  the  condition  for  crack  growth  that  requires  an  understanding 
of  the  physical  mechanisms  involved.  First  consider  the  mechanics 
of  steady-state  growth. 

Stoady-state  Stress  and  Strain  Distributions 

The  steady-state  growth  of  a  crack,  under  a  constant 
stress  intensity  factor,  is  of  direct  interest  in  stress  corrosion 
cracking,  for  example,  but  may  also  provide  a  useful  ostimate  of 
the  onset  of  instability  in  plane  stress  Mode  X  cracking  (e.g., 
Frisch,  1958}  McClintock,  1958}  Droek,  1968)  and  longitudinal 
shear  or  Mode  III  loading  (McClintock,  1965).  Its  applicability 
to  plane  strain  Mode  X  cracking  is  one  of  the  questions  to  bo 
studied  with  the  analysis  being  developed  here. 

As  mentioned  in  the  introduction,  it  will  be  assumed  that 
the  only  active  flow  is  in  the  leading  edge  of  the  plastic  sonc. 
The  dislocation  density  is  then  only  a  function  of  the  normalized 
£  coouiinate  n.  When  n  is  a  variable  of  integration  it  will  be 
denoted  by  ny.  The  location  of  an  element  dislocation  is  thus  at 
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(10) 


<v  “  *v  +  inv 

The  total  Burgers  vector  within  an  element  of  area  depends  only 
on  ny  and  is 


d(i  -  #5n(nv)«vdnv 

The  steady-state  solution  is  obtained  by  integrating  the  con¬ 
tributions  of  the  trails  of  dislocations  left  behind  the  leading 
edge ; 


-1  ■  Im  e 


:i6  JR 


rjf*  \  |6in(nv)ll 


nycote 


F  U,CV,9) 


+  FU#Cv#-6) 


d^vdnv 


(11) 


Effect  of  a  Decohering  Region 

In  some  cases*  especially  with  multiple  cleavage  crack 
initiation  ahead  of  the  main  crack,  with  the  crazed  region 
in  polymers,  or  with  the  necking  region  in  thin  sheets  under 
plane  stress,  the  fracture  does  not  occur  abruptly,  but  rather 
as  a  rosult  of  the  gradual  loss  in  strength  of  a  thin  region 
of  localized  dilatational  flow  (Berg,  1970,  1971).  As  we  shall 
see,  the  decohering  type  of  fracture  is  likely  to  involve  either 
Blip  on  multiple  planes  or  no  plastic  flow  at  all,  adjacent  to 
the  crack.  In  neither  case  do  we  treat  it  in  this  study;  the 
discussion  is  included  simply  as  an  aid  to  physical  insight  and 
to  help  define  the  limits  of  the  slip  plane  model  of  plasticity 
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discussed  here.  in  this  model,  the  point  at  which  the  flow 
localization  begins  can  only  depend  on  the  stress  (or  strain) 
ahead  of  the  tip  of  such  a  zone.  For  a  decohering  zone  caused 
by  intermittent  cleavage  fracture,  the  beginning  of  decohering 
might  require  the  cleavage  stress  on  an  unnotched  specimen  at 
a  structural  distance  ahead  of  the  tip  of  the  decohering  region 
that  was  of  the  order  of  the  grain  size. 

Appiy  traction  boundary  conditions  at  x  <  c,  whenever 

d 

0  >  °c  at  x  -  cd  +  pg  (12) 

Within  the  decohering  region  the  normal  traction  t  will  in 
general  depend  on  the  amount  of  cracking  or  hole  growth  indi¬ 
cated  by  a  porosity  £  and  on  the  triaxiality  o  in  the  surrounding 
matrix: 


t  *  t(p,o)  (13) 

The  porosity  may  rise  suddenly  to  an  initial  value  p  at  the 

o 

beginning  of  decohesion;  thereafter  it  will  rise  with  increasing 
normal  displacement  v 

v 

p  "  po  +  j  if  <s'P)dv  (14) 

o 

Satisfaction  of  Eq.  14  relating  traction  to  displacement  may 
well  require  slip  simultaneously  on  a  number  of  parallel  planes. 
Alternatively,  it  is  possible  that  the  decohering  region  will 
so  attenuate  the  stress  concentration  that  the  surroundings  will 
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be  entirely  elastic,  as  pictured  by  Elliott  (1947),  Barenblatt 
(1964)  and  Dugdale  (1960).  In  either  case  the  problem  is  beyond 
the  scope  of  this  article,  and  is  mentioned  here  only  for  the 
sake  of  completeness. 

Transient  Growth 

Once  the  crack  has  grown  a  first  increment  6c,  the  dis¬ 
location  distribution  on  the  slip  planes  emanating  from  the 
current  crack  tip  is  found  from  Eq.  9,  modified  to  include  the 
translation  of  the  original  slip  plane  behind  the  crack  and  the 
different  height  of  the  new  slip  plane  (see  Fig.  1): 
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(15) 


In  the  limit  for  a  number  of  increments,  as  6c  0,  Eq.  15 
becomes  a  Volterra  integral  equation  of  the  second  kind,  with 
an  imbedded  Fredholm  equation  of  the  first  kind,  in  terms  of 
the  cross-derivative  of  the  dislocation  density, 


£ 
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The  Volterra  integral  equation  of  the  second  kind  was  encountered 
in  anti-plane  shear  (Mode  III)  b',  McClintock  (1958)  ,  but  there 
it  was  possible  to  assume  that  the  extent  of  the  plastic  zone  was 
nearly  constant,  as  shown  by  Chitaley  and  McClintock  (1971)  for 
the  steady  state  case. 

Fracture  Criteria 

A  criterion  for  cleavage  fracture  has  been  discussed 
above.  For  hole  growth,  Joyce  (1968)  has  found  a  blunting 
followed  by  alternating  sliding  off  on  a  microscopic  scale  that 
opens  up  a  90°  groove.  This  is  apparently  the  cause  of  the  so- 
called  "stretch  zones"  or  more  accurately  "sheared  zones"  on 
overloading  a  fatigue  crack.  Fractographs  show  that  after  a 
certain  extension,  holes  begin  to  occur  on  the  surface,  often 
abruptly,  and  the  flank  angle  becomes  much  less  than  90s.  It 
is  not  known  to  what  extent  this  transition  is  due  to  changing 
strain  distribution  due  to  a  mixture  of  strain  hardening  and 
crack  growth,  to  what  extent  it  is  due  to  more  prestrain  and 
hence  lower  ductility  of  the  material  approaching  the  current 
tip,  and  to  what  extent  it  is  due  to  strain  over  a  larger  region. 
In  crack  growth  on  a  zig-zag  path,  the  shear  cracking  leads  to 
a  rapid  crack  extension  per  unit  opening  which  may  then  decrease 
as  the  plastic  zone  becomes  skewed.  Blunting  may  occur,  and  in 
any  case,  there  is  subsequent  rapid  growth  on  the  conjugate 
plan.!,  as  sketched  in  Fig.  2.  Non-uniform  development  of  the 
crack  along  its  front  leads  to  an  average  curve.  Pending  a 
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more  complete  understanding  of  such  phenomena,  it  seems  reason¬ 
able  to  take  as  a  fracture  criterion  some  average  slope,  repre¬ 
senting  crack  growth  per  unit  crack  opening  displacement.  The 
crack  opening  at  which  the  growth  rate  accelerates  provides 
the  scale  factor  essential  to  deducing  a  stress  intensity  factor, 
and  the  relevance  of  the  crack  opening  angle  has  been  discussed 
by  NcClintock  (1969,  1969). 

With  such  a  fracture  criterion,  growth  appears  immedi¬ 
ately  on  loading.  For  simplicity  the  crack  growth  in  the 
blunting  stage  may  be  neglected,  so  all  slip  is  confined  to  a 
single  plane,  equation  9  then  applies,  with  the  condition  for 
the  beginning  of  more  rapid  growth  being  the  crack  opening 
displacement) 

2v,  -  2  »ln  0  J  |tjn|dn  (1„ 

O 

After  an  incremental  crack  growth  6c,  -  c,-c,  Bq.  15  applies 
with  the  new  plastic  zone  found  from 

,,  .  26c i  (Hj/H, 

2(v’-v,>  *  ac7$v  -  2  »ln  «  J  (17) 

o 

Very  likoly  the  critical  question  is  whether  instability  occurs 
on  the  first  growth  beyond  cj.,  i.e.,  whether  K,  drops.  If  not, 
an  integral  equation  could  be  developed  for  continued  growth. 

Tho  need  for  a  numerical  approximation  to  these  integral  equations 
is  clear. 


S24 


plqtrrti 1 1  sa tion  of  Equations 


For  numerical  solution  th#  continuous  dislocation  arrays 
can  be  separated  into  discrete  dislocations.  To  keep  track  of 
strain,  it  may  be  more  convenient  to  regard  the  flow  as  being 
duo  to  dislocation  sources  ocated  at  specific  points,  as  shown 
in  Fig.  3*  The  dislocations  produced  by  these  sources  intersect 
(and  nearly  cancel)  at  the  midpoints  of  the  segments  between  the 
sources.  The  stress  at  each  source  is  equated  to  the  yield 
strength  in  shear.  For  instanco,  for  initial  yielding,  consider 
I  |X  dislocations  with  sources  and  dislocations  respectively  at 


«1#  ] 
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Ujnax  *  ^ 
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!..x  ♦  1 

for  I-l  to 
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for  J  *  1  to  I 


max 


The  corresponding  discrete  form  of  Cq.  9  is 


-1  ■  Im  e 


♦  J**|B(J)|[Vu<I),td(J)#e) 
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♦  rUf!).CdW>,-0) 
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(19) 


Equation  19  can  be  placed  in  a  simple  matrix  form  if  the  root 
of  the  normalised  plastic  sons  size,  /R,  is  regarded  as 

| S  (1max'#‘1>  I  *  Th*n  on#  C4,n 

-1  -  AijUjl  i»j  •  1  to  1^  ♦  1  (20) 
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At  a  first  investigation,  taka  8  •  *0* ,  IMX 

For  steady  state  growth,  Eq.  11  becomes 


1,2,3,  and  10. 
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wh.r.  4V«)  •  <v  ♦  i  J/U„,  ♦  W-  Th‘  int,,r*nd  *PPr0*C"" 

—  l/l*.  »o  th.  int.9r.ti0n  can  b.  c.rrl.d  ou:  numerically  to 

d.t.naln.  th.  co.(flcl«nt.  In  .n  Ration  of  th.  form  of  *|.  20. 
arknowladu—nt 

Thl.  work  w..  c.rrl.d  out  .t  Brown  Unlver.lty  und.r  th. 
AWA  cr.nt  C  744  and  co^l.t.d  In  th.  Mat.ri.l.  n....rch  Council 
sumr  Study,  July  l»7i,  und.r  th.  Adv.ncd  R.a.arch  froj.ct. 
Ag.ncy  of  th.  D.p.ru~nt  of  IMf.na.  und.r  Contract  Ho.  DAHC15- 
71-C-0253  with  The  University  of  Michigan. 
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Figure  It  Dislocations  on  slip  planes  during  crack  growth. 
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overage  curve 


crack  length  c 


b)  Crock  profile  ond  slip  lines 

Figure  2=  Ductile  crack  propagation 
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HIGH-TEMPERATURE  STABILITY  OF  SILICON  NITRIDE 


J.  L.  Wood ,  G.  P.  Adams  t>nd  J.  L.  Margrave 


Abstract 


Within  the  last  decade#  the  level  of  interest  in  silicon 
n^r^e  as  a  practical  refractory  has  risen  meteorically  and  it 
is  somewhat  surprising  that  high-temperature  thermodynamic 
properties  are  so  poorly  known.  Fluorine  combustion  of  a  variety 
of  Si3N.*  samples  should  lead  to  a  reliable  value  for  the  standard 
heat  of  formation.  This  information,  coupled  with  available  and/ 
or  estimated  thermodynamic  functions  for  the  material  at  elevated 
temperatures,  can  be  used  to  calculate  dissociation  pressures  for 
comparison  with  experimental  data.  Mass  spectrometric  studies 
allow  one  to  demonstrate  that  only  elemental  species,  Si (g)  and 
N2  (g) ,  are  important  in  ordinary  decomposition  but  other  complex 
species  are  known— Si 2N  and  SiN— which  may  play  a  role  in  forming 
techniques  and  establishing  ultimate  use  limitations. 

Preliminary  calorimetric  results  establish  the  heat  of 
formation  of  SijN^s)  in  the  range  -200  +  10  kcal/mole,  which  im¬ 
plies  a  considerably  greater  thermal  stability  than  predicted 
from  earlier  JANAF  thermal  data. 

Pncriini  mu  Mink 
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THE  USE  OF  LEVITATION  IN  INORGANIC  SYNTHESIS* 
J.  L.  Margrave,  J.  A.  Treverton  and  P.  W.  Wilson 


Abstract 


The  possible  uses  of  levitation  as  an  inorganic  syn¬ 
thetic  technique  have  been  investigated.  It  was  found  that 
levitation  is  a  useful  method  for  the  preparation  of  all  types 
of  compounds  excepting  those  that  are  both  non-conducting  and 
non-volatile.  Observations  Buggest  that  if  the  product  may 
have  any  of  several  oxidation  states,  the  product  will  likely 
have  the  lowest  oxidation  state. 


♦Published  in  High  Temperature  Science,  Vol.  3,  (1971) 


Pracedlni  pip  blink 
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THE  USi  OF  LIMITATION  IN  INORGANIC  SYNTHESIS 
J.  L.  Margrave,  J.  A.  Trevcrton  and  P>  W.  Wilaon 


INTRODUCTION 

The  phenomenon  o£  levitation  of  conducting  and  acmi- 
conducting  materials  has  been  known  for  a  considerable  time. 
Unfortunately  the  technique  has  been  more  of  a  scientific 
curiosity  than  a  useful  approach  to  scientific  problems.  Some 
efforts  have  been  made  to  exploit  the  unique  properties  of  the 
levitation  technique,1-  but  most  of  these  were  not  very  pro- 

ductive. 

Probably  the  most  useful  work  done  to  date  has  centered 
around  measurements  of  the  physical  properties  of  the  levitated 
materials.  For  example,  emissivity  measurements  have  been  made, 
and  heats  of  fusion  of  metals  have  been  measured  using  a  combin¬ 
ation  levitation-drop  calorimeter  apparatus . J" 4  The  metal  is 
suspended  in  the  magnetic  field,  heated  and  fused  by  interaction 
with  the  field,  and  then  dropped  into  a  calorimeter.  The  ad¬ 
vantages  of  this  method  are  obvious  -  high  temperatures  are 
easily  attained,  there  is  no  container  problem,  and  one  may  use 

either  vacuum  or  controlled  atmospheres. 

There  is  one  report  in  the  literature  of  an  experiment 

that  made  limited  use  of  synthesis  with  a  levitated  metal.5 
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Cobalt  wan  suspended  in  a  field  and  CO  flowed  around  it.  Cobalt 
oxide  was  formed  and  the  equilibrium  constants  for  the  ayntem 
wore  determined,  Kxcopt  for  thin  single  experiment  there  appears 
to  have  boon  no  application  of  the  levitation  technique  for 
synthesis. 

The  advantages  of  the  levitation  technique  are  numerous. 
The  most  important  are  those  mentioned  abovoj  high  temperatures 
can  be  attained  in  an  atmosphere  of  choico,  and  sinco  the  material 
is  suspended,  there  is  no  container  to  react  or  contaminate.  It 
is  the  combination  of  these  conditions  that  should  make  the 
levitation  technique  broadly  applicable.  At  high  temperatures 
many  materials  are  very  reactive  and  finding  suitable  container* 
can  be  difficult.  Indeed,  with  molten  compounds  at  high  temper¬ 
atures,  the  container  problem  is  usually  the  limiting  factor, 
and  certain  experiments  cannot  oven  be  performed. 

Levitation  techniques  can  be  used  for  studying  various 
types  of  reactions  -  solid-solid,  solid-liquid,  liquid-liquid, 
gas-solid  or  gas  liquid  reactions.  Solid-solid  reactions  usually 
pose  no  particular  problem  using  ordinary  techniques  and  would 
not  take  full  advantage  of  tho  uniquo  qualities  of  levitation. 
Solid-liquid  reactions  or  liquid-liquid  reactions  (where  the 
liquids  arc  probably  molten  solids)  could  be  conducted  to  ad¬ 
vantage  in  a  levitating  r.f.  field.  The  mixture  of  reactants 
could  be  levitated,  heated  until  reaction  was  completed,  cooled 
and  tho  product  recovered.  Provided  tho  various  compounds 
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involved  wore  suitable  for  levitation,  these  reactions  should 
be  relatively  easy  to  carry  out.  No  experiments  on  these  two 
types  of  reaction  have  yet  been  conducted  since  it  was  felt 
that  the  most  interesting  reactions  would  be  gas-solid  or  gas- 
liguid  reactions.  In  this  field  the  range  of  reactants  is  bread 
(only  one  reactant  has  to  be  levitated)  and  so  the  range  of 
product  type  is  also  broad.  Reaction  systems  can  be  chosen  that 
are  adequately  representative  of  various  types.  It  is  impossible 
to  predict  the  course  of  these  reactions  without  experimentation. 
For  instance,  it  is  hard  to  predict  whether  reaction  will  occur 
on  the  surface  of  a  liquid,  in  the  body  of  a  liquid  or  in  the 

gas  phase  as  the  reactant  boils  off  the  hot  or  molten  levitated 
reactant. 


To  investigate  these  problems  a  number  of  gas-solid  and 
gas-liquid  reactions  were  studied.  Reactions  were  chosen  to 
represent  as  complete  a  range  as  possible.  The  aim  of  the  study 
was  to  define  the  limits  of  the  levitation  technique  and  to 
determine  those  types  of  reactions  that  could  be  most  successfully 
studied  using  levitation  techniques.  It  was  felt  that  the  best 
approach  was  to  study  reactions  that  were  already  known,  so  that 
any  advantage  the  levitation  technique  offered  would  be  obvious. 


EXPERIMENTAL  AND  RESULTS 

The  samples  were  levitated  and  heated  using  a  General 
Electric  15  KW  induction  heater  (Model  1IM15L3)  operating  at 
450  Kll , .  The  induction  heater  was  coupled  to  the  levitation 
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coil  via  a  transformer.  The  chamber  wherein  the  samples  were 
levitated  was  a  modified  500  ml  glass  bulb.  A  gas  inlet,  gas 
outlet,  and  a  quartz  pyrometer  window  were  fitted  to  this  bulb. 
Temperatures  were  measured  using  an  optical  pyrometer.  All  of 
this  equipment  has  been  described  in  detail  previously. 

Temperature  control  was  achieved  by  altering  the  atmos¬ 
phere  in  the  reaction  chamber.  In  a  pure  argon  atmosphere  the 
samples  could  be  heated  to  2700°C.  In  a  pure  helium  atmosphere 
the  samples  could  be  maintained  at  temperatures  as  low  as  300- 
400°C.  By  judiciously  mixing  argon  and  helium,  any  temperatu-e 
between  these  two  extremes  could  be  maintained. 

Metallic  samples  were  easy  to  levitate.  The  sample  was 
placed  in  a  silica  cup  on  a  pyrex  rod.  The  induction  heater 
was  turned  on  and  the  sample  was  raised  into  the  center  of  the 
coil  where  it  immediately  levitated.  Some  materials  (for 
example,  Si  and  Ge)  are  not  sufficiently  conducting  at  room 
temperature  to  levitate.  For  these  materials,  the  silica  cup 
was  lined  with  a  metal,  such  as  molybdenum.  In  the  coil,  the 
molybdenum  was  heated;  this  heated  the  sample,  and  at  uome 
temperature  (generally  around  400  or  500°C)  the  sample  became 
sufficiently  conducting  to  levitate.  The  metal  lined  silica 
cup  was  then  withdrawn. 

All  of  the  solids  and  gases  used  are  commercially  avail¬ 
able  and  were  used  without  further  purification.  Reactions  were 
examined  in  the  following  manner.  The  solid  starting  material 
(2  gn  lump)  was  levitated  in  an  argon  atmosphere;  helium  was  bled 
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into  the  reaction  chamber  to  control  the  temperature,  which 
was  generally  held  at  200G°C.  The  gaseous  reactant  was  then 
bled  into  the  chamber  and  reaction  was  allowed  to  proceed  until 
the  levitated  sample  has  been  consumed,  or  until  the  accumulated 
products  made  further  levitation  of  the  sample  impossible. 

The  products  recovered  were  of  two  types:  (1)  volatile 
compounds  that  had  condensed  onto  the  glassware  and  the  cooled 
copper  levitation  coil,  (2)  the  residue  of  the  levitated  sample. 
Sometimes  this  residue  was  unreacted  starring  material,  sometimes 
a  mixture  of  reactant  and  product,  and  sometimes  a  pure  product. 

All  of  the  products  were  identified  using  x-ray  powder 
diffraction  patterns.  Samples  were  ground,  placed  in  0.3  capil¬ 
lary  tubes  and  exposed  for  16  hrs.  in  a  conventional  camera. 

The  sample  composition  could  be  gauged  to  an  accuracy  of  about 
5%  which  was  sufficient  for  this  experiment. 

Results 

One  of  the  first  experiments  run  was  to  determine  what 
type  of  sample  can  be  levitated.  It  has  been  determined  in 
this  laboratory  that  almost  all  of  the  metals  can  be  levitated. 
The  following  compounds  were  also  levitated:  CaSi,  SiC ,  AI4C3, 
ZrB2  and  MoSiz?  O4C  would  heat  but  not  levitate.  Attempts  to 
levitate  CaF2  and  NaCl  were  unsuccessful. 

The  results  of  the  reactions  tried  are  listed  in 

Table  1. 


-538- 


t 


TABLE  1 

LEVITATION  SYNTHESES 


Reactants  _ _  Products 


Experiment 

No. 

levitated 

compound3 

gas 

recovered 

coil 

residue 

1 

Si 

air 

Si02  (100)b 

none 

2 

Si 

n2 

Si  (95)  ,  Si3N„ (5) 

Si  (95),  Si  3Ni,  (5) 

3 

Si 

NH  3 

Si(95),  Si3N„(5) 

Si  (50)  ,  Si  3Ni,  (5) 

4 

Si 

CH<, 

none 

SiC  (100) 

5 

Ge 

NH 

none 

Ge  (100) 

6 

Ge 

n2s 

GeS  (100) 

Ge  (100) 

7 

Al 

nh3 

AIN  (100) 

Al  (40),  AlN  (60) 

8 

Al 

ch4 

none 

A13C„ (100) 

9 

Ti 

ch4 

none 

TiC  (100) 

10 

Fe 

HC1 

FeCl2  (100) 

none 

The  sample  temperature  was  about  2000°C. 

The  number  in  parenthesis  represents  the  percentage  composition 
of  the  recovered  product. 
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DISCUSSION 


Generalizing  from  the  above  results  it  appears  that 
metals,  silicidos,  and  some  borides  and  carbides  are  suitable 
for  levitation.  It  is  not  easy  to  levitate  ionic  salts,  even 
at  elevated  temperatures. 

Possibly  the  most  important  result  of  this  work  is  the 
observation  that  many  reactions  occur  between  the  gas  and  the 
molten  solid,  and  not  in  the  gas  phase.  This  is  consistent  with 
the  observation  that  products  remained  in  the  residue  in  experi¬ 
ments  3,  4,  7,  8  and  9.  Had  reaction  occurred  in  the  gas  phase, 
all  of  the  product  would  have  been  recovered  from  the  colls  and 
glassware;  there  would  bo  no  product  in  the  residue.  This 
observation  is  of  importance  where  it  might  be  difficult  to 
anticipate  the  oxidation  state  of  product.  For  example,  in 
experiment  10  the  product  may  have  been  either  FeCl?  or  FeClj. 
However,  since  the  reaction  occurred  between  the  gas  and  the 
molten  iron,  the  iron  was  always  present  in  effective  excess. 
This  insures  that  the  compound  of  lower  oxidation  state  will  be 
formed,  as  confirmed  by  the  results.  It  appears  that  the  use 
of  levitation  techniques  will  not  lead  to  the  formation  of  new 
halides  of  oxidation  state  higher  than  normally  observed. 
Conversely,  however,  it  should  be  an  excellent  technique  for 
the  production  of  halides  of  lower  oxidation  state,  and  be  of 
uso  in  the  production  of  the  lower  halides  of  transition,  rare- 
earth  and  actinide  dements. 
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Tho  other  reaction*  and  rcsultn  can  be  most  easily 


classified  in  terms  of  the  physical  properties  of  the  products. 
The  reaction  of  Si  with  Nil »  (experiment  no.  3)  gave  a  product 
that  was  both  non-volatile  and  non-conducting.  Reaction  pro¬ 
ceeded  until  the  accumulation  of  product  lowered  the  conduction 
of  the  residue#  prevented  the  sample  from  heating  and  levitating# 
and  so  extinguished  the  reaction.  Levitation  is  not  an  es¬ 
pecially  useful  technique  where  the  product  ic  non-volatile  and 
non-conducting. 

Another  group  of  reactions  (no.  1,  6#  7  and  10)  gave 
products  that  were  essentially  pure.  These  were  reactions  where 
the  product  was  volatile  at  the  temperatures  used.  The  reactions 
proceeded  to  completion  in  most  cases  and  the  levitation  tech¬ 
nique  should  be  of  great  use  in  preparing  compounds  of  this  type. 

Experiment  no.  5  was  run  to  see  what  would  happen  if  the 
product  was  thermally  unstable  at  the  reaction  temperature.  It 
has  been  observed  that  products  are  often  formed  at  temperatures 
at  which  they  arc  unstable#  but  provided  they  are  quickly 
quenched#  they  can  sometimes  be  recovered,  in  this  experiment# 
however#  there  was  no  evidence  of  any  reaction.  Either  GcjNi. 
did  not  form,  or  if  it  did,  it  did  not  volatilize  before  it 
decomposed. 

The  next  group  of  successful  reactions  included  those 
in  which  the  product  was  non-volatilo  but  it  was  conducting 
(experiments  no.  4,  8,  9).  These  reactions  proceeded  to  give 
complete  conversion  to  a  pure  single  product.  This  is  another 
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fluid  whore  levitation  technique*  ehould  be  useful. 

To  summarize,  it  appears  that  levitation  is  applicable 
to  most  types  of  reaction,  except  those  where  the  product  is 
both  non-volatile  and  non-conducting.  Levitation  has  been  used 
successfully  to  prupare  compounds  that  were  either  volatile  or 
conducting.  A  result  of  consequence  in  proposing  reactions  that 
might  be  studied  using  levitation  is  the  realization  that  if  two 
products  can  be  formed,  of  different  oxidation  state  but  similar 
thermal  stability,  the  product  actually  formed  will  likely  be 
the  one  of  lower  oxidation  state.  This  occurs  because  reaction 
takes  place  in  the  presence  of  an  effective  excess  of  metal. 
Provided  these  criteria  arc  considered  when  experiments  are  pro¬ 
posed,  it  can  bo  anticipated  that  levitation  techniques  allow 
tho  preparation  of  a  number  of  compounds  not  yet  known  and  make 
the  preparation  of  some  compounds  that  are  known  much  easier. 
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HIGH-TEMPERATURE  PROPERTIES  OF  Nb  AND  Zr* 


D.  W.  Bonnell ,  J.  L.  Margrave 
and  A.  J.  Valerga 


Abstract 

Various  high-temperature  data  available  on  these  two 
important  elements  will  be  presented  including  new  data  from 
levitation  calorimetric  studies.  A  complete  set  of  thermo¬ 
dynamic  properties  will  be  presented  for  both  the  solid  and 
liquid  phases.  The  emissivities  of  both  solid  and  liquid 
phases  will  be  discussed. 


*Taken  in  part  from  the  Ph.D. 
University,  May,  1972. 


Thesis  of  D.  W.  Bonnell,  Rice 


PrecidiRK  pace  M«* 
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NIOBIUM 


In  an  effort  to  begin  filling  in  the  second  long  trans¬ 
ition  metal  period,  and  perhaps  to  obtain  an  estimate  of  the 
thermodynamic  properties  of  tantalum,  which  had  been  intractable 
even  to  the  levitation  process,  the  study  of  niobium  was  under¬ 
taken.  Coils  of  the  solenoid  design  wound  on  a  0.375  in.  form 
were  used,  and  it  was  necessary  to  tighten  the  upper  turns  to  an 
inner  diameter  of  0.250  in.  in  order  to  maintain  a  stable  melt 
of  niobium. 

The  results  of  these  determinations  are  presented  in 
Table  1.  An  extrapolation  by  Hultgren,  et  al. 1  of  solid  data 
from  1400  K  to  the  melting  point  (2750  K)  was  used  to  obtain 
AH2750  (fusion)  as  34570±240  j/mole  and  /\S2?50  (fusion)  as 
12.57±0.09  j/mole.K  (3.00  cal/mole.K).  This  can  be  compared  to 
the  estimate,  based  on  AS2q^j  (fusion)  =  9.6  j/mole. K  for  the 
heat  of  fusion  as  26415  j/mole.  The  heat  capacity  obtained  was 
40.6±1.0  j/mole. K  (9.70  cal/mole.K),  chosen  by  Hultgren.1  The 
melting  point  used  has  been  recently  determined  by  Cezairliyan2 
using  pulse  techniques. 

Drops  of  the  solid  material  were  made  in  order  to  con- 
firm  the  extrapolation.  A  helium  atmosphere  was  necessary  to 
resolidify  the  melt.  The  scatter  in  these  data  was  higher  than 
the  liquid,  presumably  due  to  thermal  gradients  in  the  sample, 
even  though  the  sample  was  solidified  from  a  molten  sample  before 
the  drop.  The  values  derived  for  enthalpy  do,  however,  agree  in 
substance  with  the  extrapolated  values. 


ZIRCONIUM 


In  undertaking  the  study  of  zirconium,  several  factors 
were  important.  From  the  experimental  standpoint,  the  ease  with 
which  zirconium  forms  both  nitrides  and  oxides  required  a  purifi¬ 
cation  train  totally  eliminating  even  trace  amounts  of  nitrogen 
and  oxygen.  An  initial  purification  train  element  consisting  of 
a  glass  tube  packed  with  clean  lithium  chips  was  not  satisfactory 
and  it  was  necessary  to  build  a  stainless  steel  trap  holding 
calcium  turnings  heated  to  600°C  in  order  to  scavenge  nitrogen 
from  the  argon  gas.  Four  to  six  hour  flush  times  were  necessary 
to  purge  the  levitation  chamber.  Since  both  oxides  and  nitrides 
of  zirconium  are  exceptionally  refr-ictory,  and  their  vapor 
pressures  are  even  lower  than  the  metal,  back-diffusion  of  atmos¬ 
pheric  nitrogen  through  minute  leakage  paths  forced  the  adoption 
of  stringent  measures  to  seal  the  system. 

The  coils  used  were  of  the  solenoid  design,  with  a  very 
small  (*-0.20  in.)  gap  between  upper  and  lower  turns,  which  were 
both  would  on  the  0.375  in.  form.  The  chemically  interesting 
factor  in  this  system  was  the  extremely  long  temperature  range 
which  could  be  studied.  Normally,  if  the  power  requirement  can 
be  met,  the  upper  temperature  limit  is  set  by  the  vapor  pressure 
of  the  metal.  When  the  vapor  pressure  of  the  substance  in 
question  rises  much  above  1  *  10“''  atm.,  the  physical  quantity 
of  material  evolved  per  unit  time  is  sufficient  to  obscure  the 
pyrometer  sighting  path.  Zirconium  has  a  liquid  range  of  more 
than  1000°C  for  which  the  vapor  pressure  is  less  than  1  *  10"*\ 
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The  obvious  trend  in  all  the  systems  studied  to  this  point  was 
that,  to  experimental  accuracy,  the  heat  capacity  of  the  liquid 
phase  was  constant.  The  longer  base  line  provided  by  this  large 
liquid  range  was  expected  to  provide  a  good  test  of  the  linearity 
of  the  enthalpy  function. 

Table  2  presents  the  results  obtained  so  far  in  this 
study.1  The  linearity  of  the  fit  to  the  data  for  the  range  2128  K 
to  2839  K,  a  span  of  more  than  700  degrees,  is  representative  of 
the  best  work  obtained  from  this  apparatus.  The  inclusion  of  the 
three  higher  points  increases  the  average  error  by  more  than  a 
factor  of  2.  It  seems  quite  unlikely  that  this  is  merely  random 
error  for  two  reasons.  First,  the  minimum  deviation  of  the  higher 
points  is  nearly  four  times  the  average  and  the  maximum  deviation 
almost  ten  times  the  average.  For  purely  statistical  reasons, 
this  seems  unlikely.  Second,  all  of  the  normally  expected  system¬ 
atic  errors  tend  to  cause  data  points  to  fall  below  the  line.  For 
instance,  oxidation  effects  lead  to  higher  surface  emissivities 
which  would  give  a  higher  apparent  brightness  temperature  based 
on  the  assumed  emissivity  for  the  pure  metal;  any  loss  of  material, 
or  any  loss  of  energy  during  the  drop  would  produce  an  anomalously 
low  enthalpy.  Only  a  failure  of  the  assumption  that  emissivity 
is  a  constant  for  liquids,  or  the  appearance  of  a  temperature 
dependence  in  Cp  would  seem  to  explain  the  trend  of  the  upper 
data  points. 

An  attempt  to  treat  the  possible  temperature  dependence 
of  Cp  was  made  by  fitting  the  trial  functions  of  Table  3. 
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Equations  1,  2,  and  3  of  this  fit  are  the  standard  forms  used 
to  treat  solid  data.  These  functions  followed  the  data  no 
better  than  could  be  expected  from  the  addition  of  another  degree 
of  freedom.  In  an  attempt  to  represent  an  interpolation  formula, 
deviation  plots  following  the  form  of  equations  4  through  7  were 
investigated.  None  of  these  forms  followed  the  data,  with  the 
exception  of  equation  7  with  n  =  6.  Table  4  shows  the  effect  of 
this  interpolation  formula.  It  should  be  emphasized  that  this 
formula  behaves  quite  badly  beyond  the  limits  of  the  data,  and 
is  to  be  used  only  for  interpolation  purposes. 

Table  5  shows  the  change  in  emissivity  necessary  to 
account  for  the  apparent  curvature.  This  effect,  also,  is  not 
a  simple  relationship  and  the  necessity  for  gathering  more  data 
to  characterize  the  effects  observed  is  obvious. 
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TABLE  1 


ENTHALPY  INCREMENTS  FOR  LIQUID  NIOBIUM 


EXPERIMENTAL 


CALCULATED 


Temperature 

Mass 

<HT  -  H298> 

<«T  -  «298> 

Dev. 

K 

gm 

j/mole 

j/mole 

% 

2738 

1.1363 

108379 

107740 

0.59 

2746 

1.7781 

107232 

108064 

-0.77 

2759 

1.6678 

108520 

108592 

-0.07 

2802 

1.5317 

109995 

110337 

-0.31 

2812 

1.6401 

111865 

110743 

1.01 

2830 

1.6965 

110690 

111474 

-0.70 

2888 

1.8309 

113793 

113828 

0.03 

2890 

1.8451 

114550 

113909 

0.56 

2901 

1.0195 

114476 

114356 

-0.11 

2986 

1.7886 

118525 

117806 

0.61 

2989 

1.5379 

117659 

117928 

-0.23 

3011 

1.9678 

117767 

118821 

-0.89 

3101 

1.7506 

122031 

122474 

-0.36 

3141 

1.5926 

124638 

124097 

0.44 

3292 

2.0276 

130275 

130226 

0.04 

U4  _  UO 

"T  n298 

S 

Cp  (T-Tm)  +  H  (1  ,Tm) 

Average  Deviation 

0.45% 

c 

a 

40. 6±1. 0  j/mole-K 

Standard  Deviation 

617  j/mole 

P 

(9.70+0.24  cal/mole-K) 

Temperature  Range 

554  K 

H (l,Tm) 

108227±240  j/mole 

Drop  Distance 

26  cm 

Tm 

2750  K 

Spectral  Emissivity 

0.317 

AH* 

a 

34570+240  j/mole 

Total  Emissivity 

0.33 

AS* 

= 

12.57±0.09  j/mole 

r 

(3.00  cal/mole-K) 

p 

= 

7.6  gm/cm3 

M 

a 

92.91  gm/mole 
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TABLE  2 


ZIRCONIUM  LIQUID  ENTHALPY  INCREMENTS 
-LINEAR  FIT- 


Temperature 

K 


X*  2233 
Q  2353 
H  2376 
Y*  2425 
L  2527 
R  2575 
0  2670 

M  2688 
S  2720 
K  2817 
J  2839 


EXPERIMENTAL 

Mass 


0.6190 

0.3967 

0.4872 

0.9536 

0.7188 

0.4290 

0.9553 

0.9034 

0.8208 

0.9776 

1.0448 


U  2933  1.1672 
T  2997  1.2760 
V  3048  1.4742 


(H*  -  H298> 
j /mole 


calculated 

(H®  -  H£g8)  Dev. 
j/mole  % 


78416 

84070 

85570 

87926 

91519 

93648 

97227 

97880 

99078 

102778 

103816 


79347 

84236 

85173 

87170 

91326 

93281 

97152 

97885 

99189 

103141 

104038 


-1.17 

-0.20 

0.47 

0.87 

0.21 

0.39 

0.08 

-0.01 

-0.11 

-0.34 

-0.21 


Average  Deviation  0.38% 


109222 

112657 

116381 


107867  1.24 
110475  1.94 
112552  3.29 


H 


o 

T 


H(1'V 


m 


Cp  ^T“Tm^  +  Standard  Deviation  436  j/mole 

(9:74?/J/^i^le.K)TemPeratUre  Range  (fit)  606  K 


-  —  (liv  4.  C 

750691320  j/mole 

Emissivity  (6450  A)  0.318 

2128  K 

Total  Emissivity  0.30 

14652±320  j/mole 

Density  5.84  gm/cm3 

6.8910.15  j/mole-K 

(1.65  cal/mole-K) 

M  =  91.22 
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TABLE  3 


TRIAL  FUNCTIONS  FOR  NON-LINEAR  FIT  TO 
ZIRCONIUM  LIQUID  ENTHALPY  INCREMENTS 

H.J,  -  H2*»  -  a  +  bAT  +  cAT2  (1) 

H^,  -  il29a  -  a  +  bAT  +  cAT2  +  dAT  (2) 

Hy  -  H29a  -  a  +  bAT  +  cAT2  +  dAT-1  (3) 

Hy  -  H2t;a  *  a*  +  bAT  +  cAT2  (4) 

HT  -  H2j8  “  a'  +  b'AT  +  cekAT  (5) 

Hy  -  H2  9  8  -  a'  +  b'AT  +  cAT2  (6) 

Hy  -  H  2  9  •  «  a'  +  b'AT  +  cATN;  N  *  4,  5,  6,  8  (7) 

AT  -  T  -  T 

in 

Prime  indicates  value  from  linear  fit. 
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TABLE  4 


T 

_ K_ 

2233 
2353 
2376 
2425 
2527 
2575 
2670 
2688 
27  20 
2817 
2839 
2933 
2997 
3048 


H298  = 
40.7 


ZIRCONIUM  LIQUID 


INTERPOLATION  FORMULA 


(T-T  ) 
m' 

OBS 

**T  “  H298 

3 /mole 

CALC 

“  H298 
j/mole 

Dev. 

% 

C 

P 

1  /m—  V 

105 

78416 

79347 

-1.17 

J  /  ill  A 

40.7 

225 

84070 

84236 

-0.20 

40.  7 

248 

85570 

85173 

0.47 

40.8 

297 

87926 

87170 

0.87 

40.8 

399 

91519 

91350 

0.19 

41.1 

447 

93648 

93327 

0.34 

41.3 

542 

97227 

97298 

0.08 

42.6 

560 

97880 

98065 

-0.19 

42.7 

592 

99078 

99436 

-0.36 

43.5 

689 

102778 

103760 

-0.95 

46.4 

71.1 

103816 

104787 

-0.93 

47.3 

805 

109222 

109453 

-0.21 

52.7 

869 

112657 

112981 

-0.29 

58.2 

920 

116381 

116075 

0.26 

64.0 

75069±320  + 


(40. 710. 7) x  (T-T 

m 


+  (5. 82±0. 47x10” 15)x  (T-T 

m 


r-T  ) 
m 


+  3.49 


10" 14  (T-T  ) 
in 


Average  Deviation  0.47% 


TABLE  5 

Emissivities  of  Zirconium  ncor  3000  K  if  Cn  is  constant 


TRUE  TEMPERATURE  (K) 


PYROLYSIS  OF  POLYMERS  AND 
SIMPLE  ORGANIC  MOLECULES* 


J.  L.  Margrave 


Abstract 

The  techniques  of  mass  spectrometry  and  of  matrix- 
isolation  infrared  spectroscopy  may  be  combined  to  yield 
meaningful  descriptions  of  the  species  which  are  formed  in 
the  primary  mechanistic  steps  of  pyrolysis.  Decomposition 
of  the  hydrides  of  boron,  carbon  and  silicon  establish  the 
presence  of  species  like  MH,  MH2  and  M2H  as  well  as  the 
expected  MH3,  MH4,  M2H6,  etc.  Mass  spectrometric  character¬ 
ization  then  facilitates  the  interpretation  of  infrared  spectra 
of  such  pyrolysis  intermediates  when  they  are  frozen  out  on 
surfaces  at  liquid  helium  temperatures. 

Recent  experimental  work  at  Rice  has  identified  species 
like  Si  (CH 3)2,  CC12,  CCI3,  CCl2Br ,  etc.  Such  studies  are  needed 
to  allow  reliable  interpretation  of  pyrolysis  data  on  hydro¬ 
carbon  and  other  more  complex  polymers. 

♦Published,  please  see  the  following: 

1.  A.  K.  Maltsev,  0.  M.  Nefedov,  R.  H.  Hauge,  J.  L.  Margrave 
and  D.  Seyferth,  J.  Phys.  Chem.  T5_,  3984  (1971). 

2.  A.  K.  Maltsev.  R.  G.  Mikaelian,  0.  M.  Nefedov,  R.  H.  Hauge 
and  J.  L.  Margrave,  Proc.  Natl.  Acad.  USA  68,  3238  (1971). 
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THE  EMISSIVITIES  OF  LIQUID  METALS 
AI  THEIR  FUSION  TEMPERATURES 


D.  W.  Bonnell,  J.  A.  Treverton,  A.  J.  Valerga 
and  J.  L.  Margrave 


Abstract 

A  survey  of  the  literature  through  1969  shows  an  almost 
total  lack  of  experimental  emissivity  data  for  metals  in  the 
liquid  state.  The  emissivities  for  several  transition  metals 
and  various  other  metals  and  compounds  in  the  liquid  state  at 
their  fusion  temperatures  have  been  determined  in  this  laboratory. 
The  technique  used  involves  electromagnetic  levitation-induction 
heating  of  the  materials  in  an  inert  atmosphere.  The  brightness 
temperature  of  the  liquid  phase  of  the  material  is  measured  as 
the  material  is  heated  through  fusion.  Given  a  reliable  value 
of  the  fusion  temperature,  which  is  available  for  most  pure 
substances,  one  may  readily  calculate  an  emissivity  for  the 
liquid  phase  at  the  fusion  temperature.  Even  in  cases  where 
melting  points  are  poorly  known,  the  brightness  temperatures  are 
unique  parameters,  independent  of  the  temperature  scale  and 
measured  for  a  chemically  defined  system  at  a  fixed  point.  One 
may  recalculate  better  emissivities  as  better  melting  point  data 
become  available. 

Preceding  page  blink 
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THE  EMISSIVITIES  OF  LIQUID  METALS 
AT  THEIR  FUSION  TEMPERATURES 

D.  W.  Bonne 11 ,  J.  A.  Treverton,  A.  J.  Valerga 
and  J.  L.  Margrave 


Introduction 

The  use  of  brightness  temperature  as  a  measure  of  tem¬ 
perature  is  subject  to  an  evaluation  of  the  surface  emissivity 
of  the  substance  in  question.  The  ability  to  generate  black- 
body  conditions  in  most  research  applications  has  in  the  past 
made  brightness  temperature  a  secondary  value,  normally  used 
only  for  monitoring  purposes.  However,  when  one  deals  with  re¬ 
fractory  metals,  and  wishes  thermodynamic  quality  data  concerning 
the  liquid  phase,  blackbody  conditions  are  no  longer  easily  ob¬ 
tainable,  especially  if  the  container  problem  is  also  to  be 
avoided.  Application  of  other  methods  of  non-contact  temperature 
measurement,  such  as  two  color  pyrometry  are  less  convenient  and 
of  dubious  advantage  when  good  spectral  emissivity  date  are 

available . 

Interest  in  emissivity  measurements  has  been  sporadic, 
the  primary  literature  sources  of  data  being  a  review  by  Burgess 
and  Waltenberg  in  19151,  and  a  collection  of  NBS  measurements 
by  Roeser  and  Wenzel". 

The  recent  advent  of  direct  applications  of  electro¬ 
magnetic  levitation  to  drop  calorimetry3  and  its  immediate  success 
have  brought  the  temperature  measurement  problem  to  the  fore. 
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The  primary  source  of  error  for  property  measurements  in  the 
2000  to  3000  K  temperature  range  is  now  almost  exclusively  the 
lack  of  accuracy  in  temperature  measurements. 

For  this  research,  a  direct  attempt  to  measure  brightness 
temperatures  at  a  standard  wavelength  for  a  variety  of  liquid 
metals  was  undertaken.  If  the  brightness  temperature  is  monitored 
as  a  function  of  time  for  a  substance  being  heated  during  levi¬ 
tation,  it  is  observed  that  at  the  point  of  fusion,  the  brightness 
temperature  remains  almost  constant  for  a  relatively  long  time. 
Experiments  for  several  substances  including  copper  were  run  at 
various  heating  rates,  varying  by  nearly  an  order  of  magnitude, 
and  the  final  value  of  emissivity  showed  no  correlation  with 
heating  rate  in  any  case.  This  corresponds  well  with  other  ob¬ 
servations  on  substances  subjected  to  constant  heating,  i.e., 
the  phase  change  occurs  at  constant  temperature.  By  using  a 
recording  pyrometer  ar.d  noting  the  brightness  temperature  at  the 
end  of  this  plateau,  the  emissivity  for  the  liquid  at  its  fusion 
temperature  can  be  calculated  immediately  from  the  Wien  equation. 

The  advantages  of  levitation  as  a  heating  device  have 
been  pointed  out3  previously.  In  this  application  the  primary 
advantage  is  the  ability  to  use  a  relatively  massive  sample, 
corresponding  to  sizes  of  surfaces  normally  under  consideration 
in  laboratory-scale  experiments.  With  no  container  to  interfere, 
the  material  is  unaltered  by  its  surroundings. 
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Apparatus 


The  levitation  apparatus  has  been  described  in  detail 
elsewhere3.  The  primary  addition  to  the  experimental  arrange¬ 
ment  is  the  Leeds  and  Northrup  automatic  recording  pyrometer 
Model  8641-1,  Serial  #1720818.  The  automatic  pyrometer  operates 
at  an  effective  wavelength  of  6450  Angstroms  with  a  band  width 

O 

of  approximately  350  A.  Basic  response  time  is  about  1  sec.  for 
0.5°C  resolution  at  1063°C.  The  automatic  pyrometer  was  cali¬ 
brated  by  comparison  against  an  L  &  N  Model  8622-C  manual  pyro¬ 
meter  (Serial  #1077349,  calibrated  by  L  &  N  by  comparison  with 
NBS  Test  No.  2015714  reference  standard,  report  dated  9  Dec., 
1970).  Both  pyrometers  were  sighted  alternatively  on  a  G.E.  20A 
pyrometer  lamp.  Ten  calibration  points  across  the  medium  range 
of  the  automatic  machine  were  determined  individually  by  each  of 
two  observers  and  a  least  squares  line  fitted  to  the  deviations. 
The  RMS  error  of  the  line  is  less  than  2  degrees. 

The  technique  used  for  measurement  was  generally  the  same 
for  all  samples.  The  flask  surrounding  the  levitation  coil  was 
flushed  for  5  to  10  minutes  with  pure  argon  which  had  been  dried 
by  passing  through  a  magnesium  perchlorate  column  and  then  de- 
oxygenated  by  passing  over  a  19"  long  column  of  fine  copper 
turnings  heated  to  350°C.  In  cases  such  as  copper  and  nickel 
where  surface  coatings  were  noticed,  the  materials  were  cleaned 
with  1:1  diluted  reagent  hydrochloric  acid,  then  rinsed  with 
deionized  water  and  dried  with  acetone.  The  sample  was  then 
immediately  suspended  in  the  coil  and  power  applied.  The  auto- 
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matic  pytometer  was  used  to  follow  the  passage  through  fusion, 
a  process  which  took  more  than  10  seconds  in  all  cases.  Each 
measurement  was  made  with  a  fresh  sample  and  every  recovered 

sample  showed  a  surface  at  least  as  bright  as  the  material  before 
levitation. 

The  samples  used  were  supplied  in  massive  form  (either 
1/4  rod,  platelets,  or  shot).  Table  I  lists  sources  and  purity. 

all  cases  where  more  than  one  source  was  used,  there  was  no 
difference  in  results  attributable  to  source. 

Results 

The  results  of  this  investigation  are  presented  in  Table  I. 
The  uncertainties  given  are  in  terms  of  precision  of  measurement. 

Th  accuracy  of  calibration  of  pyrometers  in  general  can  con¬ 
tribute  an  error  of  ±5  -  7K.  It  is  expected  that  the  higher  pre¬ 
cision  of  automatic  pyrometers  will  soon  allow  a  much  needed 
improvement  in  this  figure.  The  fusion  temperatures  reported  are 
either  those  of  Hultgren,  Orr,  and  Kelley5,  modified  to  agree 
with  the  International  Practical  Temperature  Scale  of  19686  or 
values  which  are  secondary  reference  points  of  IPTS-68.  The 
brightness  temperature  is  related  to  the  emissivity  through  the 
Wien  equation7.  At  the  temperatures  involved  in  this  work,  the 
error  introduced  by  this  approximation  to  Plank's  law  is  less 
than  0.1%.  Wien's  law  gives,  for  a  body  of  emissivity  ,  the 
intensity  of  radiation  at  some  wavelength  A, 


TABLE  I 


Substance 


Fusion  Brightness  Temp. 
Temp.  of  Liq.  at 

00  Fusion  (K) 


Emissivity  No.  of 
(X=0.645u)  Determin¬ 
ations 


Aga  (99.999%) 

1235f 

1085 

± 

1 

Coa  (99.95%) 

1767f 

1626 

± 

2 

Cra  (99.95%, 

2133 

1891 

i 

3 

99.997%) 

Cu  (99.9%) 

1357. 6f 

1216 

i 

2 

Fea  (99.95%) 

1811 

1671 

± 

1 

Moa  (99.9%) 

2895 

2510 

± 

4 

Nba ' C  (99.9%, 

2744 

2405 

± 

2 

99.8%) 

Nid  (99.8%) 

1728f 

1597 

± 

2 

Pda  (99.95%) 

1827f 

1684 

± 

2 

Taa  (99.9%) 

3256 

2779 

i 

3 

Tia  (99.95%) 

1946 

1814 

± 

1 

Ve  (99.9%) 

2178 

1973 

± 

2 

Zrc  (99.9%, 

2128 

1918 

± 

2 

99.8%) 

aA.  D.  Mackay, 

Inc. 

bBaker  and  Adamson  Reagent  Chemicals 
cAlfa  Inorganics,  Inc. 
dJ .  T.  Baker  Chemical  Co. 


0.082 

±  .001 

12 

0.335 

±  .006 

6 

0.262 

±  .005 

9 

0.147 

i  .010 

7 

0.357 

±  .003 

3 

0.306 

±  .004 

8 

0.317 

t  .002 

9 

0.346 

i  .005 

11 

0.354 

±  .005 

5 

0.309 

i  .003 

2 

0.434 

±  .003 

16 

0.343 

±  .004 

10 

0.318 

i  .004 

8 

eResearch  Organic/Inorganic  Chemical  Corp. 

Secondary  reference  points  on  the  IPTS-68.  The  other  fusion 
temperatures  are  taken  from  reference  4  by  Hultgren,  Orr  and 
Kelley  and  are  adjusted  to  the  IPTS-68. 
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The  relation  between  brightness  temperature,  T_,  and  true  tern- 
perature  T  is  then 


i  1  Xln  EX 
T  "  Tb  "  C2 


(2) 


where  C?  is  1.4388  cm  K  (IPTS-68)  and  A  is  6.45  *  10“''  cm.  If 
(2)  is  solved  for  , 


(3) 


is  obtained.  Taking  differentials  of  both  sides  yields 

dE> -  H  ■  til)  {■  d?B  •  <4) 

Dividing  (4)  by  (3)  gives 


where  C2/A  =  22310  K. 

Use  of  equation  (5)  shows  the  extreme  sensitivity  of 
emissivity  values  to  small  errors  in  brightness  temperatures. 

For  example,  in  the  neighborhood  of  2000  K,  if  the  brightness 
temperature  is  in  error  by  10  K  (a  typical  value) ,  and  if  the 
nominal  emissivity  is  0.30,  dE^  =  .017,  an  error  of  more  than 
5% .  Thus,  the  opposite  side  of  the  coin  to  temperature  measure¬ 
ment  being  relatively  insensitive  to  errors  in  emissivity  is 
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that  emissivity  values  derived  from  temperature  measurements 
are  very  sensitive  to  inaccuracies  in  brightness  temperature. 

Discussion 

These  data  were  specifically  produced  at  a  known  cali¬ 
bration  point  in  order  to  provide  stable  reference  values  in¬ 
dependent  of  the  normal  problems  of  temperature  stability.  For 
this  reason,  the  reported  brightness  temperature  is  the  funda¬ 
mental  measurement  and  is  specific  to  the  fusion  temperature  of 
the  metal  under  one  atmosphere  of  inert  gas. 

Reported  errors  in  brightness  temperature  correspond  to 
less  than  0.2  mv  deviation  in  the  measured  variable  recorded  on 
a  L  &  N  Speedomax  H  6 *3 "  chart  recorder  equipped  with  Azar  uni¬ 
versal  range  and  span  device.  The  span  used  for  all  measurements 
was  2  mv  full  scale  and  selected  points  across  all  ranges  at  this 
span  were  calibrated  against  a  L  &  N  Type  K-3  potentiometer. 
Calibration  corrections  were  of  the  order  of  .07  -  .10  mv  in  the 
ranges  of  interest  and  were  applied. 

The  results  of  this  research  are  compared  with  literature 
values  in  Table  II.  Agreement  is  reasonable  with  few  exceptions. 
The  most  notable  of  these  exceptions  are  titanium  and  chromium. 
Reference  to  oxide  emissivity  data  of  Roeser  and  Wenzel9  shows 
the  emissivities  of  the  oxides  of  these  metals  to  be  considerably 
higher  than  the  clean  surface.  Titanium  is  very  reactive  at 
higher  temperatures,  showing  an  ability  to  oxidize  even  in  the 
presence  of  trace  amounts  of  carbon  dioxide.  Observations  of 
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TABLE  II 


Substance 


Ag 

Co 

Cr 

Cu 

Fe 

Mo 

Nb 

Ni 

Pd 

Ta 

Ti 

V 

Zr 


a Reference  2 
bReference  11 
cReference  10 


Emissivity 

This  Research  Literature 


0.082  i  .001 
0.335  t  .006 
0.262  i  .005 
0.147  i  .010 
0.357  ±  .003 
0.306  i  .004 
0.317  i  .002 
0.346  i  .005 
0.354  i  .005 
0.309  t  .003 
0.434  ±  .003 
0.343  t  .004 
0.318  t  .004 


0,072a 

0.37a 

0.39a 

0. 150a;  0.148b 

0.3653 

0.40a 

0.40a 

0.37a 

0.37a 

0 . 398C 

0.653 

0 . 32a 

0 . 30a 
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chromium  after  levitation  melting  and  dropping  on  a  cold  plate 
showed  the  bulk  material  to  discolor  easily  in  open  air,  pre¬ 
sumably  oxidation.  The  conclusion  to  be  drawn  is  that  probably 
the  earlier  measurements  were  of  a  surface  slightly  contaminated 
with  oxide,  resulting  in  a  higher  brightness  temperature. 

The  omissivity  value  from  Treverton  and  Margrave*  for 
molybdenum  has  changed  because  recalibration  of  the  automatic 
pyrometer  showed  a  slight  but  significant  deviation  from  agree- 

merit  with  IPTS-68. 

Measurements  of  niobium  and  tantalum  are  at  temperatures 
high  enough  that  questions  of  equilibrium  for  the  melting  point 
and  actual  true  measured  values  at  other  temperatures  must  be  a 
factor  in  ott.  r  measurements  (1,  2,  10).  The  levitation  technique 
allows  a  reasonable  time  for  equilibration  at  the  melting  point. 

ft  is  to  be  noted  that  for  almost  all  the  materials  re¬ 
ported  on  here,  no  sign  of  change  in  brightness  temperature  was 
observed  during  the  melting  process.  The  single  exception  was 
copper.  Even  in  the  case  of  copper,  however,  the  observed  effect 
was  not  a  change  in  emissivity  from  .10  to  .15,  as  reported 
earlier.  The  current  observations  showed  the  surface  to  super¬ 
heat  slightly,  settling  back  smoothly  to  a  lower  brightness  tem¬ 
perature  which  coincided  with  the  visual  observation  of  the  entire 
sample  collapsing  xnto  the  shape  forced  by  the  surrounding  UP 
field.  For  this  reason,  the  stated  deviation  in  precision  was 
reported  as  twice  the  calculated  standard  deviation. 
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Conclusions 


Application  of  the  levitation  phenomenon  to  the  measure¬ 
ment  of  surface  brightness  shows  distinct  advantages  and  mono¬ 
chromatic  emissivities  for  several  liquid  metals  have  been 
determined  at  their  respective  melting  points  with  a  450  KHz 
generator  and  levitation  coil.  The  possible  variation  of  emis- 
sivity  as  a  function  of  phase  is  still  subjected  to  question. 
Continuing  work  at  various  levitation  frequencies  where  the  skin 
depth  is  much  larger  is  in  progress. 
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HEATS  OF  COMBUSTION  OF  CARBONS  AND  GRAPHITES 


J.  L.  Wood  and  J.  L.  Margrave 


Abstract 


A  measure  of  the  extent  of  conversion  to  "ideal"  graphite 
can  be  obtained  by  high-precision  combustion  calorimetry  on  var¬ 
ious  samples  of  vitreous  carbon,  pyrographites ,  etc.  It  appears 
certain  that  a  new  standard  reference  state  graphite  has  been 
identified  and  that  the  heat  of  formation  of  C02  (ideal  gas) 
should  be 

AH^  =  -94,042.8  i  5.9  cal/mole 

Samples  of  various  carbons  are  being  sought  from  Professor 
E.  Hucke  and  from  other  sources  for  combustion  in  a  high-precision 
calorimeter,  in  order  to  place  each  on  a  relative  energy  scale. 
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THE  Li/CFX  BATTERY  AND  ITS  CHARACTERISTICS 


R.  B.  Badachhape,  J.  L.  Wood,  A.  J.  Valerga 
and  J.  L.  Margrave 


Abstract 

Current  approaches  to  the  construction,  characteristics 
and  other  aspects  of  the  Li/CFX  battery  system  are  being  re¬ 
viewed.  Under  a  new  contract  with  the  U.  S.  Signal  Corps  at 
Fort  Monmouth,  New  Jersey,  Professor  Margrave  and  his  associates 
are  determining  basic  thermodynamic  parameters  for  CFX  of  various 
stoichiometries.  New  techniques  for  forming  rugged  electrodes 
are  also  being  investigated. 


Preceding  page  blank 
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STRESS  WAVES  DUE  TO  A  SHORT  DURATION  PRESSURE  PULSE 
ON  A  SEMI- INFINITE  BODY  OF  LAYERED  COMPOSITE 

J.  A.  Krumhansl  and  E.  U.  Lee 


Abstract 


The  Fourier-Floquet  theory  for  wave  propagation  in  a 
continuum  of  composite  material  with  a  periodic  structure  has 
been  developed  to  represent  transient  solutions.  For  a  layered 
composite  half-space  with  displacement  and  wave  propagation 
normal  to  the  layers,  waves  generated  by  impact,  or  pressure 
applied  on  the  surface  for  a  limited  duration,  can  be  treated 
by  the  same  theory.  The  initial  motion  is  analyzed  by  following 
the  reflection  and  transmission  of  the  resulting  plane  waves, 
for  example,  by  the  method  of  characteristics,  until  the  force 
or  contact  ceases;  and  this  solution  then  provides  initial  con¬ 
ditions  for  a  Fourier-Floquet  expansion  for  the  subsequent 
motion.  This  form  may  be  the  most  convenient  for  investigating 
the  far  field  solution  for  "head  of  the  wave"  contributions. 
Waves  generated  by  plate  slap  can  be  investigated  in  this  way. 


Preceding  page  blank 
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STRESS  WAVES  DUE  TO  A  SHORT  DURATION  PRESSURE  PULSE 
ON  A  SEMI- INFINITE  BODY  OF  LAYERED  COMPOSITE 


j.  A.  Krumhansl  and  E.  H.  Leo 


Introduction 

It  has  been  pointed  out  by  Krumhansl1  that  Floquet 
solutions2  for  waves  in  infinitely  extended  periodic  elastic 
composites  form  a  complete  orthonormal  function  ^et,  which  can 
be  utilized  to  evaluate  the  propagation  of  transients  by  means 
of  Fourier- Floquet  integrals.  The  case  of  an  impulsive  delta- 
function  initial  velocity  distribution  was  presented',  where 
the  impulse  occurred  on  a  plane  of  symmetry  of  a  one-dimensional 
lattice  of  equally  spaced  reinforcing  plates,  the  displacement 
and  propagation  direction  being  normal  to  the  plates.  This 
formulation  permits  asymptotic  evaluation  of  the  far  field  com¬ 
prising  "head  of  the  wave"  components  which  yield  the  major 
contributions  of  the  wave  effect  transmitted  through  the  com¬ 
posite.  Since  transient  loading  of  a  composite  commonly  occurs 
on  an  external  surface,  we  exploit  the  fact  that  waves  generated 
by  such  a  time  dependent  short  duration  pressure  distribution  on 
a  surface  can  be  analysed  within  the  framework  of  the  infinitely 
extended  body  theory1  when  the  surface  is  a  plane  of  symmetry 
of  the  lattice.  This  is  achieved  by  first  considering  plane 
wave  propatation  with  reflection  and  transmission  at  the  matrix- 
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This 


reinforcement  interfaces  for  the  half  space,  say,  x  >  0. 
is  easy  to  evaluate  for  the  short  duration  of  load  application, 
but  would  be  cumbersome  for  long  times  because  of  the  multiplicity 
of  reflections  and  transmissions  which  continue  to  occur.  If  a 
tensile  variation  of  surface  traction,  the  negative  of  the  pres¬ 
sure  pulse,  is  applied  to  the  half-space  x  <  0,  the  surface 
velocity  at  any  time  will  be  the  same  for  both  half-spaces  by 
symmetry  and  the  linearity  of  the  problem.  Thus  the  two  half¬ 
space  surfaces  will  move  with  the  same  velocity  and  displacement. 
They  can  thus  be  considered  to  be  in  contact  and  welded  together 
without  modifying  the  stress  wave  distribution  in  either,  so  that 
the  displacement  and  velocity  at  any  instant  after  pressure 
cessation  can  be  used  as  initial  values  for  the  full  space,  in 
order  to  evaluate  the  subsequent  motion s  Since  surface  forces 
on  the  half-spaces  are  then  no  longer  acting,  no  body  forces  at 
the  weld  arise  i:»  the  combined  problem,  so  that  the  theory  of1 
can  be  applied. 

Because  these  "initial"  distributions  of  stress  and 
velocity  are  finite  in  magnitude  and  spread  over  one  or  more 
cells  of  the  composite,  the  Fourier-Floquet  integral  is  likely 
to  exhibit  practical  convergence *  the  higher  modes  not  being  too 
highly  stimulated.  This  form  of  the  solution  will  permit  study 
of  the  far  field  by  asymptotic  methods,  with  the  determination  of 
"head  of  the  wave"  contributions.  Although  these  effects  would 
eventually  appear  in  the  reflection  —  transmission  procedure 
mentioned  above,  they  are  likely  to  lag  far  behind  the  precursor 
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ana  thus  involve  so  many  interactions  that  the  Fourier-Floquet 
approach  is  likely  to  be  advantageous  in  determining  far  field 
response.  It  is  perhaps  worth  pointing  out  that  use  of  the  delta- 
function  initial  velocity  solution  to  build  up  a  transient  so¬ 
lution  by  super-position,  in  the  usual  manner,  is  not  applicable 
in  its  simplest  form  in  the  present  case,  since  the  basic  solution 
depends  on  the  location  of  the  delta-function  spike  relative  to 
the  lattice  configuration  and  is  thus  not  translationally  in¬ 
variant. 

Wave  Transmission  and  Reflection  Solution 

Consider  a  pressure  variation  p(t),  t  >  0,  on  the  surface 
of  a  semi-infinite  block,  x  >  0,  of  layered  composite,  as  shown 
in  Fig.  1.  The  matrix  and  reinfoi cement  are  considered  each  to  be 
homogeneous  linear  elastic  materials,  and  hence  waves  transmitted 
through  them  satisfy  the  wave  equations 

^ 2u  _  1  3  2u 

3x2  cT^  3t7  =  0  (1) 

where  the  wave  velocity,  is  equal  to  cm  in  the  matrix  and  cf 
in  the  reinforcement,  and  is  related  to  the  elastic  modulus  for 
waves  of  one-dimensional  strain:  n.  =  X.  +  2p.  and  density  p. , 
by  the  relation: 


for  i  equal  to  m  or  f  in  the  two  materials,  respectively.  The 
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A,  and  are  the  Lam4  elastic  constants.  Perhaps  the  most  con¬ 
venient  way  of  evaluating  the  waves  generated  by  the  applied 
pressure  p(t)  in  Fig.  1  is  to  utilize  the  theory  of  characteristics 
(see  Ref.  3,  p»  119 ,  for  example)  which  determines  the  relations 

p.c.v  ±  a  =  constant  (3) 

l 


on 


dx  =  *c. 
dt  “ci 


(4) 


where  v  is  the  particle  velocity  3u/3t  and  o  is  the  stress.  Thus 
for  the  initially  undisturbed  composite  block,  Fig.  1,  with  a 
layer  of  matrix  material  of  thickness  (a  -  b)/2  at  the  surface 
(since  the  surface  is  considered  to  be  on  the  centerline  of  a 
matrix  slab,  which  is  of  width  [a  -  b])  the  stress  field  for 
t  <  (a  -  b)/2cm  is  given  by 


o(x,t)  =  -p(t  -  x/cm)  ,  x  <  cmt 


(5) 


=  0 


x  >  c  t 
m 


since  tensile  stress  is  considered  positive,  and  the  velocity  by 


v  (x ,  t )  =  -o(x,t)/pmcm  (6) 

These  results  follow  from  (3),  since  the  constant  for  the  lower 
sign  is  zero  because  the  body  is  initially  undisturbed  before  the 
pressure  is  applied,  and  thus  both  v  and  o  are  zero  throughout 
the  half-space  at  t  =  0. 
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For  the  half-space  x  <  0  and  tensile  surface  traction  of 
magnitude  p(t),  the  dependent  variables  are  related  to  the  above 
by  evenness  as  a  function  of  x  for  velocity  v  and  displacement  u, 
and  oddness  for  the  stress. 

Suppose,  for  example,  that  p(t)  has  the  constant  value  p#, 
applied  at  t  =  0  and  removed  at  t  ■  tj  <  (a  -  b)/2cm.  Then  for 
t  =  t  ,  the  stress  displacement  and  velocity  in  the  full  space 
are  as  illustrated  in  Fig.  2,  and  these  could  then  be  considered 
as  "initial"  conditions  for  the  whole  space,  which  will  determine 
the  motion  of  the  half-space  x  >  0  with  the  pressure  applied  to 
its  surface. 

If  the  pressure  application  continues  for  t  >  (a  -  b)/2cm, 
the  stress  wave  reaches  the  first  interface  at  x  =  (a  -  b)/2  while 
the  pressure  is  still  acting.  Reflection  and  transmission  at  this 
interface  must  therefore  be  included  in  the  analysis  of  wave 
propagation  which  must  be  extended  through  the  time  until  the 
surface  pressure  ceases.  We  must  therefore  add  to  the  character¬ 
istic  relations  (3)  and  (4)  the  requirement  that  the  displacement 
and  traction  must  be  continuous  across  each  interface,  thus 

u [  (a/2  ±  b/2  ±  na)+,t]  *  u[(a/2  ±  b/2  ±  na)  ,t]  (7) 

a [  (a/2  ±  b/2  ±  na)  +  ,t]  =  a [  (a/2  ±  b/2  ±  na)",t]  (8) 


where 


o  (x , t )  -  (x, t)  =  ni3u/3x 


(9) 


and  n  is  an  integer.  Since  the  arguments  in  (7)  and  (8)  are 
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interface  positions  (see  Fig.  1)  *  takes  on  the  values  and 

ri  on  either  the  plus  or  minus  sides  of  the  interface.  In  (9), 
m 

e  denotes  the  strain. 

Combination  of  (3),  (4),  (7)  and  (8)  permits  the  solution 

to  be  extended  indefinitely,  but  the  multiple  reflections  and 
transmissions  at  the  interfaces  associated  with  repeated  appli¬ 
cation  of  (7)  and  (8)  with  n  =  ±1,  ±2,  etc.,  can  become  cumbersome 
as  t  increases.  For  short  time  loading,  no  difficulty  arises.  A 
computer  code  based  on  such  a  procedure  is  mentioned  by  Lundergnn 
and  Drumheller14 . 

As  described  in  the  Introduction,  as  soon  as  the  applied 
pressure  has  ceased,  this  solution  can  be  used  for  initial  values 
for  displacement  and  velocity  to  express  the  subsequent  motion  in 
Floquet  form1.  This  formulation  is  presented  briefly  in  the  next 
section. 

There  is  no  need  to  limit  the  characteristic  solution 
presented  in  this  section  to  prescribed  surface  pressure.  The 
solution  for  prescribed  velocity  can  be  obtained  from  (3)  and  (4) 
in  a  similar  manner,  but  after  some  prescribed  time  the  surface 
must  be  permitted  to  move  freely  without  force  applied,  so  that 
the  problem  for  the  two  combined  half  spaces  is  free  from  body 
force  for  the  Floquet  representation  part  of  the  analysis. 

Moreover,  impact  due  to  plate  slap  can  also  handled  in  this  way. 

The  impact  surface,  x  =  0,  would  become  an  additional  interface 
if  the  impacting  plate  were  not  of  matrix  material,  otherwise  it 
would  simply  be  a  surface  incapable  of  transmitting  tensile  stress. 
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The  characteristic  solution  with  free  rear  surface  of  the  im¬ 
pacting  plate  separates  from  the  surface  of  the  half-space.  This 
time  could  be  used  to  provide  initial  conditions  for  the  two  half¬ 
space  problem,  the  solution  of  which  can  be  expressed  in  Floquet 
form  for  the  subsequent  motion.  Thus  this  approach  can  be  applied 
to  a  variety  of  loading  situations. 

Fourier-Floguet  Representation 

As  shown1,  Floquet  wave  solutions  form  an  ortho-normal 
set  according  to 

ou 

J  p(x)u*(x,q)uv,  (x,q')dx  -  <5  vv.  6  (q  -  q')  (10) 

where  q  and  q'  are  wave  numbers  and  v  and  v'  denote  integer  labels 
for  the  denumerable  sequence  of  modes.  The  solution  of  (1)  and 
the  interface  conditions  (7)  and  (8)  for  prescribed  initial  values 
of  displacement,  u(x,o),  and  velocity,  u(x,o),  for  the  extended 
composite  -°°  <  x  <  °°,  can  be  represented  in  the  form: 

*/a 

u(x,t)  -  I  [c  (♦,q)eiuv(<J)t 

v  -7t/a 

+  cv(-#q)e“iwv*q)t]uv(x;q)dq  (11) 

The  coefficients  are  given  by  the  usual  inverse  relations: 
f00  * 

J  p  (x)uv(s;q)u(x,0)dx  -  cv(+,q)  +  cv(-,q)  (12) 
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f 00  * 

I  p  (x)uv  (x;q)u  (X/0)dx  “  iu>v  (q)  [cv  (+,q)-cv(-,q)  ]  (13) 

—  uO 

Note  that  for  convenience  a  new  time  origin  has  been  selected, 
and  the  "initial"  displacement  and  velocity  distributions 
correspond  to  t  *  tj  of  the  characteristic  solution,  which  is 
the  time  of  cessation  of  surface  pressure  or  a  later  time.  Note 
also  that  u(x,L)  of  (11)  is  complex,  and  the  physical  displacement 
is  given  by  the  real  part.  Similarly  for  other  dependent  vari¬ 
ables.  The  functions  uv(x,q)  in  (10)  are  the  Floquet  solutions, 
which  have  a  real  part  even  in  x,  and  an  imaginary  part  odd  in  x  5 . 
The  asterisk  in  (10)  denotes  the  complex  conjugate.  Since  u(x,0) 
and  u (x, 0 )  are  even  in  x,  (12)  and  (13)  determine  that  c^(+,q) 

+  cv(-,q)  is  real,  and  cv(+,q)  -  cv(-,q)  is  pure  imaginary,  hence 

(- ,q)  =■  c* (+,q)  (14) 

Thus  the  two  terms,  in  the  square  brackets  in  (11)  are  complex 
conjugates,  hence  their  sum  is  real.  Since  the  real  part  of 
uv(x;q)  is  even5,  its  derivative  with  respect  to  x,  the  corres¬ 
ponding  strain,  is  odd,  and  hence  will  be  zero  at  x  =  0,  since 
strain  is  continuous  there.  The  stress  given  by  (9)  will  thus 
also  be  zero  for  x  =  0,  as  we  expect  it  to  be,  since  for  x  >  0, 
the  solution  is  to  apply  for  the  half-plane  after  the  surface 
pressure  has  ceased  to  act. 

As  shown1,  the  form  of  solution  (11)  lends  itself  to 
asymptotic  analysis  by  stationary  phase  or  steepest  descent 
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methods,  and  so  is  convenient  for  studying  the  response  to  the 
surface  impact  in  the  far  field. 
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DETERMINATION  OB1  STRESS  PROFILES  FOR  WAVES 
IN  PERIODIC  COMPOSITES 

L.  Bevilacqua,  W.  Kohn,  J.  A.  Krumhansl 
and  E.  H.  Lee 


Abstract 


Floquet  or  Bloch  wave  theory  provides  a  convenient  basic 
set  of  functions  for  representation  of  the  propagation  of  trans¬ 
ient  elastic  stress  waves  in  periodic  composites  (Krumhansl, 
ARPAMat.  Res.  Council  Report,  p.  175,  1970).  Variational  prin¬ 
ciples  for  computing  dispersion  relations  and  hence  phase  veloci¬ 
ties  generate  a  banc  structure  of  pass  and  no-pass  frequency  bands 
(Kohn,  Krumhansl  and  Lee,  ARPA  Mat.  Res.  Council  Report,  Vol.  I, 
Paper  No.  2,  1969  and  ASME  Preprint  71-APMW-21,  to  appear  in 
Jour.  Appl •  Mech.)  Dispersion  curves  (frequency  versus  wave 
number)  were  accurately  evaluated  for  laminar  composites  by  using 
smooth  Fourier  series  test  functions  for  displacement  in  a  Rayleigh- 
Ritz  approximation  procedure,  but  the  corresponding  stress  profiles 
were  unsatisfactory  since  the  required  continuity  of  stress  at  the 
inclusion-matrix  interface  was  ruled  out  by  the  use  of  the  smooth 
test  functions  for  displacement  and  corresponding  continuous  strain 

profiles . 

In  this  paper  exact  stress  profiles  are  calculated  for 
waves  propagated  normally  to  the  laminae,  and  satisfactory  approx- 

Pncriim  m>  Mirt 
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imations  to  these  are  generated  with  the  extended  variational 
principle  which  permits  independent  test  functions  to  be  used 
in  the  matrix  and  inclusions.  An  augmented  plane  wave  approach 
in  the  Rayleigh-Ritz  procedure  was  adopted  in  which  exact  so¬ 
lutions  of  the  wave  equation  were  used  as  component  test  functions 
in  the  filament.  It  was  found  that  with  this  procedure,  accuracy 
was  essentially  independent  of  the  ratio  of  elastic  moduli  of 
the  inclusion  and  matrix.  The  variational  approach  is  applicable 
to  two  and  three-dimensional  composite  configurations,  which  are 
not  amenable  to  exact  evaluation. 
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A  PROPOSED  METHOD  FOR  THE  EVALUATION 
OF  THE  THERMODYNAMIC  PROPERTIES  OF  THE 
GLASSY  CARBON-GRAPHITE  EQUILIBRIUM 

E.  E.  Hucke  and  S.  K.  Das 


Abstract 


The  available  thermodynamic  data  for  the  graphite 
arbon  oxide  equilibrium  are  critically  reviewed,  together  with 
he  meager  data  presently  existing  for  heat  capacity  and  heat 

>f  combustion  of  glassy  carbon. 

Five  different,  experimentally  feasible,  solid  oxide 

,eUs  and  one  molten  salt  cell  are  proposed  to  measure  directly 

,nd  more  accurately  the  equilibrium  thermo-chemical  properties 

,£  the  following  reactions  in  the  range  of  600-1000-C. 

co (g)  +  So2 (g)  ■  c°2 (9) 

c  ^ +  CO2  (g)  ■  2C0 (g) 
graphite 

C  ,  +  C02  (g)  58  2C0  (g) 

glassy 

cglassy  “  Cgraphite 

The  above  data  can  be  combined  with  low  temperature  heat 
capacity  data  for  glassy  carbon  and  graphite  to  yield  configu¬ 
ration  entropy  and  enthalpy  values  of  glassy  carbon  relative  to 
graphite.  The  configuration  entropy  value  is  a  direct  measure 
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of  the  degree  of  disorder  and  can  be  used  to  compare  with  struc 
rural  models  of  glassy  carbon  deduced  from  other  physical 
measurements  such  as  X-ray  and  neutron  diffraction. 
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I.  INTRODUCTION 


The  most  fundamental  characteristic  of  any  material  is 
its  structure.  Once  the  structure  is  precisely  established, 
all  the  known  properties  of  that  material  can  be  explained  and 
the  unknown  ones  can  be  estimated.  Whenever  a  new  material  is 
developed,  it  is  first  subjected  to  a  series  of  physical  and 
mechanical  tests.  These  data  are  useful,  but  they  do  not  give 
much  insight  into  the  basic  structure  of  the  material.  The  use 
of  X-ray  or  other  probes  yield  much  structural  information, 
but  not  enough  to  explain  or  estimate  every  property  of  that 
material.  On  the  other  hand,  thermodynamic  data  can  explain 
many  of  the  gross  properties  of  a  material  without  utilizing 
detailed  information.  Precise  thermodynamic  data  is,  therefore, 
a  basic  tool  in  understanding,  processing,  and  utilization  of 
a  material. 

A  new  form  of  pure  carbon  has  recently  been  prepared 
which,  because  of  its  similarity  in  appearance  to  glass,  has 
been  called  "glassy"  carbon.  The  glassy  carbon  is  intermediate 
between  glass  and  ceramic  in  many  respects  and  can  be  adequately 
described  as  a  conducting  ceramic.  At  the  time  when  glassy 
carbon  was  developed,  its  gas-impermeability  at  high  temperature 
met  a  timely  demand  of  the  atomic  energy  industry.  Now,  however, 
it  has  a  variety  of  new  applications  including  outstanding 
promise  as  a  biomaterial. 

Only  very  sketchy  and  conflicting  reports  have  been 
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published  on  the  atomic  structure  of  the  glassy  carbon.  Al¬ 
though  its  heat  of  combustion  and  heat  capacity  at  low  temper¬ 
atures  have  been  measured,  these  data  are  not  sufficient  to 
calculate  the  thermodynamic  properties  of  its  transition  into 
graphite.  So  far,  no  direct  measurements  of  this  transition 
have  been  published. 

At  present,  there  are  no  satisfactory  criteria  to 
characterize  samples  of  glassy  carbon.  Activity  of  carbon  in 
glassy  carbon  may  be  taken  as  one  of  the  consistent  criteria 
which  makes  one  sample  have  different  properties  than  others. 
The  data  on  activity  would,  therefore,  lead  to  a  better  pro¬ 
cessing,  property  control,  and  further  systematic  development 
of  this  material  to  suit  wide-spread  applications.  Any  attempt 
to  measure  the  standard  Gibb's  free  energy  change  of  glassy 
carbon-graphite  transition  would  be  very  significant  and  the 
outcome  would  be  a  contribution  to  this  field.  The  derived 
entropy  and  enthalpy  change  would  give  a  long  awaited  clue  for 
a  better  understanding  of  the  structure,  hence,  all  other  pro¬ 
perties  of  this  rather  unusual  material. 

The  objective  of  the  proposed  research  will  be  the 
determination  of  activity  of  carbon  in  glassy  carbon  with 
respect  to  graphite  as  a  standard  state  in  the  temperature 
range  of  600-1000°C.  If  the  high  temperature  heat  capacity 
values  of  glassy  carbon  become  available  in  the  future,  the 
entropy  difference  values  to  be  deduced  from  the  outcome  of 
the  proposed  research  could  be  used  to  compute  the  entropy  of 
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glassy  carbon  at  absolute  zero,  and  to  tell  whether  glassy 
carbon  is  a  perfect  crystalline  material  in  its  internal  equilr- 

brium  or  not. 

Probably  the  most  direct  method  of  measuring  activity 
of  carbon  would  be  to  accurately  analyze  the  CO-CO ,  gas  mixture 
in  equilibrium  with  glassy  carbon  by  a  mass  spectrometer.  The 
only  objection  which  outrules  this  method  is  the  problem  of 
getting  the  equilibrium  gas  samples  out  of  the  glassy  carbon- 
CO-CO,  system.  It  is  anticipated  that  the  gas  samples  would 
be  subjected  to  thermal  diffusion  and  convection  phenomena 
which  would  ultimately  result  in  unrepresentative  gas  samples. 

in  the  proposed  research,  two  electrochemical  methods 
are  outlined.  One  method  involves  solid  electrolytes  and  the 
other  a  fused  salt  electrolyte.  Both  electrolytes  are  capable 
of  giving  accurate  activity  data.  The  solid  electrolyte  cells 
would  measure  the  partial  pressure  of  oxygen  in  equilibrium 
with  classy  carbon  and  carbon  oxides,  which  would  then  be  re¬ 
lated  to  activity  of  carbon  in  glassy  carbon  with  respect  to 
graphite  as  a  standard  for  carbon.  The  fused  salt  electrolyte 
cells  would  directly  yield  activity  data.  A  cell,  once  assembled, 
can  be  studied  over  the  entire  temperature  range  of  interest. 
Furthermore,  the  attainment  of  equilibrium  at  each  temperature 
is  directly  checked  on  each  cell.  The  precision  of  the  recorded 
emf  and  temperature  oan  be  related  to  the  uncertainty  in  activity 

data. 

It  will  lecome  clear  later  in  the  text  that  the  appli- 


593- 


cation  of  the  solid  electrolyte  method  would  need  the  standard 
free  energy  change  of  reactions  1  and  2. 

CO (g)  +  SO? (g)  “  CO? (g) 

c  (s)  +  co?  (g)  -  2CO (g)  (2) 

The  best  available  data  on  the  standard  free  energy  change  of 
reactions  1  and  2  have  been  indirectly  computed  using  calori¬ 
metric  and  spectroscopic  data.  The  directly  measured  data  by 
CO/CO?  gas  equilibration  method  are  either  less  accurate  than 
indirectly  calculated  values  or  have  only  historical  importance. 
In  view  of  the  great  importance  of  the  equilibrium  constants  of 
reactions  1  and  2  in  the  problems  of  process  metallurgy,  it  is 
a  challenge  to  determine  the  values  of  the  reaction  constants 
with  a  more  refined  technique  and  to  reach  or  even  to  exceed 
the  accuracy  deduced  from  calorimetric  data.  Solid  electrolyte 
colls  are  capable  of  accurately  measuring  these  equilibrium 
constants  and  it  is  anticipated  that  the  proposed  measurements 
will  be  a  significant  contribution  to  the  thermodynamic  liter¬ 
ature. 
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II.  LITERATURE  REVIEW 


A.  Carbon  Oxides,  Graphite,  and  Glassy  Carbon 
1.  Carbon  Oxides 

The  first  study  on  the  thermodynamics  of  the  producer 
gas  reaction  was  done  by  Boudouard*  in  1901.  He  measured  the 
equilibrium  CO-CO*  gas  composition  of  reaction  2  as  a  function 
of  temperature  at  only  atmospheric  pressure.  Shortly  after 
Boudouard' s  classic  study,  Rhead  and  Wheeler7*1,  Jellinek  and 
Diethelm  ,  and  Dent  and  Cobb*  remeasured  the  equilibrium 
CO-CO*  gas  composition  as  functions  of  both  temperature  (700- 
1100#C)  and  pressure  (0.5-4  aims.).  They  passed  CO*  or  CO  gas 
over  purified  wood  charcoal  powder  and  left  the  system  at  a 
constant  temperature  and  pressure  for  a  long  time  to  achieve 
equilibrium.  Samples  of  gases  were  drawn  from  the  system  at 
regular  intervals  of  time  and  the  constant  gas  composition 
over  a  long  period  of  time  was  used  to  calculate  the  equilibrium 
corstant  of  reaction  2.  Their  data  are  in  accordance  with  the 
Le  Chatelier's  principle,  e.g.,  a  decrease  in  the  total  pressure 
and  an  increase  in  the  temperature  increases  the  proportion  of 
carbon  monoxide  in  the  C-CO-CO*  system  in  equilibrium  at  a  constant 
temperature  and  pressure  respectively. 

These  and  certain  indirect  studies  were  reviewed  by 
Chipman*  to  obtain  an  equation  representing  the  average  experi¬ 
mental  results.  The  position  of  the  equilibrium  line  (Log  K  vs. 
1/T)  was  determined  in  large  measure  by  the  1911  results  of 
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Rhead  and  Wheeler3,  an  unfortunate  choice  since  there  is  reason 
to  believe  that  their  1910  data  are  more  dependable.  The  experi 
mental  results  in  the  range  800-1000°C  were  plotted.  Below 
800°C  reaction  is  so  slow  that  the  attainment  of  equilibrium 
is  doubtful;  above  1000°C  the  concentration  of  C02  is  below  the 
range  of  accurate  analysis.  The  principle  sources  of  error 
include  non-uniformity  of  temperature  and  inaccuracies  in  its 
measurement,  and  limitations  in  accuracy  of  gas  analysis. 

Thermal  diffusion,  if  present,  would  yield  a  too-low  value  of 
the  equilibrium  constant.  Deposition  of  carbon  from  the 
effluent  gas  sample  would  likewise  lower  the  value  of  the 
equilibrium  constant. 

In  the  1910  series  of  Rhead  and  Wheeler2  the  thermo¬ 
couple  was  embedded  in  the  carbon  specimen,  whereas  in  the 
1911  series  it  was  outside  the  reaction  vessel  in  contact  with 
the  furnace  tube.  They  pointed  out  that  in  this  second  series 
the  carbon  surface  may  have  been  at  lower  temperature  than 
measured.  The  furnace  used  in  this  study  was  too  short  to 
provide  a  satisfactory  zone  of  constant  temperature.  The 
thermocouple  measured  the  temperature  at  the  hottest  point  and 
it  seems  altogether  possible  that  parts  of  the  reaction  bulb 
were  more  than  20°  lower  in  temperature.  To  sum  up,  even  the 
best  available  data  of  Rhead  and  Wheeler2'3  may  be  considered  to 
be  of  historical  importance  only. 

In  1940,  the  calorimetric  data  on  the  heat  of  combustion 
of  graphites  (Reaction  3)  were  measured  by  many  investigators7. 
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C  (s)  ♦  07  (g)  *  CO 2  (g) 


(3) 


These  values  are  in  excellent  agreement  with  all  recently 
published  figures®.  The  heat  of  reactions  2  and  4  were  cal¬ 
culated  using  directly  measured  values  of  heat  of  reactions 
l7  and  3*. 

C(s)  +  *j02  (g)  «  CO(g)  (4) 

Utilizing  the  available  entropy  and  enthalpy  values  of  oxygen, 
carbon  monoxide,  carbon  dioxide  (determined  from  statistical 
calculations,  spectroscopic,  molecular,  and  heat  capacity  data), 
and  graphite  (deduced  from  the  calorimetric  measurements  of  the 
heat  capacity  and  the  concept  of  the  third  law  of  thermodynamics) , 
the  standard  Gibb's  free  energy  change  of  reactions  1-4  have 
been  carefully  computed  and  compiled  many  times  by  many  authors. 
However,  every  author  lists  his  own  estimate  of  the  accuracy  in 
the  computed  free  energy  values.  The  estimated  accuracy  varies 
from  i20  cal/mole  to  tl  Kcal/mole.  All  the  heat  of  combustion 
and  free  energy  values  have  been  critically  examined  in  Appendix 
I.  The  estimate  of  AG|000  values  according  to  the  present 
calculation  are  -46,770  i  119,  -1,089  t  338,  -94,629  i  101, 

-47,859  i  220  cal/mole  for  reactions.  1-4,  respectively. 

Richardson  and  Dennis*0,  Smith'7,  and  Chipman  and  Rist" 
performed  many  experiments  to  measure  carbon  activities  in 
liquid  and  solid  Fe-C  alloys,  which  were  then  extended  by  Chipman 
and  Fuwa 1 2  to  numerous  ternary  alloys.  In  all  the  experiments 
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the  same  method  of  CO-CO2  gas  equilibrium  was  used.  In  calcu¬ 
lating  the  carbon  activities  in  iron  alloy,  with  respect  to 
graphite  as  a  standard  state,  one  requires  the  equilibrium 
constant  of  the  producer  gas  reaction.  When  Richardson10  and 
Chipman1 1 ' 1 2 ' 1 6  were  posed  with  this  problem,  they  preferred  to 
use  the  equilibrium  constant  available  from  indirect  calculations 
rather  than  either  using  Rhead  and  Wheeler's2'3  value  or  re¬ 
measuring  the  equilibrium  constant  themselves.  Probably  they 
realized  that  the  reason  which  prevented  Rhead  and  Wheeler2'3 
from  getting  accurate  values  of  the  equilibrium  constant  of  the 
producer  gas  reaction  was  not  only  the  lack  of  careful  experi¬ 
mentation,  but  also  the  inherent  limitation  of  the  gas  equili¬ 
brium  techniques.  In  one  of  his  recent  articles,  Wagner13  has 
clearly  stressed  the  need  of  determining  the  equilibrium  constant 
values  of  the  producer  gas  reaction  directly  with  a  more  refined 
technique  and  to  reach  or  even  to  exceed  the  accuracy  of  the 
equilibrium  constant  values  deduced  from  calorimetric  and 
spectroscopic  data. 

2.  Graphite 

The  hexagonal  crystal  structure  of  graphite,  as  first 
proposed  by  Bernel31  in  1924,  is  shown  in  Figure  1.  It  consists 
of  carbon  atoms  arranged  as  hexagons  in  flat  parallel  sheets, 
the  distance  between  adjacent  sheets  (which  are  held  together 
by  van  der  Waal's  forces)  is  approximately  3.35  A°,  while  that 
between  atoms  within  a  sheet  (covalent  bonded)  is  about  1.42  A0. 
The  layers  are  packed  so  that  half  of  the  carbon  atoms  in  one 
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Iflyor  Ike  over  the  mld-pointx  o (  the  hexxgonx  in  tho  next  layer, 
the  atom  in  the  third  layer  being  eltuated  directly  above  thoae 
In  the  flr.t  layer.  ThU  l,  the  ahab  arrangement  or  hexagonal 
•  tructure.  Another  atriicture.  In  which  the  poxilion  ol  the 
third  layer  with  reaped  to  tie.  aecond  layer  lx  the  Saxe  aa  that 
of  the  aecond  with  reaped  to  the  flrat,  the  abcabc  an  angered 
or  rhoobohedr a  1  atructure,  orcura  to  lh«  extent  of  a  few  (H.rcenta 
in  noat  aamplex  of  graphite.  Graphite  la  not.nl  for  Itx  highly 
anisotropic  character 1st  leu, 

Tli#  physical,  Mechanical »  and  thermodynamic  properties 
of  graphite  have  t*#n  measured,  calculated.  amt  compiled  mny 
kiM  by  *PV®rwl  author*.  »'#»'#*»  lLm  h*4l  ca|i-c|ly  |n  Um, 

I  to  JO#K  has  r#c«mly  li««n  the  object  of  Intensive 
theoretical  and  experimental  investigations.  In  recent  JANAI* 

Tab  lea1',  ih#  low  temperature  Cp  m«*aeur<'m''nl*  of  feftftan  ami 
bearlman'*  (1*  to  4*K  and  10’  to  JO*K)  and  of  heRorbo  and 
Kichola^  (!•  to  JO-K)  were  joined  smoothly  with  ih#  Cp  mea.ur.- 
*cnt*  of  betorbo  and  Tyler**,  cp  valu#a  above  JOO*K  we-©  taken 
fron  National  bur.  au  of  Standards  K sport  (92i,  Meal  capacity 
value  ibov#  000*K  were  adjusted  to  give  smooth  results.  C 
values  above  «000*K  hav#  been  ©aliened. 

3«  Classy  Carbon 

Carbon  esists  in  many  forms,  but  of  these  only  two, 
diamond  and  graphite,  can  be  completely  characterised,  and 
these  arc  true*  allotropesi  both  occuring  naturally,  a  wide 
range  of  artificial  bulk  carbons  has  been  prepared  for  Indus- 
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trial  uso  but  those  materials  are  basically  graphitic  in 
structure  or  may  be  graphitized  readily,  and  their  properties 
(o.g.,  degree  of  graphitization)  can  be  controlled  to  some 
extent  to  suit  particular  application* 

In  the  past  ten  years,  it  has  boon  found  that  several 
cross-linked  polymers  can  be  carefully  decomposed  so  as  to 
yield  relatively  massive  shapes  of  a  highly  disordered  non- 
graphitizing  carbon  that  has  been  called  "glassy",  "glass-like", 
or  "vitreous" . *  *  * 1 1 

It  is  a  very  pure  form  of  carbon  with  impurity  content 
of  less  than  200  ppm.  Its  name  stems  from  physical  appearance 
and  not  from  a  detailed  knowledge  of  the  structure.  The 
physical  appearance  of  these  materials  resembles  black  glass, 
particularly  on  fracture  surfaces.  It  combines  some  of  the 
properties  of  glass  and  silica  with  some  of  those  normal 
industrial  carbons*  It  has  been  generally  noted  that  the  re¬ 
sulting  product  depends  on  the  original  polymer  composition 
fpolyfur  furyl  alcohol  and  phenolic  resin  are  most  common), 
polymerized  structure,  the  highest  temperature  of  the  heat 
treatment  operation,  and  the  rate  and  other  conditions  of 
thermal  decomposition. 

The  fabrication  of  glassy  carbon  Involves  a  thermosetting 
organic  resin  preparation,  moulding  the  shape,  and  a  pyrolysis 
operation.  Shapes  are  produced  to  the  net  dimension  by  incor¬ 
porating  a  uniform  shrinkage  factor  into  the  mold  design. 

The  properties  distinguishing  glassy  carbon  from  the 
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trial  use  but  these  materials  are  basically  graphitic  in 
structure  or  may  be  graphitized  readily,  and  their  properties 
(o.g.,  degree  of  graphitization)  can  be  controlled  to  some 
extent  to  suit  particular  application. 

In  the  past  ten  years,  it  has  been  found  that  several 
cross-linked  polymers  can  be  carefully  decomposed  so  as  to 
yield  relatively  massive  shapes  of  a  highly  disordered  non- 
graphitizing  carbon  that  has  been  called  "glassy",  "glass-like", 
or  "vitreous".32'37 

It  is  a  very  pure  form  of  carbon  with  impurity  content 
of  less  than  200  ppm.  Its  name  stems  from  physical  appearance 
and  not  from  a  detailed  knowledge  of  the  structure.  The 
physical  appearance  of  these  materials  resembles  black  glass, 
particularly  on  fracture  surfaces.  It  combines  some  of  the 
properties  of  glass  and  silica  with  some  of  those  normal 
industrial  carbons.  It  has  been  generally  noted  that  the  re¬ 
sulting  product  depends  on  the  original  polymer  composition 
(polyfur  furyl  alcohol  and  phenolic  resin  are  most  common) , 
polymerized  structure,  the  highest  temperature  of  the  heat 
treatment  operation,  and  the  rate  and  other  conditions  of 
thermal  decomposition. 

The  fabrication  of  glassy  carbon  involves  a  thermosetting 
organic  resin  preparation,  moulding  the  shape,  and  a  pyrolysis 
operation.  Shapes  are  produced  to  the  net  dimension  by  incor¬ 
porating  a  uniform  shrinkage  factor  into  the  mold  design. 

The  properties  distinguishing  glassy  carbon  from  the 
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more  common  forms  of  the  element  includes  nigh  strength,  low 
density,  high  hardness,  resistance  to  corrosion  and  air  oxidation, 
low  impact  strength,  .and  above  all,  isotropic  characteristics 
even  in  the  fibrous  form.  The  typical  physical  and  mechanical 
properties  of  glassy  carbon  3  3  -  3  6  are  given  in  Table  I.  One  of 
the  most  striking  differences  between  glassy  carbon  and  con¬ 
ventional  graphites  is  its  extremely  low  permeability  to  gases, 
comparable  to  borosilicate  glass.  The  internal  pore  structure 
of  glassy  carbon  is  non-communicating,  quite  small  in  size,  and 
uniformly  dispersed.  These  factors  make  glassy  carbon  attractive 
for  high  temperature  uses.  One  class  of  use  has  been  in  the 
area  of  biomaterials  where  it  has  shown  outstanding  promise  for 
compatibility  in  a  wide  range  of  uses  in  the  human  body  such  as 
heart  valves,  blood  pumps,  bone  bridges,  etc.1"' 

In  spite  of  the  extensive  investigation  conducted  on 
this  rather  unusual  material,  only  very  sketchy  and  conflicting 
reports  have  been  published  on  the  atomic  structure  of  glassy 
carbon.  The  present  understanding  is  that  glassy  carbon  would 
be  made  of  small  regions  consisting  of  graphite-like  atomic 
arrangement,  stacked  up  in  the  c  direction  in  a  random  manner. 
Based  on  the  X-ray  diffraction  studies,  Noda  et  al. 38,39 
concluded  that  in  addition  to  the  trigonal  bonding  typical  of 
the  graphite  structures,  there  were  also  tetrahedrally  bonded 
carbon  atoms,  such  as  in  diamonds,  which  constitute  the  main 
part  of  the  criss-cross  linkages  which  link  graphite-like  layers 
in  a  random  way.  Very  recently,  Jenkins  and  Kawamura49  have 
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TABLE  I:  Typical  Physical 
Glassy  Carbon 

and  Mechanical 

Properties  of 

Property 

Unit 

Value 

Apparent  density 

grm/c. c. 

1. 43-1.50 

Apparent  porosity 

% 

0. 2-0.4 

Helium  gas  permeability 

cm2/sec 

10" 1 2-10“7 

Hardness 

moh 

4-5 

Tensile  strength 

psi 

15,000-29,000 

Compressive  strength 

psi 

86,000-200,000 

Young's  modulus 

psi 

3.4x106-4.0*106 

Poisson's  ratio 

dimensionless 

0.1 

Izod  impact  strength 

in.  -lb/in. -notch 

1.2 

Thermal  expansion 

per  *C 

2*10"6-5*10-6 

Thermal  conductivity 

cal/cm/°C/sec 

0.010-0.020 

Electrical  resistivity 

ohm- cm 

30xl0’"-50xl0-1' 

Flexural  strength 

psi 

13,000-22,000 

Shear  modulus 

psi 

1.4xl06-  1.6x10 
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proposed  a  structural  model  for  the  network  of  ribbon  stacks 
in  glassy  carbon  which  is  schematically  shown  in  Figure  2. 

The  interlayer  spacing  decreases  and  the  crystallite 
size  increases  with  an  increase  in  the  heat  treatment  tempera¬ 
ture.  It  can  be  said  that  the  graphitization,  that  is  to  say, 
the  developement  of  a  graphite-like  layer  structure,  proceeds 
in  glassy  carbon  with  heat  treatment.  However,  glassy  carbon 
is  a  typical  non-graphitizing  carbon  because  the  progress  of 
its  graphitization  is  very  little  in  comparison  with  that  of 
graphitizing  carbons. 

The  heat  of  combustion  of  glassy  carbon  (Reaction  3) 
at  298.15°K  has  been  measured  by  Lewis  et  al.41  The  measure- 
emnts  were  made  in  an  aneroid  bomb  calorimeter  and  the  reported 
value  is  95,277  calories/grm-mole  (94,054  cal/grm-mole  for 
graphite)  with  a  standard  deviation  of  19  cal/grm-mole.  The 
mean  bond  energy  in  glassy  carbon  is  clearly  much  less  than  in 
graphite,  and  this  could  well  be  attributed  to  the  presence  of 
an  appreciable  fraction  of  carbon-carbon  bond  in  a  strained 
state.  Takahashi  and  Westrum42  have  reported  the  heat  capacity 
of  glassy  carbon  in  the  temperature  range  of  5  to  350°K.  Their 
results  parallel  that  of  pyrolitic  graphite  in  showing  an 
approximate  T?  dependence  up  to  30°K  suggesting  that  the 
structure  of  this  material  may  involve  microdomains  of  lamellar 
graphite.  Although  a  definative  conclusion  regarding  the 
structure  of  glassy  carbon  is  still  precluded  at  present, 
Takahashi  and  Westrum42  concluded  that  graphite  type  structure 
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seems  favored,  rather  than  an  isotropic  three  dimentional  random 
network  configuration  of  carbon  atoms  such  as  that  proposed  by 
Furukawa. 4 3 

No  literature,  either  direct  measurement  or  indirect 
computation  using  physical  and  thermal  properties,  on  the  thermo 
dynamics  of  glassy  carbon-yraphite  transition  has  been  published 
Utilizing  the  available  thermodynamic  data,  a  rough  estimate  of 
the  thermodynamic  properties  of  the  glassy  carbon-graphite  and 
diamond-graphite  transitions  at  298.15°K  have  been  shown  in 
Appendix  II* 

B.  Solid  Oxide  Electrolytes 

Solid  oxide  electrolytes  have  experienced  an  intense 

level  of  activity  since  the  rebirth  of  interest  supplied  by 
Kiukkola  and  Wagner's  paper45  involving  solid  electrolytes. 
Within  the  last  fifteen  years  solid  oxide  electrolytes  have 
been  used  over  the  temperature  range  of  400-1600#C  to  measure 
oxygen  activities  in  electrodes  of  solids,  liquids,  and  gases. 

Independent  of  any  specific  knowledge  of  the  mechanism 
of  ionic  conduction  in  a  crystalline  electrolyte  which  exhibits 
exclusive  ionic  conduction  {defined  at  tion  >  0.99),  a  simple 
consideration  of  energy  conversion  provides  the  relationship 
between  the  reversible  cell  potential  E  and  the  standard  Gibb's 
free  energy  change  AG  of  the  virtual  chemical  reaction  of  the 

cell  I, 
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p  I/solid  oxide  electrolyte/p 

02  *32 

H\\ 


II 


AG  -  -nEF  -  RT  in 


o? 


P021 


m 

(5) 


where  n  is  the  equivalent  of  charge  passed  through  the  external 
circuit,  F  is  the  Faraday's  constant,  and  pQ*  and  pQ^1  are  the 
oxygen  partial  pressures  of  two  electrodes.  The  thermodynamic 
quantities  of  the  left  and  the  right  hand  electrode  of  the  cell 
under  consideration  are  designated  by  the  Roman  superscripts 
and  subscripts  I  and  II,  respectively.  The  application  of  the 
Gibbs-Helmholtz  relation  to  the  temperature  dependence  of  the 
cell  voltage  provides  values  of  AH  and  AS  of  the  virtual  coll 
reaction. 

At  present,  the  values  of  AG°  deduced  from  emf  measure¬ 
ments  according  to  equation  5  is  superior  to  values  of  AG®  ob¬ 
tained  with  the  help  of  other  methods.  The  accuracy  of  this 
type  of  measurement  is  of  the  order  of  ll  mV  corresponding  to 
an  uncertainty  of  the  order  of  ±50  calories/mole  in  AG®,  whore 
as  the  uncertainty  of  AG®  obtained  with  the  help  of  calorimetric 
measurements  is  much  higher  in  view  of  the  uncertainty  of 
AHS„0  , c  and  the  heat  capacity  values. 

2«f  o  •  13 

While  electronic  conduction  in  aqueous  electrolytes  is 
always  negligible,  crystalline  compounds  exhibit  partial 
electronic  conductivities  which  are  rarely  negligible.  A  few 
binary  and  ternary  compounds  exhibit  exclusive  ionic  conduction 
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and  thin  conduction  is  limited  to  a  specific  range  of  metal  or 
non-metal  chemical  potentials. 

Zf  a  compound  should  contain  in  solid  solution  an  ion 
of  valence  lower  than  those  of  the  host  matrix ,  then  the  equi¬ 
librium  defect  concentration  may  be  altered  greatly.  This 
mechanism  is  often  used  intentionally  to  Introduce  or  enhance 
predominant  ionic  conduction  in  a  compound. 

Both  ZrOj-15  mole  percent  CaO  and  ThOj-15  mole  percent 
YOi.i#  the  most  commonly  used  solid  electrolytes,  are  known  to 
have  a  CaPa-type  structure  where  Ca,+  and  Y,-f  ions,  respectively, 
substitute  directly  on  Zr"  +  and  Th"+  sites  giving  rise  to  a 
substantial  fraction  of  vacant  oxygen  sites."7  This  maintains 
the  electrical  neutrality  in  the  compound. 

Of  prime  importance  in  the  successful  application  of 
ZrOj-CaO  and  ThOa-  YOj.»  electrolytes  is  the  knowledge  of 
adequate  information  about  the  range  of  temperature  and  corres¬ 
ponding  oxygen  partial  pressure  over  which  each  electrolyte 
exhibits  predominantly  ionic  conduction.  The  criterion  for  the 
predominantly  ionic  conduction  at  a  given  temperature  is  a  P07~ 
independent  total  conductivity  at  that  temperature.  This  is 
established  experimentally  and  is  represented  as  a  Kroger  and 
Vink  type  of  plot. 

Patterson  et  al."'  measured  the  electrical  conductivity  of 
both  Zr«.«i  Cai.is  0j.»»  and  Th*,n  Y#,u  Oi.ta#  electrolytes 
under  various  ambient  conditions  and  suggested  pQj  lower  limits 
for  exclusive  ionic  conduction.  Their  data  suggests  pQj  lower 
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limits  of  10“2 * ,  10“ 2 * ,  10“27,  10“2‘,  and  10“2*  atmospheres 
at  800 ,  850 ,  900,  950,  and  1000°C,  respectively,  for  the 
ZrOj-CaO  electrolyte.  The  corresponding  pQ2  lower  limits  for 
the  ThOj-  YOi.s  are  considerably  lower.  Steele 
and  Alcock" * ,  as  well  as  Schmalzried" * ,  report  higher  oxygen 
partial  pressures  for  the  lower  limits  of  Zr02~Ca0  electrolyte 
(about  10"“  and  10“ 21  at  1000*C,  respectively).  Patterson50 
has  recently  presented  the  conduction  domains  for  a  number  of 
known  solid  electrolytes,  deduced  from  various  conductivity 
and  galvanic  cell  measurements,  in  the  form  of  conduction 
domain  maps  in  log  pQ2  vs.  1/T  space.  His  results  for  tion 
>  0.99  are  shown  in  Table  II. 

C.  Fused  Salt  Electrolyte 

Hawkes  and  Morris*4  have  recently  employed  the  following 
galvanic  cell  in  the  temperature  range  of  800-1000°C  to  obtain 
carbon  activities  in  Fe-C  alloys: 

(Fe-C)  alloy/CaCj,  CaCia U)/C (graphite)  [II] 

The  electrolyte  used  was  a  fused  salt  solution  of  5-10%  calcium 
carbide  in  calcium  chloride.  Their  data  reasonably  matched 
with  those  obtained  by  gas  equilibration  methods  using  CO-CO2 
and  CH4-H2  gas  mixtures.  Based  upon  X-ray  examination  of  crystals 
of  calcium  carbide,  carbon  is  believed  to  be  present  in  the 
electrolyte  as  the  so  called  acetylide  ion,  c\~ . 
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Quygen  Partial  Pressure  RAnges  fur  solid  Oxide  Electrolytes 


D.  Thermodynamic  and  Kinetic  Considerations 

There  are  few  specific  criteria  to  be  satisfied  for  a 
realiable  and  meaningful  measurement  employing  electrochemical 
techniques: 

1.  Thermodynamic  considerations 

The  electrolyte  should  be  an  exclusive  ionic  conductor 
of  the  ion  of  interest  in  the  range  of  temperature  and  activity 
of  the  element  prevailing  in  the  experiments. 

In  the  experiments  using  solid  electrolytes  (to  be 
discussed  later)  the  oxygen  partial  pressures  of  the  systems 
would  be  about  10“ 10  to  10“ 11  atms.  at  1000#C  and  about  10“2" 
atms.  at  600*C.  In  this  range  of  temperature  and  oxygen  partial 
pt«ssure,  even  zirconia-calcia  electrolytes  are  exclusively 
ionic  conductors  of  oxygen  ions."*  However,  according  to  Steele 
and  Alcock" 1  and  Patterson1  * ,  an  oxygen  partial  pressure  of 
10  1  atms.  at  1000*C  is  almost  the  lowest  partial  pressure  at 
which  the  zirconia-calcia  electrolytes  still  behave  as  ionic 
conductors.  In  that  case,  thoria-yttria  electrolytes  can  be 
used,  because  their  lower  limit  of  oxygen  partial  pressure  is 
much  lower  than  that  of  zirconia-calcia  electrolytes. 

The  work  of  Hawkes  and  Morris*"  can  be  taken  as  a 
proof  for  the  fact  that  calcium  carbide  is  an  exclusive  con¬ 
ductor  of  C2~  ion  in  the  temperature  range  of  800-1000#C. 

There  should  be  no  side  reactions;  such  as  those  between 
electrodes  and  electrolytes,  electrodes  and  contact  leads, 
electrolytes  and  electrodes  and  coll  atmospheres,  and  any 
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fiiqni  f  ic.iMl  ionic  exchange  reactions  in  Urn  o  locl.ro  l  yl.r-u. 

All  possible  reactions  between  ZrOy,  CaO,  Thu,,  and 
Y2OJ  amd  C,  CO,  and  CO 2/  forming  carbides  or  metals /  have 
positive  Gibb's  free  energy  change  even  at  1000°C.  There  is 
no  known  way  in  which  carbon  electrodes  can  react  with  CaCi2 
and  CaC2 •  Platinum  and  platinum-10%  rhodium  wires  are  inert  to 
argon  gas,  solid  carbon,  and  carbon  oxides  up  to  1000°C.  Argon 
gas  is  inert  to  calcium  carbide,  calcium  chloride,  and  solid 
electrolytes*  There  is  no  known  possibility  of  any  exchange 
reaction  with  c\~  ion  in  the  fused  salt. 

The  elements  or  compounds  fixing  activity  of  non- 
metals  at  the  electrodes  should  be  stoichiometric.  UiO,  CoO, 
Nb02,  Nb205  (to  be  used  in  calibration  runs),  CO,  and  C02 
involved  in  fixing  activity  of  oxygen  are  all  stoichiometric 
compounds.  Therefore,  all  the  thermodynamic  criteria  are 
fulfilled  for  precise  measurements. 

2.  Kinetic  considerations 

After  satisfying  the  thermodynamic  criteria,  the 
reversible  emf  should  be  obtainable  in  a  reasonable  time.  The 
kinetics  of  Ni-NiO51,  C0-C0O45,  Nb02-Nb205 5 3 ,  and  02-C0-C025? 
equilibria  are  reasonably  fast,  and  the  reversible  emf  can  be 
obtained  in  about  9  hours  even  at  600°C.  The  sensitivity  of 
the  cells  involving  solid  electrolytes,  which  depends  on  the 
mobility  of  oxygen  ions  in  the  electrolyte,  is  reasonably  good 
(±1  mV)  even  at  600 °C.  Hawkins  and  Morris54  report  that  the 
mobility  of  C^*  ions  in  the  fused  salt  (5%  CaC2  in  CaCJt2)  is 
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high  and  the  reversible  emf  could  be  obtained  in  about  t  hours. 

The  kinetics  of  gassification  of  carbon  by  carbon  di¬ 
oxide  has  not  completely  been  established.  Kaftanov  et  al.11 
report  that  the  rate  of  gassification  depends  mainly  on  the 
chemical  reaction  at  the  gas-soiid  interface  and  only  to  a 
negligible  extent  on  the  diffusion  in  the  gaseous  phase.  Their 
results  do  not  agree  with  the  earlier  investigations.  Turkdogan 
and  Vinters **  have  recently  measured  the  kinetics  of  oxidation 
of  graphite  and  charcoal  in  carbon  dioxide.  They  found  that 
the  rate  is  proportional  to  the  square  root  of  the  pressure  of 
the  carbon  dioxide  and  the  rate  is  controlled  primarily  by  the 
formation  of  carbon  monoxide  from  chemisorbed  oxygen  and  carbon 
on  the  pore  surface.  Rhead  and  Wheeler* '*  equilibrated  charcoal 
powder  and  COj  gas  in  connection  with  their  thermodynamic  study 
of  the  producer  gas  reaction.  In  their  experiments,  equilibrium 
was  reached  rapidly  at  higher  temperatures,  but  at  SOO’C  it  was 
only  attained  after  heating  for  72  to  96  hours.  At  700*C  the 
reaction  C(s)  +  C02 (g)  *  2C0(g)  is  extremely  slow,  and  the 
equilibrium  was  attained  only  after  five  days. 

Due  to  the  extremely  low  gas  permeability  of  glassy 
carbon,  the  producer  gas  reaction  equilibrium  with  glassy  carbon 
cylinders  and  pure  carbon  dioxide  is  expected  to  be  very  slow 
even  at  moderately  high  temperatures.  The  composition  of  CO-CO j 
gas  mixtures  of  different  temperatures  in  equilibrium  with 
graphite  and  glassy  carbon  can  be  roughly  calculated  from  thn 
available  thermodynamic  data.  It  is  proposed  to  equilibrate 
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graphite  and  glaeay  carbon  aaaplee  with  calculated  CO-CO»  gae 
•ixturee  rather  than  with  pure  CO>  or  CO  gaa.  The  equilibrium 
with  auch  gaa  mixture*  ia  expected  to  be  reaaonably  feat. 


111.  PROPOSED  HCJCAIH.il 


A.  Had  of  Work 

I.  Calibration  Run* 

Cells  Ilia  And  M1U  involving  reference  electrodes  In 
the  pertinent  teff|K*r.iluro  and  oxygen  partial  pressure  rang* 
will  be  investigated  to  demonstrate  the  rel lability  of  the 
experimental  apparatus. 


Pt/Ki  (a)  #MlO(»)/Ir*.  *  i  Ca*.,*  O, .  .*/Co(s)  ,CoO(e)/Pt 


tllla) 


“ci 


**oi* 


Temperature  rangei  400-1000*C 

Oxygen  partial  pressure  range t  10"* '  (400J  0-10“ 1 

(1000*0  atm* 

Cell  atmosphere*  Purified  argon 
f’t/Hi  (s) » NiO  (s)/*Th# .  *  '*  Y*.i%  Oi  ,«i«/KbOi  (s)  .Nb«Ot  (S)/Pt  tUIbl 


PoJ 


prtIl 

o» 


Tenperature  r angst  400-1000*C 

Oxygen  partial  pressure  rangei  10“  M  (400*0-10“* 

(1000*0  a  tea. 

Ceil  atmosphere*  Purified  argon 

Relating  the  Cibb’s  free  energy  change  of  virtual  cell 
reaction  with  the  e»f  of  the  cells  111*  one  gets 


C(IIl)  -  ^(AG*  -  AC| j)  •  }J  ^(PoJ/Ponj 


(4) 
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(7) 


I 


•  * 

*<* 


•  • 


dE(XII) 

3T 


W<4Sh 


A8J) 


The  expected  Mf  of  colls  ZZIa  and  XXZb,  calculated  from  the 
moat  accurate  available  values  of  AG{^04,#  AG  coo”'  4GNbO,' 
and  ACj^  aro  shown  in  Table  ZZZ. 

2.  CQ-Oi-COj  Equilibrium 

Pt/Ml  (a)  ,NiO(s)/Zr«. «%  Ca*.,%  0» . ,  »/CO  (g)  ,CO,  (g)/l»t  I IV) 


Temperature  ranges  600-1000*C 

Oxygen  partial  pressure  range i  10“*'  (600*0  -  10" 

(1000*0  atm  a. 

Cell  atmosphere i  Solid  electrode  aidej  Purified  argon 

Gaseous  electrode  aide}  CO-CO*  gas 
mixture  of  controlled  oxygen 
potentials 


The  Cell  ZV  would  be  investigated  to  measure  the  standard  free 
energy  change  of  the  reaction  1.  The  CO-CO*  gas  mixture  of 
controlled  oxygen  potentials  would  be  prepared  by  using  the 
constant  pressure  head  capillary  flow  meters.  The  emf  of  cell 
IV  as  a  function  of  temperature  would  give  the  standard  ent*  alpy 
and  entropy  changes  of  reaction  1. 

AGJ  -  2IUV)P  -  ST  tMPcp/Sco)11  (•) 

AH*  -  KKiflvn  f  m 

1  T»0 

*•5  ♦  l(#l,v’)f  •  *  *•.>" 


A0J, 


AM* 


A#!i 


I 

1 


sis- 
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TABLE  III* 


Expected  Emf  of  Calibration  Kuns 


Temp. 

°C 

p  I (Ni-NiO) 

*Oji 

atms 

p  II  (Co-CoO) 

atms 

p  II (Nb02-Nb205) 
o2 

atm9 

E (Ilia) 

mV 

E(IIIb) 

mV 

600 

10" 19,1 

IQ-20 . e 

1 0“ 29.9 

72 

444 

650 

10“ 1 7* 8 

Iq-19.2 

Iq-27.  3 

76 

446 

700 

10-1*.  2 

10-17.9 

Iq-25. 5 

80 

448 

750 

10-is. o 

io-i*.* 

Iq-23.9 

84 

450 

800 

10" 1 *  *  * 

10-15. S 

10-22.9 

88  (±3) 

452  (14) 

850 

IQ-12.* 

10-19.5 

t q-2 1.0 

92 

454 

900 

IQ-11.* 

10-1  3.  5 

10-19.* 

96 

456 

950 

10-11.  1 

10"12*  7 

1  o  —  i 8  •  * 

100 

458 

1000 

10" 1 0  *  1 

10-11-9 

10-17.* 

104 

460 

The  euccee.  of  calibration  run*  (reaaonable  match  between  the 
the  expected  and  actual  emf)  would  demon.trate  that  the  solid 
electrolyte*  are  indeed  exclusive  ionic  conductor*  over  the 
ran,,  of  temperature  and  p0j  prevailing  in  the  experiment.. 
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If  equation  8  is  differentiated, 

SdG-j)  -  «<M3i>  -  28  (E  (IV)  )F  -  R  (6T)  In  (Pco/Pco>  1111 

Taking  8  (MJ>  vaiue  of  ,50  caiories  fro.  the  work  of  Charette 
and  Flengas,51  with  one  millivolt  uncertainty  in  the  measure 

eell  voltage,  1-  uncertainty  in  the  furnace  temperature,  an 

,  „  ,  /n  ratio  of  10,  corresponds  to  *100 

for  a  fixed  (Pcq/Pco'  ra  .  , 

.  .  Aro  In  the  absence  of  any  special 

calories  uncertainty  in  AGjj. 

ran  a -hi eve  measurements  o£ 
problem,  careful  experimentation  can  - 

this  accuracy. 

t  „  An0  (+50  calories)  can 
Even  more  accurate  values  of  AGIX 

be  obtained  from  the  emf  of  the  cell  V. 

Pt/0,(1  .«>/!*....  C..»  Oi,.»/co(g)  ,C0!  (g)/Pt  W 

Temperature  range:  600-1000°C  _ 

Oxygen  partial  pressure  range:  10  2 J (600  C) 


(1000°C)  atms, 


G®  x  -  -2E(V)F  -  RT  ^n(pc02/P  co^ 


(12) 


3,  CVCO-CO2  Equilibrium 

.  n i a»r  later  that  the  accuracy  of  carbon 

It  would  become  clear  later 

activities  in  gls.sy  carton  would  strongly  depend  on  the  accuracy 

X  2  The  cell  VI  would  be  investigated  to 

of  AG°  of  reaction  2.  Tne  cex 

accurately  measure  AG*  of  reaction  2. 

.  /c  (or. )  CO  (g)  ,C02  (g)/Pt  (VI) 
Pt/C0(g)  ,C0.  (g)/Thi.  ••  V...  . . /C<9r->'  9  „ 


P  1 
*0  2 
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Temperature  range:  6Q0-1000°C 

Oxygen  partial  pressure  range:  10_z 4 (600°C)  -  10" 18 

(1000°C)  atms. 

Cell  atmosphere:  Gaseous  electrode;  CO-CO2  gas  mixture 

of  controlled  oxygen  partial 
pressure 

Graphito  electrode;  CO-CO2  gas  mixture 
ir.  equilibrium  with  graphite 

The  use  of  CO-CO?  gas  mixture  instead  of  Ni-NiO  or  C0-C0O  as  a 


reference  electrode  has  two  distinct  advantages: 

(a)  Lince  the  reaction  CO(g)  +  *j02  (g)  *  C02  (g)  is 
common  on  both  sides  of  the  electrode,  the  un¬ 
certainty  in  its  free  energy  values  would  not 
further  increase  the  uncertainty  in  free  energy 
values  of  the  reaction  C(s)  +  C02(g)  =  2CO(g). 

(b)  By  increasing  the  PC02/PC0  ratio  of  C0-C02  electrode, 
its  oxygen  partial  pressure  can  be  increased  by  a 


few  orders  of  magnitude. 

The  oxygen  partial  pressures  on  two  electrode  sides  and  the  emf 
of  cell  VI  can  be  related  as 


2AGJ/RT 


(13) 


2AGJ/RT 

p  II  =  B2  e 
02 


(14) 


4E  (VI )  F/RT 

p  II  e 
*0  2 


(15) 
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,„ere  AO-  is  the  standard  free  energy  change  of  reaction  1  and 

A  -  (Poo/Peo’1'  B  ’  -oo/Poo.11-  *A"  WOUW  ^  maintai“d 

constant  and  at  a  total  pressure  of  1  atmosphere,  and  taking 

graphite  a,  a  standard  state  for  carbon,  ”B»  can  be  expressed 
in  terms  of  AGJj  of  reaction  2, 


-AGU/RT  (  "2AGjj/RT  -AGJj/RTl1’ 
a  11  e  +  e 

It 


B 


(16) 


,  n  .  one  gets  an  expression  for  AGjj 

Combining  equation  13  to  16,  one  gets 


as 


AGil 


(  A  .  -  9P.  (VI )  F 

RT  An  - -Se  (VIJf/kTJ 

'•1  +  Ae 


(17) 


It  i,  worthwhile  to  note  that  the  emf  of  cell  VI  would  not  be  a 
straight  line  when  plotted  against  temperature  (a.  in  most  of 
the  electrochemical  cells),  because  equation  18  is  non-linear. 


RT 

e  (vi)  -  an 


2A 


Li  ♦  / 


l+4e 


AGii/Rir 


(18) 


bis  behavior  of  E(VI,  vs.  T  curve  becomes  clear  when  E(VI) 
s  expressed  in  terms  of  P<«.  Combining  equation  18  and  18, 


E(VI)  -  '  -jjr'  +  W  (4SII  +  R  ^'PcJ1’ 


(19) 
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where  AGJj,  AHjj,  and  A SJj  are  the  standard  free  energy,  heat, 
and  entropy  change  of  reaction  2,  respectively. 

Since  P  11  is  itself  a  non-linear  function  of  T,  this 
co 

makes  E(VI)  a  non-linear  function  of  T.  The  nature  of  the 
curves  of  p^1  and  E(VI)  against  T  has  been  discussed  in 
Appendix  III.  The  directly  measured  AGJj  values  would  bo  in¬ 
dependent  of  ash  content,  ash  composition,  and  even  the  kind 
of  graphite  used.  Emf  of  cell  VI  would  be  measured  as  a  function 
of  temperature  which  would  then  give  Mii  from  equation  17. 

AH0  and  ASJj  of  reaction  2  can  be  readily  obtained  from  the 
AGII  vs*  T  curve*  The  accuracY  of  AGii  would  depend  upon  the 
standard  deviation  of  the  AGJX  vs.  T  curve. 

4.  Activity  of  Carbon  in  Glassy  Carbon 

Carbon  activities  in  glassy  carbon  samples  would  be 
measured  with  reference  to  graphite  as  a  standard  state,  using 
the  following  cell  configurations: 

(a)  Pt/CO(g) ,C02 (g)/Tho. as  Yo.is  Oj.925/ 

C (glassy  carbon) , CO (g) ,C02 (g)/Pt  tvil] 

Temperature  range:  600-1000°C 

Oxygen  partial  pressure  range:  10" 2 4  (at  600°C) 

-  10” 1 8  (at  1000°C)  atms. 

The  emf  of  the  above  cell  can  be  shown  to  be 


E(VII) 


1+ 


2A _ 

AG* t/RT 
4  e  1 1 


* 


a 


c 


(20) 
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-1  + 


t  « 


«• 


%  « 


t 

[ 


where  a  is  carbon  activity  in  glassy  carbon  and  other  symbols 
c 

have  their  predefined  meanings* 

In  this  case  also  E<VII)  vs.  T  curve  would  not  be 
linear  for  the  reasons  discussed  previously.  Howevor,  carbon 
activity  can  be  calculated  explicitly  as  a  function  of  tempera¬ 
ture  by  using  the  following  relation 

(AG*j  ♦  2E (VII)P) RT 

*C  ’  A(l+A 

If  equation  21  is  differentiated,  one  gets 


«(.c)  -  6T)+2F{T6E(VII) 

-  (AG1-+4E  {VIDP)  ) 
-E(VII)fiT)  (1+A  ace  - pj - >] 


(22) 


It  is  evident  from  equation  22  that  the  uncertainty  in 
carbon  activity  would  depend  on  the  uncertainties  in  the  emf, 
temperature,  AGJj,  as  well  as  on  the  values  of  these  variables. 

1  Q  , 

(b)  Pt/C. (glassy  carbon)CO(g)  ,C0»  (g)/Th*. •»  Y#.»» 

I! 

Cji  (graphite, CO (g) ,CO* (g)/Pt 
Temperature  range i  600-1000*C 

*  i  ^ 

Oxygen  partial  pressure  range  *  10 

-  10” ‘ ' 


(VIII) 

(at  600#C) 

(at  1000°C)  atms. 
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It  can  be  readily  shown  that  the  electrode  with  lower  carbon  activi¬ 


ty  is  at  higher  oxygen  potential.  The  emf  of  cell  VUI  is  related 


to 


CO; 


CO 


) ^  ( ^CO » 1 ^  ^ 

I  and  — lJ  which  are  ultimately  related  to  carbon 


activities  in  two  different  forms  and  AG|j. 


2E  (VIII) F/RT 

G 


(23) 


Referring  to  graphite  as  a  standard  state  for  carbon ,  carbon 
activity  in  glassy  carbon  can  be  written  as 


e 


2E (VIII) F-AG 
RT 


II 


2E  (VI II)  F/RT 
e 


-1 


where 


AGS.-/RT 
l+2e  11 

f  AG“/RT)J5 

l+4e  11 

l 

-1  +  l+4e 

iGjj/RT  Tj 

4 

(24) 

(25) 


Once  the  emf  of  cell  VIII  is  measured  as  a  function  of  tempera¬ 
ture,  free  energy,  entropy,  and  enthalpy  change  of  the  glassy 
carbon-graphite  transition  can  be  readily  calculated. 

(c)  Fused  salt  electrolyte 


Pt/Cj (glassy  carbon)/CaC? ,CaCi2 UJ/Cjj (graphite)/Pt  (IX) 

Temperature  range:  800-1000#C 
Atmosphere:  Purified  argon 

The  carbon  activity  in  glassy  carbon  is  related  to  the  emf  of 
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cell  IX  ass 


AG°  ■  RT  An  a 


-E (IX) F 


5.  Entropy  of  Glassy  Carbon  at  Absolute  Zero 

The  configuration  entropy  of  a  solid  substance  at  0*K 
is  a  direct  measure  of  its  disorder.  Since  the  third  law 
demands  that  a  perfect  crystalline  substance  have  rero  entropy 
at  0*K  where  no  vibrational  contributions  are  present,  the 
failure  of  a  substance  to  reach  zero  entropy  at  "K  gives  a 
measure  of  the  lack  of  crystalline  order.  In  studies  of  many 
imperfectly  crystalline  materials  such  as  polymer,  accurate 
calorimetric  method,  have  been  used  to  deduce  the  degree  of 
crystallinity.  Necessarily,  these  methods  can  only  directly 
yield  value,  for  configurational  enthalpy  differences.  Since 
the  proposed  method  can  give  a  direct  measure  of  the  standard 
Gibb-s  free  energy  change,  values  for  both  the  configurational 

entropy  and  enthalpy  are  obtainable. 

The  entropy  change  of  the  glassy  carbon-graphite 

transition,  proposed  to  be  deduced  from  the  results  of  cell 
VII  or  VIII  or  IX,  can  be  written  as 


3T,c, graphite  +  ST,v, graphite5 


(27a) 


-  (S^cpgiaesy  carbon  +  ST,v, glassy  carbon5 

The  subscripts  c  and  v  refer  to  configurational  and  vibrational 
contributions,  respectively.  Similarly,  «n  be  separated 
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into  configurational  and  vibrational  contributions. 


AHT  *  ^,0 , graphite  *  graphite^ 

^,0, glassy  carbon  +  # v # glassy  carbon*  (27b) 

If  high  temperature  heat  capacity  values  for  glassy  carbon 
become  available  in  the  future,  s}>v>glaaBy  carbon  valueB  can 
be  calculated.  The  heat  capacity  of  graphite  is  available 
over  a  wide  range  of  temperature. 1 1 •  2 *“ 3 0  Assuming  graphite 
to  be  a  perfect  crystalline  solid  and  utilizing  above  mentioned 
information,  it  would  be  possible  to  calculate  configurational 
entropy  of  glassy  carbon  at  absolute  zero.  Similarly, 

(HT,c,,riphite  *  "i.clas.y  carbon’  value*  can  be  c,lcuUted 
using  available  heat  capacity  and  heat  of  combustion  data  for 

graphite  and  glassy  carbon.  This  provides  a  unique  method  of 

separating  the  total  entropy  and  enthalpy  into  its  configurational 

and  vibrational  contributions.  Once  the  configurational  entropy 

and  enthalpy  is  krown,  different  types  of  structural  models  of 

glassy  carbon  available  in  the  literature  can  be  tested  for 

their  validity  and  consistency. 

B.  Electrode,  Electrolyte,  and  Atmosphere  Preparation 
1.  Electrode  preparation 

Electrode  pellets  (%"  dia.  *  •j"  ht.)  of  Ni-NiO,  Co-CoO, 
and  Nb07-Nb20s  will  consist  of  roughly  equal  amounts  of  metals 
ana  oxides. 

Graphite  would  be  machined  to  serve  as  the  outer 
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electrode  and  the  flat  bottom  solid  electrolyte  tube  would  slip 
into  the  cavity  in  the  graphite  electrode.  This  geometry  would 
give  a  rigid  support  to  the  solid  electrolyte  tube  as  well  as 
would  provide  more  contact  area  between  the  electrode  and  the 

electrolyte. 

It  is  almost  impossible  to  machine  baited  glassy  carbon 
therefore,  unbaked  glassy  carbon  would  be  machined  in  the  form 
of  small  cylinders,  and  then  baked  pieces  would  slip  inside  the 
solid  electrolyte  tube  and  serve  as  the  inner  electrode.  During 
the  baking  operation,  the  glassy  carbon  shrinks  appreciably 
(20-22%),  therefore,  proper  shrinkage  allowances  would  be  con- 

sidered. 

The  electrodes  of  graphite  and  glassy  carbon  for  fused 
.alt  experiment,  will  be  crucible,  and  long  cylinders,  respec- 

tively. 

2.  Electrolyte  preparation 

The  solid  electrolyte  tubes  would  be  purchased  from 

Zirconium  Corporation  of  America. 

Fisher  Scientific  Company  supplies  technical  grade  cal 

Cium  carbide.  H.wk.s  and  Morris-  have  described  a  laboratory 
procedure  to  prepare  pure  calcium  carbide  powder.  Pure  calcium 
and  finely  divided  graphite  (outgassed  at  1000*0  mixture 
containing  a  small  stoichiometric  excess  of  calcium  are  heated 
in  a  mild  steel  crucible  at  900*C  for  about  48  hours  in  a 
stream  of  pure  argon. 
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3.  Atmosphere  preparation 

(a)  Purified  Argon 

The  high  grade  argon  would  be  purified  of  oxygen*  moisture, 
carbon  dioxide,  and  carbon  monoxide  and  hydrogen  by  pussing  the 
gas  through  reduced  BTS  catalyat  at  200*C,  P>Oi  and  magnesium 
perchlorate,  ascarite,  and  oxidized  BTS  catalyat  at  250*C, 
respectively. 

(b)  CO/COa  Gas  Mixture  of  Controlled  Oxygen  Potentials 

Purified  carbon  monoxide  (by  passing  it*  through  de¬ 
hydrating  compounds,  ascarite,  and  BTS  catalyst  in  the  reduced 
form)  and  carbon  dioxide  (by  passing  it  through  dehydrating 
compounds  and  BTS  catalyat  in  both  oxidized  and  reduced  forms) 
gases  would  be  mixed  for  a  controlled  oxygen  potential  by  using 
the  constant  pressure  head  capillary  flow  meters  which  were 
first  developed  by  Johnston  and  Walker17  and  later  modified  by 
Darken  and  Gurry 4 *  and  Schwerdtfeger  and  Turkdogan*’.  The  basic 
principle  is  to  maintain  a  constant  pressure  drop  through  each 

of  two  flowmeters  by  bleeder  tubes.  The  pressure  drop  across  the 
capillary  is  measured  by  the  monometer  M.  The  gases  from  both 
flow  meters  are  mixed  in  column  G  packed  with  glass  beads.  The 
liquid  heads  in  the  bleeder  tubes  arc  adjusted  to  the  required 
levels  by  transferring  dibutyl  phthalate  from  the  reservoir  R. 

The  capillaries  Ci  and  Ca  are  held  in  position  by  ground  glass 
joints  for  easy  exchange  from  one  calibrated  capillary  to  another. 

The  capillary  tubes  would  be  calibrated  by  measuring 
the  flow  rate  of  the  rise  of  a  soap  bubble  in  a  graduated  glass 
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tuu«  of  uniform  cross-section,  0.9.,  a  soap  bubble  flow  meter. 

Johnston  and  ¥alkerIT  raport  that  tha  partial  praasura 
ratio  of  gaaaa  aa  low  aa  1C"1  (or  aa  high  as  10*)  could  bo 
naintained  constant  for  days.  Tha  gas  mixing  system  to  ba  used 
in  tha  proposed  research  is  schematically  shcren  in  figure  J. 

C.  experimental  Apparatus  and  Procedure 

experimental  Apparatue 

U)  Solid  Oxide  Electrolytes 

The  electrode  Isolation  requirement  is  best  (fulfilled 
by  the  complete  enclosure  of  one  electrode  in  an  impervious 
electrolyte  tube.  Therefore,  the  electrolyte  of  the  tubular 
form,  1/2"  00,  3/i*  10,  24*  long,  would  be  used.  A  platinum 
lead  will  be  passed  through  a  quarts  capillary  tube  which  is 
pressed  on  the  electrode  by  a  spring  to  provide  good  contact 
with  the  electrolyte.  The  other  platinum  lead  wire  will  be 
pushed  against  the  outside  flat  end  of  the  tube.  A  Pt/Pt 
-101  Ah  thermocouple  would  be  used  foi  the  temperature  measure¬ 
ment.  The  whole  assembly  would  be  enclosed  in  a  mulllte  tube. 
The  cells  would  be  slowly  heated  in  a  vertical  resistance 
furnace  capable  of  reaching  1000*C.  An  electrically  grounded 
metallic  tube  (nichrome)  surrounding  the  mulllte  tube  would 
minimise  induced  voltages  from  the  resistance  furnace  as  well 
as  broaden  the  constant  temperature  tone  and  increase  its  heat 
capacity  (to  reduce  temperature  fluctuations).  The  proposed 
cell  assembly  is  shown  in  figure  4. 


rtmire  it  CO/Co#  Cit  Mixing  Train  for  Controlled  Oxyocn 

Potentials 


.  i 
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Hull It*  tub* 

Solid  electrolyte  tub* 
Graphite  *l*ctrod* 

Solid  electrolyte 
p*ll*t  intide  th*  tub* 
S.C.  p*ll*t  outside 
i m  tub* 

Glttty  ctrbon  electrode 
Thermocouple  bead 
Alumina  sheath 
Glass-ceramic  joint 
O-ring 

Aluminum  coupling 
Gte  inlet 
Get  outlet 
Wax  teal 


figure  4.  Cell  Assembly  for  Solid 
electrolyte  Syttemt 


IS. 

It. 

17. 

18. 
IS. 


Spring  h  *o\ 

Spring 

Glass-ceramic  joint 

Vycor  glass 
Platinum  ring 


t2t 


(b)  fuaed  Salt  Electrolyte 

TM.  app.ratU.  U  «h0-«  ,ll)Ur*  »*  ^  C#U  W°Ul" 

oeMi.t  of  a  g«phl»  crucible  ."..tinned  in.Ue  a  -»»»• 

rube,  the . .  carbon  electrode  would  reel  on  a  «•«"*•» 

«,*  coverin')  the  graphite  crucible.  The  lower  end  of  the 
,U..y  carbon  electrode  would  b.  1-r.ed  In.ld.  the  electro- 
lytp  ,4»  cat,  In  CaCt.l  contained  in  the  graphite  ruolble. 

«,»  leaperature  would  be  controlled  (.«.i*Cl  by  a  Wheeler 
i»roportlcnate  controller. 

TP.  „(  can  be  •eaaur.d  by  a  null-balance  potentiometer. 
Title  nethod  depend,  on  the  ...ct  balancing  ol  the  cell  emf  by 
*„  fro*  the  potentiometer,  however,  1»  the  balance 

two  problem 

IIS  the  Matured  emf  la  in  error  by  an  amount  de¬ 
pending  upon  the  re.Lt.no.  of  the  circuit  and 

the  out-oC-baUnc«  current,  and 

ID  the  paaaage  of  current  through  the  cell  cauaot 
the  Matured  potential  to  deviate  from  that  of 
the  true  equilibrium  (polarl.atlon  effect). 

The  ..eond  Mthod  depend,  on  the  u.e  of  electrometer 

^.Itfier.  to  read  the  emf  directly.  They  have  huge  Internal 

-i#  -  r#w  noqohns)  compared  to  potent  i- 
Irwedance  (of  the  order  of  a  few 

WUB  ,410  ohm.  in  t  i  N  «-»  type  potentiometer,.  Purthermoie. 
th.  .peed  Of  reapon...  convenience.  continuity  of  reading. 
of  lhe  .lectroMter  ay.tem  are  great  advantage,  when  an  accuracy 
of  about  O.U  L  sufficient.  Time,  for  fu.ed  .alt  a.  well  a. 


••6  30~ 


Thermocouple  leads 
to  potentlofneter 


Vt  leads  to 
electrometer 


© 


Figure  5.  Cell  Assembly  for  Fused  Salt  Systems 

(1)  Fused  salt  electrolyte  (5%  CaC2  in  CaC«2) 

(2)  Graphite  crucible 

(3)  Glassy  carbon  cylinder 

(4)  Alumina  sheath 

(5)  Zirconia  disk 
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for  solid  electrolyte  studies,  the  electrometer  system  would 

be  used. 

2.  Procedure 

Each  cell  would  be  assembled  at  room  temperature.  It 
Will  then  be  evacuated  several  times  and  flushed  with  purified 
argon  or  CO/COi  mixture.  The  cell  would  be  heated  slowly  to 
iooo-c  and  left  overnight  for  homogenization  and  equilibration. 

Emf  would  be  recorded  at  intervals  of  30  minutes  and  if  the 
variations  are  within  0.1.  over  a  period  of  2-3  hours,  the  emf 
values  would  be  considered  to  be  steady.  The  rate  of  gas  flow 
past  the  cell  would  be  varied  to  check  its  influence  on  the 
cell  voltage.  The  temperature  would  then  be  lowered  by  50-C 
and  measurements  would  be  made  until  a  steady  emf  is  obtained. 

,»  experiments  involving  solid  electrolytes,  the  cells  would 
be  evacuated  at  each  temperature  and  then  would  be  flushed  with 
CO-CO i  gas  mixture,  in  equilibrium  with  graphite  or  glassy 
carbon  (calculated  from  available  data)  at  that  temperature. 

This  would  avoid  any  deposition  of  carbon  during  cooling.  This 
procedure  would  be  repeated  until  the  emf  at  lowest  temperature 
is  measured.  The  reversibility  of  cell  voltage  would  be  choc  e 
at  each  temperature  by  polarizing  the  cell  in  both  directions, 
some  of  the  samples  would  be  repeated  and  the  temperature  cycling 
would  be  done  to  cheek  the  reproducibility  of  the  data. 
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APPENDIX  I 


EValUaHOn  nf-^he  h,m  of  Carbon  nvi„„ 

jn  one  Of  their  classical  publications ,  Richardson  and 
e  eS  compiled  and  graphiMny  represented  the  standard 

s  free  energy  o,  formation  of  aii  oxides  pertinent  to  the 
iron  and  steei  asking.  However,  they  assigned  oniy  an  order  of 

:rtud;  ;aiue  to  the  accuracy  °f  *-  — » — * 

The  t“  d  KOal)'  B  ^  KCil)'  °  ,U0  KOal)'  -  °  <>-*10  Kcal, 

Z  T  frSe  en8r9y  ValU68  °f  —  -e  taken  fro. 

he  compilation  of  Thompson-,  who  had  not  stated  the  accuracy 

2  calculated  values.  Then  Kubaschewski  and  Evans—  and 

«*rd  a9ai„  compiled  free  ener9y  data  from  the  same  source  and 

quoted  the  same  order  of  maonifn/i 

magnitude  value  of  the  accuraoy.  There¬ 
of,  all  the  later  compilations  derived  from  Thompson's- 

calculations  give  only  the  order  of  magnitude  of  error  and  their 

accuracy  is  anything  less  than  1  Kilooalorie,  but  the  exact 
number  has  never  been  stated. 

m  JANAF  Thermochemical  Tables,  first  published  in  1965 
tun  et  al.-  compiled  the  thermodynamic  data  o,  carbon  oxides. 

JL  a  a  / 1  .  1  mm  ^  ^ 


The  4H°-  “1.15  '"‘In®  lor  CO,  (Reaction  3)  was  taken  from 

1  i  -  7  _  _ 


f,298 


-  <  " — -j  uoacii  irom 

8  paper  and  was  corrected  for  the  change  in  the 
molecular  weight  of  CO,  from  44.010  to  44.011.  This  correction 
would  Change  Rrosen  et  al.V  value  by  a  factor  of  1.0000227. 

Thg  AH®  i 

f, 298.15  value  for  CO  (Reaction  4)  was  computed  by  using 
4H“f,»8.15  values  of  reactions  1  and  3  taken  from  the  works  of 
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Rossini*  and  Prosen,  et  al.7,  respectively.  Table  12  lists 

the  AH0  ooo  ic  values  from  the  original  sources,7*’  according 
£,298.15 

to  the  present  calculations,  and  from  original  and  recent 
JANAF  Thermochemical  Tables.14'15  The  values  of  AH°f, 2g8. 15 
(according  to  the  present  calculations)  match  reasonably  well 
with  those  listed  in  the  original  JANAF  Thermochemical  Tables,14 
but  the  accuracy  limits  attached  to  the  values  are  in  complete 
disagreement.  The  tabulation  of  Schwerdtfeger  and  Turkdogan5* 
is  based  on  the  original  JANAF  Thermochemical  Tables14  and 
therefore  they  list  highly  exaggerated  values  of  the  uncertainty 
limits.  However,  the  accuracy  limits  reported  in  recently 
published  (June,  1971)  edition  of  JANAF  Thermochemical  Tables15 
have  been  corrected  and  they  match  extremely  well  with  those 
obtained  in  the  present  calculations. 

Rossini22  made  an  elaborate  compilation  of  chemical 
thermodynamic  properties  which  for  carbon  oxides  are  essentially 
the  same  as  made  by  Rossini  et  al.2J  under  American  Petroleum 
Institute  Research  Project  No.  44.  Later  on  Coughlin24,  Elliott 
and  Gleiser2  5 ,  Wicks  and  Block26  reported  the  sar.e  values. 

They  used  AH°f|298.15  vaiues  for  reaction  1  and  3  with  an 
accuracy  of  ±10  cal/mole  (which,  according  to  the  present 

calculations,  should  be  ±39.5,  and  ±10.8  cal/mole,  respectively) 

and  calculated  the  values  of  AG°f>T  of  reactions  3  and  4  at 

various  temperatures.  The  listed  accuracy  of  AG°f>298  15  values 

of  reactions  3  and  4  are  30  and  20  cal/mole,  respectively. 

Using  equation  5,  and  the  most  accurate  values  of  AS°f>298 #15 
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Critical  Evaluation  of  Thermodynamic  Data  of  Carbon  Oxides 
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♦Present  Calculation 


of  reactions  1  and  3  (-20.650  t  0.045  and  0.693  •  0.045  cal/molo- 
°K,  respectively)  the  calculated  accuracy  of  AG°f#298>15  value* 
of  reactions  3  and  4  are  155.8  and  H29.5  cnl/mole.  respectively. 

The  accuracy  of  AS°f>T  used  in  the  present  calculations  incorporates 
errors  in  the  experimental  heat  capacity  values  as  well  as  their 
numerical  integration.  Error  in  <AH°f#T  -  An°f,298.15)  valuc* 
are  taken  to  be  T  times  error  in  AS#f#T  values. 


(“•*.*)  •  4( 


AH‘ 


f ,298.15 


MI 


AC  dT 


Ml.  II 


M 


AS' 


f  »T 


(5) 


Table  12  shows  AG°f>T  values  of  reactions  1-4  at  298.15  and 
1000°K  as  obtained  in  the  present  calculations,  listed  by 
Coughlin2  4 ,  and  original  and  recent  JANAF  Thcrmochemical  Tables. 

The  thermochemical  calculations  and  the  extended  dis¬ 
cussion  of  their  probable  accuracy  depend  heavily  on  accuracy 
of  the  heat  of  combustion  of  graphite  (reaction  3)  as  reported 
by  Prosen  et  al.7  in  1944.  When  an  accuracy  of  *10.8  cal/molo 
has  been  reported,  one  has  to  critically  consider  the  effects 
of  impurity  content,  impurity  composition,  pretroatment ,  and 
the  kind  of  graphite.  Experimentally  it  is  almost  impossible 
to  determine  the  weight  of  ash  present  in  the  sample  after 
combustion,  and  in  calculating  the  results  it  is  necessary  to 
assume  that  any  residue  present  in  the  crucible  after  combustion 
has  the  same  composition  as  in  the  original  graphite.  This 
method  of  correcting  for  the  weight  of  ash  is  not  necessarily 
sound  because  the  assumption  is  made  that  the  impurities  arc 
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T 


originally  praaont  in  the  graphite  in  the  aame  form  aa  they  are 
found  in  the  aah,  namely,  aa  oxidea.*  It  la  pore  correct  to 

e  • 

assume  that  the  impurities  are  preaent  aa  carbidea  which  oxidise 
during  the  combustion  proceae.  Thus,  not  only  will  the  weight 
of  ash  differ  from  the  original  impurity  content,  but  in  addition, 
a  algnif leant  quantity  of  heat  will  alao  be  evolved  by  the 
oxidation  of  carbidea.  The  effect  of  the  impurity  content  on  the 
heat  liberated  per  gram  of  graphite  burned  can  be  demonstrated 
by  conaidering  the  behavior  of  a  graphite  which  hae  an  aah  con¬ 
tent  of  300  ppms  that  ia  1  gram  of  graphite  producea  0.3  mg  of 
aah.  During  the  thermal  pretreatment  allicon  and  calcium  pre¬ 
aent  in  the  graphite  are  converted  into  carbidea  which  in  turn, 
during  the  combuation,  undergo  exothermic  reactions! 

(i)  SiC  ♦  20y  •  SiO,  ♦  CO} (-AM* ^  ■  209.1  Kcal/mole 

or  9578  cal/g  Si) » 

(ii)  CaC}  ♦  5/20}  »  CaO  ♦  2CO}(-AM*j  •  325.0  Kcal/mole 

or  8109  cal/g  Ca). 

If  the  concentratione  of  ailicon  and  calcium  impuritiea  are  both 
x  mg/g  carbon,  then  on  combuation  by  atoichiometry,  2.14x  mg  of 
ailica  and  1.40x  mg  of  calcium  oxide  will  be  produced  for  every 
gram  of  carbon.  The  weight  of  aah  will  be  3.54x  mg.  Equating 
thia  with  the  aaaumed  figure  of  0.3  mg  givea  x  aa  0.085.  Thue 

e  * 

the  ailicon  and  calcium  content  of  the  original  graphite  ia 

•  • 

0.085  mg/g  and  coneequantly  the  SiC  and  CaC}  contenta  are  0.121 
..  an4  0.136  mg/g,  reapectively .  The  amount  of  carbon  which  burns 

a8  graphite  ia  depleted  by  the  amounta  combined  aa  carbidea  and 

I 

I 
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these  Are  0.036  mg/y  as  SiC  and  0.051  *9/9  as  CaC*,  leaving 
0.999743  9/9  of  "free*  carbon.  The  heat  of  combustion  value 
(94,051.8  cal/mole)  reported  by  Prosen  et  al.7  can  be  written 

AS  I 

heat  of  combust ion/9  free  graphite 

•  observed  heat  releasc/q  sampln 
1  -  ash  content/9  sample 

Thus,  the  observed  heat  release  ■  7830.47(1*0.0003)  •  7828.12  cal/9. 
Therefore,  0.121  mg  of  SIC  and  0.136  my  of  CaC>  would  liberate 
0.69  and  0.81  cal,  respectively,  and  the  heat  liberated  by  the 
combustion  of  0.999743  gns  of  "free"  carbon  in  9raphite  is 
7826.62  cal.  This  yields  a  value  of  7828.63  cal/grm  or  94029.7 
cal/mole  for  the  true  heat  of  combustion  of  graphite.  It  can 
be  seen  that  the  apparent  heat  of  combustion  measured  by  Prosen 
et  al.7  Is  22.1  cal/mole  (94,051.8  -  94029.7)  higher  than  the 
true  value  for  a  graphite  assumed  to  contain  egual  Si  and  Ca 
impurity  and  totaling  300  ppm  of  ash. 

If  the  graphite  sample  was  not  prepared  by  heating  to 
at  least  2700*C  in  an  inert  atmosphere,  the  heat  of  combustion 
obtained  was  significantly  higher  (40  cals/molc) . 1  This  result 
which  was  fully  corrected  for  ash  characteristics,  shows  the 
significant  uiiect  on  heat  of  combustion  due  to  difference  in 
degree  of  graph! tization.  However,  the  value  of  heat  combustion 
reported  by  Prosen  et  al.7  is  an  average  of  17  measurements  on 
Buckingham  natural  graphite  and  various  artificial  samples,  with 
varying  degrees  of  graphitization  and  ash  characterisitcs. 
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APPENDIX  II 


climate  of  the  Thermodynamic  groif+f*1?*  of  the  Gl«j}«y  C«rb.°.Ql 
graphite  and  Dim ond-Graphlte  Equilibria  at  298.15" 


Claaav  Carbon-Graph f_te  Equilibrium 

Tha  following  data  hava  baan  uaod  in  the  present 


calculations 

(1)  Th*  haat  of  combustion  of  glaaay  carbon  at  298.15°KI,‘ 

(2)  Tha  heat  of  combuation  of  graphite  at  298.15*K* 

(3)  Tha  heat  capacity  of  glaaay  carbon  in  the  tempera¬ 
ture  range  of  5-298. lS^X* 2 


(4)  The  heat  capacity  of  graphite  in  the  temperature 
range  of  1-298. 15*KIS 

If  both  glaaay  carbon  and  graphite  obey  the  third  law,  the 

following  thermodynamic  propertiea  for  the  reaction  C  (glassy 

carbon)  •*  C (graphite)  can  be  obtained  at  298.15#K. 

AH*  -  -1,223  ±  30  cal/mole 

AS*  ■  -0.046  ±  0.01  cal/mole- #K 

AG*  ■  -1,209  ±  33  cal/mole 

(a  )  ,  .  0.13  t  0.006 

'c' glassy  carbon 


However,  it  ia  anticipated  that  the  configurational  entropy  of 
glaaay  carbon  at  abaolute  zero  would  be  significantly  high  and 
hence,  activity  of  carbon  in  glaaay  carbon  would  be  close  to 

unity. 

Diamond-Graphite  Equilibrium 

For  purposes  of  comparison,  it  is  worthwhile  to  calculate 
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activity  of  carbon  in  diamond.  The  probable  equilibrium  line 
between  diamond  and  graphite  forme  of  carbon  has  been  calculated 
thermodynamically  from  the  physical  properties  and  heats  of 
formation  of  the  two  forms  of  carbon. 60,61 

The  following  thermodynamic  properties  for  the  reaction 
C  (diamond)  -*>  C  (graphite)  can  be  obtained  at  298.15°K: 

AH°  «  -453  cal/mole 
AS0  ■  0.802  cal/mole-°K 

AG°  -  -692  cal/mole 

^ac^ diamond  0,31 


u 


.  I 


A 
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APPENDIX  III 


Nature  of  pCQ  and  E(VI)  vs.  Temperature  Curves 

Applying  L' Hospitals  rule,  the  limiting  value  of  few 
functions  which  constitute  the  required  equations  18  and  19 
are: 

AG®/RT 

Lt  e  s  oo 

T  -*•  0 

-AG®/RT 
Lt  e  11  *  0 

T  -*■  0 

AG®  /RT  -AS®/RT 

Lte  11  *  e  11 

T  ■*  00 

-AG®  /RT  AS®/RT 

Lt  e  11  •  e  11 

X  ■*  00 


Lt  p  -  0 

CO 


T  -»  0 


Lt  p«  -  1 

CO 


X  -*■  oo 


Lt 


3t 


T  -*■  0 


Lt 

X  -*•  00 


3t 


(>-*) 


T  0 


Lt  E (VI )  -  -AHJJ/2F 
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Lt  E  (VI )  -  l-AHh  ♦  T(ASJj  4  R  An  A)  ]/2F 

Ip  -f  00 

Lt  ^  (E(VD)  =  » 

T  •>  0 

Lt  jj-j-r  (E(VI))  -  <asii  +  R  in  A)/2F 

T  -►  oo 

Figure  6  shows  schematically  the  curves  for  both  p^1  and  E(VI) 
vs.  temperature. 


II 


co 


vs.  T  Curve 

D  11  starts  with  a  value  of  zero  and  has  an  infinite 


rco 

slope  at  T  ■  0,  and  then  asymtotically  merges  to  PCQ  -11 


ine, 


E (VI )  vs.  T  Curve 


II 


The  behavior  of  p  vs.  T  curve  is  fully  reflected  on 

UU 

this  curve.  This  curve  also  starts  with  an  infinite  slope,  has 

a  value  of  -AHJj/2F  at  T-0,  and  as  p^1  starts  tending  to  unity, 

it  is  evident  from  equation  19  that  this  asymtotically  merges 

to  a  straight  line  with  a  slope  of  < AS Jx  +  R  An  A)/2F.  Even 

when  p  11  is  close  to  unity  but  not  unity,  E(VI)  almost  merges 
co 


A/p 


II 

co 


is  very 


to  the  straight  line  because  in  this  region  An 
close  to  An  A.  It  is  worthwhile  to  note  that  the  behavior  of 
E(VI)  vs.  T  curve  resembles  in  many  respects  that  of  activity 


vs.  mole  fraction  curve  in  a  typical  non-ideal  metallic  binary 
solution. 
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FLOW  VIA  DISLOCATIONS  IN  IDEAL  GLASSES 


J.  J.  Gilman 


Outline 
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V.  Dynamics  of  Dislocation  Motion 

VI.  Implications  of  Dislocation  Mechanics 


Preciiltni  pm  blank 
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PLOW  VIA  DISLOCATIONS  IN  IDEAL  GLASSES 


J.  J.  Gilman 


I .  Introduction 

1 

A  few  years  ago  the  author  (Gilman,  1968)  proposed 
that  flow  in  noncrystalline  solids  often  consists  of  correlated 
molecular  shear  events  that  can  be  described  in  terms  of  the 
motions  of  dislocation  lines.  In  the  meantime,  experimental 
results  have  appeared  that  support  this  proposal  so  it  is 
worthwhile  to  examine  it  and  some  of  its  consequences  further. 
Previously  it  had  been  supposed  that  flow  in  glasses  consisted 

of  uncorrelated  individual  molecular  shears  as  in  a  liquid  of 

2 

low  viscosity  (Eyring,  et  al. ,  1964)  .  Since  the  correlations 
between  shears  and,  hence,  the  discrete  dislocation  lines  will 
only  persist  for  finite  times,  this  mode  of  flow  will  only  be 
important  if  the  time  duration  of  the  plastic  flow  is  short 
compared  with  the  viscous  relaxation  time.  Supposing  that  a 
flow  event  lasts  10  seconds  and  the  applied  stress  is 
moderately  high  (say  10 10  d/cm2)  then  a  transition  in  the 
deformation  mode  will  occur  at  a  viscosity  level  of  about 
10x10  10  =  10 1  1  poise.  Flow  in  glasses  more  rigid  than  this 
will  tend  to  be  associated  with  dislocation  lines.  In  glasses 
less  rigid  than  this,  the  flow  events  will  tend  to  be 
uncorrelated . 
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II .  Nature  of  Dislocation  Lines  in  Glasses 


Figure  1  compares  two  dislocation  lines,  one  in 
crystalline  silica  (quartz)  and  one  in  vitreous  silica. 

In  the  crystalline  case  there  is  a  constant  Burgers  vector 
along  the  line  and  the  structure  left  behind  as  the  dislo¬ 
cation  moves  is  perfectly  restored  crystal  (if  the  Burgers 
vector  is  a  perfect  translation  vector  of  the  crystal 
structure) .  In  the  noncrystalline  case  the  local  trans¬ 
lations  that  are  needed  to  restore  the  bonding  vary  along 
the  line  length  so  the  Burgers  vector  fluctuates  in  magni¬ 
tude  and  direction. 

The  drawings  are  projections  onto  the  plane  of  the 
paper  of  the  positions  of  the  silicon  atoms  of  a  single 
sheet  in  the  structure.  The  oxygen  atoms  are  not  shown, 
but  each  silicon  atom  is  bonded  to  an  oxygen  atom  that  lies 
just  above  it  plus  three  that  lie  below  it,  approximately 
parallel  to  the  plane  of  the  drawing.  If  parts  of  the  upper 
oxygen  layers  are  translated  while  the  rest  are  not,  dislo¬ 
cation  lines  can  be  formed  at  positions  indicated  by  the 
dashed  lines  in  Figure  1.  The  arrows  represent  the  trans¬ 
lations  that  move  oxygen  atoms  from  initial  sites  to 
equivalent  final  sites  during  an  elementary  motion  of  the 
dislocation  line.  The  sheet  is  not  necessarily  flat  but  it 
will  tend  to  lie  parallel  to  the  plane  of  maximum  shear 
stress . 
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In  addition  to  the  fixed  vs.  fluctuating  Burgers 
vectors,  the  two  cases  are  different  because  the  structure 
will  not  be  perfectly  restored  behind  a  moving  dislocation 
line  in  the  noncrystalline  case.  This  lack  of  complete 
restoration  occurs  because  the  distribution  of  Burgers 
vectors  changes  as  the  dislocation  line  moves.  Consider  a 
network  with  an  average  primitive  translation  vector,  <b>, 
which  has  a  dispersion,  3.  Then  start  with  a  dislocation 
line  at  one  position  and  having  an  average  Burgers  vector, 
<b> i ,  whose  dispersion  is  3i.  Move  this  line  forward  by  an 
average  amount,  <b>,  to  a  new  position  with  average  Burgers 
vector  <b>2  and  dispersion  82.  In  general,  <b>i  and  <b>2 
will  not  be  the  same  so  various  defects  will  be  left  behind 
The  number  of  these  defects  will  be  proportional  to  the 
fractional  change:  <\3><",lmm  •  Or,  if  b  is  normally 

distributed  the  number  of  defects  will  be  proportional  to  8 
The  defects  left  behind  can  consist  of  various 
types  that  will  depend  on  the  class  of  glass,  whether  it  be 
of  the  silicate,  polymeric,  or  metallic  type.  In  the 
silicate  case,  a  glass  is  an  open  covalently-bonded  network 
and  a  metallic  glass  consists  of  a  densely  consolidated 
collection  of  approximately  spherical  atoms.  In  open  or 
tangled  chain  networks,  broken  bonds  (free  radicals)  can 
be  left  behind.  In  any  network,  density  fluctuations  can 
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bo  loft  behind,  as  well  as  dislocation  loops.  The  deposition 
of  these  defects  in  the  wake  of  a  moving  dislocation  will 
produce  a  "structural  drag"  force  in  addition  to  whatever 

viscous  drag  force  is  acting. 

The  concept  of  dislocation  lines  with  variable 

Burgers  vectors  is  reasonable  in  this  case  because  the 
increase  in  self-energy  that  occurs  as  a  result  of  small 
fluctuations  in  b  is  relatively  small  since  the  energy  is 
proportional  to  the  square  of  the  Burgers  displacement. 

Suppose  a  unit  length  of  dislocation  has  a  Burgers  displace¬ 
ment  of  b  +  6  along  one-half  of  its  length,  and  b  -  6  along 
the  other  half,  where  6  is  a  small  increment.  Then  the  ratio 
of  its  elastic  energy  to  that  of  the  same  length  without 
fluctuations  iss  1  +  62/b2.  Thus,  fluctuations  as  large 

as  30%  cause  only  a  10%  energy  increase. 

In  the  noncrystalline  case  illustrated  by  Figure  lb, 
the  average  Burgers  displacement  has  a  definite  value  that 
is  determined  by  the  network  dimensions,  but  there  are 
fluctuations  in  both  its  magnitude  and  its  direction  along 
the  line.  In  order  to  minimize  the  energy  of  such  a  dislo¬ 
cation,  it  is  necessary  for  the  mean,  b,  to  be  conserved 
over  long  distances;  thus,  although  the  local  b  may  fluctuate, 
there  are  long  range  correlations  (occasional  large  energy 
densities  may  cause  this  condition  to  be  relaxed) .  Further¬ 
more,  there  will  be  little  tendency  for  the  line  to  lie  on 
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a  single  plane,  and  its  local  structure  will  change  as  it 
moves.  Nevertheless,  it  is  expected  that  such  dislocations 
will  exist  in  noncrystalline  solids,  especially  under  flow 
conditions.  When  they  are  viewed  with  a  somewhat  fuzzy 
microscope  (resolution  of  approximately  10A) ,  their  behavior 
should  resemble  that  of  dislocations  in  crystals. 

Application  of  the  concept  of  dislocation  lines  to 
glassy  materials  is  not  just  a  forced  analogy  with  crystals, 
but  is  desirable  because  it  allows  the  flow  properties  of 
these  structures  to  be  discussed  in  a  more  organized  way 
than  is  otherwise  possible.  That  is,  it  provides  a  simple 
means  for  describing  the  correlations  that  must  exist  between 
adjacent  elementary  shear  processes  in  a  rigid  glass.  It  is 
clear  that  if  an  elementary  plastic  shear  occurs  at  a  parti¬ 
cular  point  in  a  glass,  then  the  probability  that  another 
will  occur  adjacent  to  this  point  is  much  greater  than  the 
probability  that  another  shear  will  occur  at  some  random 
point.  The  enhanced  probability  results  from  the  local  stress 
concentration  and  the  favorable  local  configuration.  This 
correlation  of  shear  events  leads  directly  to  flow  via  the 
motions  of  dislocation  lines. 

The  dislocation  line  description  of  '"low  in  glasses 
becomes  more  useful  for  describing  and  interpreting  the 
kinematics  and  dynamics  of  the  flow  process.  It  allows 
phenomena  such  as  glide-line  markings,  abrupt  yielding,  non¬ 
linear  viscous  response,  low-temperature  internal  friction, 
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stress  relaxation,  etc.  to  be  given  a  microscopic  interpreta¬ 
tion.  These  topics  will  be  discussed  further  as  this  paper 
progresses . 

III.  Experimental  Evidence  for  the  Existence  of  Dislocation  Linos 

Direct  evidence  for  the  existence  of  flow  via  the 
motion  of  dislocation  lines  in  glasses  has  been  obtained  by 
Leamy,  Chen  and  Wang  (1971)  .  They  have  observed  distinct 
and  relatively  sharp  shear-step  markings  on  the  surfaces  of 
bent  specimens  of  Pd4Si  glass.  Such  surface  steps  require 
inhomogeneous  flow  propagation  within  the  material.  Since 
the  boundary  of  a  locally  sheared  region  is  defined  to  be  a 
dislocation  line,  this  means  that  dislocations  must  move 
through  these  glass  specimens. 

The  strain-stress  curves  measured  by  Masumoto  and 

4 

Maddin  (1971)  ,  as  well  as  those  measured  by  the  above 
authors,  show  definite  evidence  of  plastic  flow  (as  contrasted 
with  viscous  flow)  followed  rather  immediately  by  fracture 
in  glassy  Pdi«Si. 

Plastic  flow  in  various  silicate  glasses  has  been 

5 

observed  directly  by  Marsh  (1963)  and  indirectly  by  various 
authors.  Although  it  may  be  inferred  that  such  flow  is 
inhomogeneous,  this  author  is  not  aware  of  direct  microscopic 


evidence . 


For  partially  glassy  polymers  the  existence  of  flow 
by  means  of  dislocation  motion  may  be  inferred  from  the 
general  character  of  the  macroscopic  response  (Dey,  19G7)  , 
and  for  microstructural  observations  that  show  inhomogeneous 

7  8 

banded  flow  (Imada,  et  al. ,  1971  j  Brady  and  Yoh,  1971  ). 

Since  plastic  flow  via  dislocation  motion  in  glasues 
is  both  theoretically  plausible  and  strongly  supported  by 
experimental  observations,  it  is  worthwhile  to  develop  the 
kinematics  and  dynamics  further.  This  is  done  in  the  next 
two  sections. 

IV.  Kinematics  of  Flow  Via  Dislocation  Motion 

A  general  expression  for  flow  via  dislocation  lines 

9 

was  derived  by  Gillis  and  Gilman  (1965)  .  The  plastic  strain 
rate  in  this  case  is  given  by: 

=  <b>^  (vn)dil  (1) 

where  b  is  the  average  Burgers  displacement  in  the  shear 
direction,  v  is  the  velocity  of  a  line  segment,  m  is  the 
generalized  outer  normal  vector  of  the  segment,  and  dH  is 
an  infinitesimal  line  segment. 

Since  glasses  are  isotropic,  the  velocity  vector 
is  not  expected  to  change  much  from  one  point  to  another  so 
this  equation  may  be  simplified  to  read: 
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<b>  vl 


(2) 


where  v  is  the  average  velocity  and  1  is  the  line  length 
per  unit  volume. 

Although  the  length  of  a  dislocation  line  will 
meander  in  a  complicated  way,  it  can  be  represented  as  the 
net  resultant  of  a  collection  of  small  loops  of  radius,  r, 
and  volume  concentration,  N.  Then  L  =  27rNr  and  when  these 
loops  expand  at  velocity,  v,  the  length  per  unit  volume 
will  increase: 


Lq  =  2irNv  '3' 

As  the  concentration  of  lines  increases  attrition  will  occur 
aa  a  result  of  collisions.  If  the  collision  parameter  is  p, 
then  the  rate  of  attrition  of  L  is: 


so  the  overall  rate  of  change  is: 
L  =  2tt.Nv  -  pL2v  ~  a-0L2 


Let  C2  =  a/0 ,  then: 


L  =  0(C2  -  L2) 
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integration  of  this  with  L  =  Lo  at  t  =  0  yields: 


0ct  =  tanh" 1 (L/C)  -  tanh"1 (L0/C) 


(7) 


and  since  Lo«C  this  may  be  inverted  to  read: 


L  *  C  tanh  (8Ct) 


(8) 


Thus,  L  increases  with  time  to  the  steady-state  value: 


ss 


C  -  (2ttN/p)  1/2 


(9) 


and  the  initial  slope  is  BC  -  /SS.  This  is  illustrated  in 
Figure  2. 

The  behavior  of  Figure  2  combined  with  that  of 
Equation  (2)  indicates  that  the  plastic-strain-rate  will 
increase  with  time  at  constant  stress  until  it  reaches  a 
steady  value  that  is  determined  by  Lss  and  the  average 
velocity.  Furthermore,  since  the  collision  parameter  will 
depend  on  the  strength  of  the  interactions  between  dislo¬ 
cations  relative  to  the  applied  stress,  it  will  most  likely 
vary  inversely  with  the  square  of  the  applied  stress.  As  a 
result,  Lgg  will  tend  to  increase  in  direct  proportion  to 
the  applied  stress:  and  if  the  velocity  is  proportional  to 
stress  the  strain-rate  will  increase  with  the  square  of  the 

stress . 
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The  discussion  above  assumes  that  the  concentration 
of  loops  is  fixed.  However,  since  screw  dislocations  in 
qlasses  can  cross-glide  without  difficulty  it  seems  likely 
that  the  loop  concentration  will  increase  via  multiple- 
crossglide.  The  N  will  be  proportional  to  L t  making  L 
initially  proportional  to  L  so  first  order  multiplication 
occurs,  followed  by  attrition  proportional  to  -L2.  This 
behavior  is  well-known  in  crystals  and  is  discussed  in 
detail  elsewhere  (Gilman,  1969)  so  only  the  results  will 
be  given  here.  If  k  is  the  multiplication  constant  and  k2 
is  the  attrition  constant,  the  kinetic  equation  is; 


L  -  kjL  -  k2L2 


(10) 


This  integrates  to  give  the  dependence  of  L  on  time; 

L .  k-L.ek‘t  (in 

According  to  this  equation  L- increases  exponentially  at 
first  starting  from  the  initial  value  L0  and  eventually 

saturates  at  the  steady-state  value  kj/kj,. 

This  completes  this  brief  discussion  of  kinematics, 
and  attention  will  be  directed  next  to  the  velocity  factor 
in  the  strain-rate  equation. 
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V.  Dynamics  of  Dislocation  Motion 


The  forces  acting  on  a  dislocation  line  segment 

will  include  the  following: 

a)  driving  force  -  T<b>  where  t  is  the  shear 
stress  on  the  glide  plane  and  <b>  is  the 
average  Burgers  displacement.  The  shear 
stress  may  derive  from  applied  stress, 
internal,  or  both. 

b)  inertial  resistance  -  m  (dv/dt) ,  where 
m  ■  effective  mass  and  (dv/dt)  is  the 
acceleration. 

c)  line  tension 

d)  drag  force 

1)  caused  by  defects  left  in  wake 

2)  drag  constant  and  v  is  the  velocity 

For  most  cases  of  interest  only  forces  (a)  and  (d) 
are  important.  The  inertial  resistance  is  small  because 
the  effective  mass  is  approximately  pb2  (where  p  is  the 
mass  density)  and  this  is  a  molecular  mass  per  unit  length. 
Thus,  the  time  needed  to  overcome  inertial  effects  is  small, 
and  dislocation  motions  quickly  approach  steady-state. 

Unless  dislocation  lines  are  sharply  curved,  line 
tension  effects  are  small.  In  the  present  discussion  small 
average  curvatures  will  be  assumed  so  these  effects  may  be 
neglected. 
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Since  a  dislocation  in  a  glass  has  no  definite 
glide  plane  the  appropriate  shear  stress  is  simply  the 
maximum  applied  shear-stress  which  equals  half  the  applied 
tension  or  compression  in  a  uniaxial  test.  When  multiaxial 
stresses  are  present,  the  root  mean  square  or  octahedral 
shear  stress  will  be  the  appropriate  driving  stress. 

At  steady-state  the  driving  force  is  balanced  by 

equal  but  oppositely  directed  drag  forces.  The  most 

fundamental  of  these  are  the  viscous  ones.  These  take  many 

1 1 

forms  (Rosenfield  et  a^L.  ,  1968)  but  the  most  important 
ones  act  at  the  very  core  of  a  dislocation  because  this  is 

l 

where  the  maximum  velocity  gradient  is. 

In  the  case  of  a  glass,  an  estimate  of  the  viscosity 
coefficient  at  a  dislocation  core  may  be  obtained  by  apply¬ 
ing  the  free  volume  theory  of  viscosity.  In  order  to  do 
this  an  estimate  of  the  local  change  in  the  structural  free 
volume  is  needed.  This  can  be  obtained  by  using  some  results 
from  soil  mechanics  as  follows.  This  free  volume  is  not  the 
same  as  thermally  induced  free  volume,  but  it  does  have  an 
effect  on  the  local  viscosity  and  has  its  own  temperature 
dependence. 

The  core  of  a  dislocation  is  the  place  where  the 
relative  displacement  across  the  glide  plane  changes  from 
zero  to  b.  In  elastic  theory  the  change  is  discontinuous, 
but  in  physical  theory  the  change  is  more  gradual  and  takes 
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place  over  a  distance,  w,  that  is  called  width  of  the  dislo¬ 
cation.  More  precisely,  the  displacement  along  the  glide 
plane  near  a  dislocation  line  may  be  represented  by: 

p  (x)  -  ^  tan” 1  (2x/w)  (l2) 

As  x  varies  from  -°°  to  +°°,  w(x)  changes  from  -b/2  to  +b/2 
and  the  shear  strain  increases  from  zero  far  away  to  b/w  at 
the  center  of  the  dislocation.  The  width  parameter,  w,  may 
be  as  small  as  b  or  as  large  as  many  times  b. 

In  an  aggregate  of  random  particles  such  as  a  glass, 
the  dilatance  that  results  from  a  given  shear  strain  has 
been  measured  by  students  of  soil  mechanics  and  also  pre¬ 
dicted  theoretically  (Horne,  1965)  * 2 .  The  dilatance  is: 

“  “  1<4  Scy  (Sey^1*  (13) 

Therefore,  if  w  =  b,  the  dilatance  at  the  center  of  a  dislo¬ 
cation  in  a  glass  would  be  approximately  1.4.  This  dilatance 
or  excess  free  volume  will  cause  a  reduction  in  the  viscosity 
in  the  immediate  vicinity  of  the  dislocation  core.  The 
amount  of  this  reduction  can  be  estimated  from  the  free 
volume  theory  of  viscosity  (Cohen  and  Turnbull,  1959). 13 

The  Doolittle  equation  for  the  viscosity  is: 


where  n  and  B  are  constants,  V„  is  the  molecular  volume  at 
o 

T  s  o  and  is  the  free  volume.  Differentiation  and  rearranae- 
ment  of  Equation  (14)  yields  an  expression  for  the  fractional 
change  in  viscosity  caused  by  a  given  fractional  change  in 
the  free  volume: 


An 

n 


(15) 


since  B  is  of  order  unity,  and  V0»Vf  this  means  that  a  small 
change  in  free  volume  can  cause  a  large  change  in  the  local 

viscosity. 

Taking  Vf  ■  aTV0  where  a  is  the  volume  thermal 
expansion  coefficient,  plus  Equation  (13)  with  b  «  w,  yields: 


An  _  -1.4B  (16) 

n  aT 


or,  if  n  is  the  viscosity  at  a  dislocation's  core,  then: 
c 


n 


c 


1.4B 

aT 


(17) 


which  gives  a  large  reduction  in  the  local  viscosity  at  low 
temperatures  and/or  for  small  thermal  expansion  coefficients. 

The  above  equations  indicate  one  way  in  which  flow 
in  glasses  tends  to  become  increasingly  localized  at  low 
temperatures.  Dilatance  left  in  the  wake  of  a  moving 
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dislocation  increases  the  ease  with  which  a  subsequent  dis¬ 
location  can  move  through  the  same  region.  However,  at  high 
temperatures  the  tendency  toward  localized  flow  should  dis¬ 
appear,  as  indeed  it  does.  Equation  (17)  indicates  that  there 
is  a  critical  temperature  at  which  nc  =  n  when  the  term  in 
parentheses  equals  unity.  Determination  of  this  critical  temper¬ 
ature,  Tc  =  0.7B/ot  might  give  a  means  for  determining  the  value 
of  B. 

Dilatance  will  affect  other  physical  properties  in 
addition  to  the  structural  free  volume  change  associated  with 
it.  For  example,  since  the  elastic  stiffness  arises  from 
electrostatic  forces  it  depends  on  the  four-thirds  power  of  the 
atomic  density.  If  M  is  a  particular  stiffness  modulus  and  n 
is  the  atomic  density  (atoms/volume)  then  a  change  in  atomic 
density  causes  a  stiffness  change  as  follows: 

AM  4  (An) 

M"  “  3  (~J  (18) 

and  a  dilatance  at  a  dislocation  core  of  1.4  would  be  expected 
to  cause  nearly  a  two-fold  decrease  in  the  elastic  stiffness. 

Another  effect  that  needs  to  be  kept  in  mind  is  that 
dilatance  created  by  shearing  a  group  of  atoms  is  not  distri¬ 
buted  uniformly.  It  tends  to  be  spread  out  on  the  glide  plane 
in  the  glide  direction.  This  causes  anisotropy  in  a  sheared 
soil  and  can  be  expected  to  do  the  same  in  a  sheared  glass. 
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The  creation  of  dilatance  during  plastic  shearing 
tends  to  soften  the  local  structure  as  discussed  above. 
Offsetting  this  effect  to  various  extents  is  the  creation 
of  defects  during  the  flow  process.  These  defects  cause 
drag  on  a  moving  dislocation  and  also  tend  to  interfere 
with  the  motions  of  subsequent  dislocations. 

If  the  energies  of  the  defects  are  known  the  drag 
stress  can  be  readily  calculated.  Let  «  be  the  density  of 
defects  per  unit  area  left  in  the  wake  of  a  moving  dislo¬ 
cation.  Let  U  be  the  energy  per  defect;  and  o  be  the  local 
stress.  The  work  done  by  the  streso  during  a  forward  move¬ 
ment,  x,  is  obx,  where  b  is  the  Burgers  displacement.  If  4o 
is  the  incremental  stress  caused  by  defect  production  then 
the  work  done  by  it  must  equal  the  energy  needed  to  create 
the  defects  which  is  U«x.  Therefore,  the  incremental  stress 

is : 

.  U<5  (19) 

Ao  “  "E" 

Suppose  that  U  «  le. v. /defect ;  6  =  10l2/cm2;  and  b  =  2A. 

Then  A a  -  10®  d/cm2.  This  is  not  a  large  stress,  so  defect 
drag  will  not  have  a  large  effect  on  the  flow  stresses  of 

glasses  unless  6  is  very  large. 

In  the  case  of  polymers  it  is  often  argued  that  the 

breakage  of  molecular  chains  (thereby  leaving  defects  behind) 


-665- 


actually  limits  the  rate  of  plastic  flow.  However,  presently 
available  data  do  not  support  this  hypothesis.  For  example, 

1  M 

data  presented  by  DeVries  (1971)  show  that  in  Nylon  6 
flowing  at  8.2  x  109  d/cm.2  about  3.3  x  1016  free  radicals 
are  produced  per  cm. 3  per  unit  strain  (this  being  a  lower 
limit) .  Now  the  energy  needed  to  break  a  carbon-carbon  bond 
is  about  5.7  x  10“2ergs.,  so  the  energy  needed  to  form  the 
observed  spins  is  about  9  x  101*  ergs/cm.3  per  unit  strain. 

But  the  plastic  work  done  per  unit  strain  is  about  8  x  10 
ergs/cm.1.  Thus,  the  plastic  work  done  is  105  times  as  large 
as  the  energy  stored  in  measurable  free  radicals.  The  data 
presented  by  DeVries  Cor  polyethylene  yield  a  similar  dis¬ 
crepancy  factor.  Although  the  measurements  may  not  observe 
many  of  the  spins  that  are  created,  it  is  unlikely  that  this 
can  account  for  such  a  large  discrepancy. 

VI.  Implications  of  Dislocation  Mechanics 

The  plastic  behaviors  of  crystalline  solids  range 
widely  from  elastic-ideal  plastic  at  one  extreme  to  ideal 
visco-elastic  at  the  other.  A  great  variety  of  stress-strain, 
and  strain-time,  curves  is  exhibited  by  the  multitude  of 
solids  that  lie  between  these  two  extremes.  Dislocation 
mechanics  has  succeeded  in  interpreting  this  range  of  behavior 
to  a  remarkable  extent.  At  times  past  it  was  thought  that- 
glasses  are  always  nearly  visco-elastic  in  their  behavior, 
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but  it  is  now  known  that  they  too  have  a  wide  range  of 
behavior.  Silicate  glasses  tend  to  be  viscous,  while 
metallic  glasses  tend  to  be  plastic,  and  amorphous  polymers 
lie  somewhere  in  between. 

Fortunately,  just  as  for  crystalline  solids,  dis¬ 
location  mechanics  is  flexible  enough  to  encompass  the 
behavior  range  without  straining  its  credibility.  The 
reason  for  this  is  the  heterogeneous  nature  of  the  processes 
that  are  involved.  The  macroscopic  behavior  is  the 
resultant  of  sums  and  products  of  these  heterogeneous 
elements.  Since  they  are  varied,  the  macroscopic  behavior 
is  even  more  varied.  This  is  illustrated  by  Equation  (1)  or 
(2) ,  which  state  that  the  macroscopic  strain-rate  depends  on 
the  product  of  the  dislocation  line  length  (and  line  shape) 
and  the  average  velocity.  But  neither  of  these  quantities 
is  fixed.  The  velocity  depends  strongly  on  stress  and  the 
line  length  depends  on  the  prior  strain.  Furthermore,  the 
average  velocity  of  a  dislocation  line  represents  a  distribu¬ 
tion  of  local  velocities  that  can  vary  markedly  in  space  and 
time.  All  of  these  factors  lead  to  a  great  variety  of  net 
macroscopic  behaviors. 

Depending  on  the  values  of  the  constants  in  the 
appropriate  equations,  stress-strain  curves  with  and  with¬ 
out  upper  yield  points  are  obtained;  creep  curves  with  and 
without  incubation  periods  can  be  expected;  and  various 
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shapes  for  the  transition  regions  of  inhomogoneously  drawn 

fibers  can  be  predicted  in  much  the  same  way  as  has  boon 

done  for  crystalline  solids. 

Because  of  its  inhomogeneous  nature,  plastic  flow 

leads  to  stress  concentrations  and  broken  chemical  bonds. 

These  in  turn  result  in  the  fracturing  of  glasses  as 

s 

emphasized  by  Marsh.  They  also  lead  to  enhanced  chemical 

reactivity  and  stress-corrosion. 

Serious  studios  oi  the  mechanical  behavior  of 

silicate,  metallic,  and  polymeric  glasses  have  only  just 

begun  in  terms  of  dislocation  and  disclination  lines  (Gilman 
i  s 

and  Li,  1970)  ,  but  this  is  a  most  promising  approach  for 

developing  an  understanding  of  their  varied  behavior  and 
for  unifying  this  branch  of  the  physical  mechanics  of  solids 
with  present  knowledge  of  crystalline  solids. 

It  may  be  possible  to  develop  more  incisive  experi¬ 
mental  knowledge  by  measuring  internal  friction  during  the 
uniaxial  deformation  of  glasses.  This  might  reveal  the  mean 
life  times  of  dislocation  loops  and  the  variation  of  the  line 
density  with  plastic  strain.  Studies  of  changes  in  deforma¬ 
tion  modes  with  temperature,  stress  level,  and  strain  rate 
might  also  be  revealing.  It  might  also  be  possible  to 
detect  heterogeneous  flow  at  the  molecular  scale  by  applying 
gold  decoration  techniques  to  the  surface  steps  that 


-668- 


emerging  dislocation  lines  must  create.  After  the  ntopn 
have  been  decorated,  a  replica  of  the  surface  can  bo  made 
for  study  with  an  electron  microscope. 
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HARDNESS  -  A  STRENGTH  MICROPROBE 
J.  J.  Gilman 

I .  Introduction 

Hardness  measurements  are  at  once  among  the  most 
maligned  and  the  most  magnificent  of  physical  measurements. 
Maligned  because  they  are  often  misinterpreted  by  the 
uninitiated,  and  magnificent  because  they  are  so  efficient 
in  generating  information  for  the  skilled  practitioner. 

They  can  quickly  yield  quantitative  information  about  the 
elastic,  anelastic,  plastic,  viscous,  and  fracture  properties 
of  a  great  variety  of  both  isotropic  md  anisotropic  solids. 
The  tools  that  are  used  are  simple  and  the  sample  sizes  that 
arc  needed  are  typically  small  and  sometimes  sub-microscopic. 
This  makes  it  unnecessary  to  have  large  specimens  in  order 
to  measure  strength  properties  and  makes  it  possible  to 
measure  the  properties  of  various  microscopic  particles 
within  the  matrix  phase  of  a  poly-phase  metal,  mineral,  or 
ceramic  material.  This  is  why  hardness  may  be  considered  to 
be  a  strength  microprobe. 

It  will  not  be  possible  here  to  discuss  the  multi¬ 
tude  of  relationships  between  hardness  measurements  and 
strength  properties.  Only  a  few  selected  topics  can  be 
considered.  First,  some  features  of  the  test  itself  will 
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ror  ('  i  vr>  attention  and  then  some  of  the?  correlations  that 
* 1  x  !  ?;  t  between  hardness  and  other  fundamental  properties. 
In  the  first  category  are  the  effects  of: 

a)  friction 

b)  pressure 

c)  plastic  anisotropy 


l'n  the  second  category  are  physical  factors  that  determine 
hardness : 

a)  cohesive  shear  strength 

b)  strain-hardening  (high  dislocation  mobility) 

c)  intrinsic  plastic  resistance  (low  dislocation  mobility) 
Next,  an  example  will  be  given  of  how  hardness  can  be 

used  as  a  research  tool  to  solve  a  specific  strength  problem. 


^ •  Some  Complexities  of  the  Indentation  Process 

For  an  isotropic,  perf ectly-plastic  solid  with 
frictionless  surfaces,  the  theory  of  hardness  indentations 
is  relatively  simple  as  reviewed  by  Tabor  (1951).  1  a  con¬ 
clusion  of  the  theory  is  that  the  hardness  number,  II,  equals 
approximately  3Y,  where  Y  is  the  tensile  yield  stress  which 
is  in  turn  equal  to  2S,  where  S  is  the?  shear  yield  stress. 

Thus,  II  =  6.S .  However,  many  solids  do  not  satisfy  the 
initial  assumptions.  Crystals,  for  example,  are  not  isotropic. 
Most  solids  exhibit  strain-hardening  and  some  transform  under 
pressure  into  new  solid  or  liquid  phases.  Also,  the  assumption 


-677- 


of  low  friction  between  the  indonter  and  the  specimen  is 
doubtful  at  high  pressure  levels,  especially  for  hard 
covalently-bonded  solids, 
a)  Friction 

No  attempt  will  be  made  here  to  calculate  the  effects 
of  friction  on  the  forces  involved  in  hardness  tests.  What 
will  be  done  is  to  sketch  the  slip  line  fields  for  various 
cases  in  order  to  emphasize  that  the  friction  between  an 
indenter  and  a  specimen  can  markedly  affect  the  plastic  flow 
field  and  therefore  the  measured  hardness  number.  m  addition 
to  difficult  computational  problems,  a  proper  theoretical 
assessment  of  these  effects  requires  that  the  friction 
coefficient  be  known  at  very  high  pressure  levels.  since 

this  is  not  the  case,  the  theory  is  not  yet  completely  satis¬ 
factory. 

Consider  two  dimensional  indentations  as  illustrated 
in  Figure  1.  Rigid  blunt  indenters  are  sketched  at  the  top 
with  the  smooth,  or  frictionless,  case  on  the  left  and  the 
rough,  or  infinite  friction,  case  on  the  right.2  For  a  dis¬ 
cussion  of  the  methods  used  to  construct  these  fields  the 
reader  is  referred  to  the  book  by  Hill  (1951) . *  The  differ¬ 
ences  in  the  patterns  arise  because  the  slip  lines  lie  at 
45°  to  a  shear-free  surface  and  at  90°  to  a  rigidly-clamped 
surface.  The  resulting  flow  fields  are  quite  different 
both  in  form  and  extent.  The  field  is  more  compact  in  the 
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smooth  case  with  flow  occurring  immediately  under  the 
indenter  except  at  its  very  center  whore  a  singular  point 
exists  at  which  fracture  will  tend  to  occur.  In  the  rouqh 
case,  no  flow  occurs  immediately  under  the  indenter  so  it 
pushes  a  wedge  of  undeformed  specimen  material  ahead  of  it¬ 
self. 

Next,  compare  the  slip  line  fields  for  indenters 
with  90°  points  on  them  as  shown  in  the  middle  of  the  figure. 
Again,  the  field  for  the  smooth  case  is  mere  compact  and  it 
can  be  seen  that  the  point  of  the  indenter  causes  efficient 
lateral  flow  like  the  prow  of  a  boat  pushing  through  water. 
Direct  lateral  shear  is  not  possible  in  the  rough  case 
because  the  slip  lines  adjacent  to  the  indenter  must  be 
curved  in  order  to  satisfy  the  perpendicularity  condition. 
This  expands  the  size  of  the  flow  field. 

Finally,  the  fields  for  indenters  with  the  135° 
angle  of  a  standard  Vickers  diamond  arc  illustrated  in 
Figure  lc.  Here,  for  the  smooth  indenter,  the  extent  of 
the  flow  field  is  smaller  than  for  the  90°  case  This  has 
the  advantage  of  reducing  the  volume  that  becomes  damaged 
during  a  test.  In  the  rough  case  an  undeformed  zone  is 
pushed  ahead  of  the  indenter  so  the  flow  field  is  the  same 
as  for  the  90°  rough  indenter  and  considerably  larger  than 
for  the  smooth  135°  case. 
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In  all  of  the  oases  illustrated  above  the  flow 
patterns  are  markedly  different  for  the  rough  and  smooth 
cases.  Therefore,  friction  at  the  indenter-specimon 
interface  can  indeed  have  an  effect  on  the  measured  hard¬ 
ness  number.  Its  importance  in  any  given  case  will  depend 
on  various  factors,  such  as  the  strain-hardening  rate  of 
the  specimen  material,  the  depth  of  penetration,  etc.  In 
some  cases  the  net  result  may  not  be  significant,  but  the 
possible  effects  of  friction  should  often  be  considered  and 
the  subject  deserves  further  theoretical  attention, 
b)  Pressure 

Beneath  some  indenters  the  local  pressure  reaches 
quite  high  values.  The  pure  pressure  rones  arc  the  blank 
regions  beneath  the  rough-blunt  and  rough-135*  indenters  on 
the  riqht  in  Figure  1.  The  magnitude  of  the  pressure  is 
simply  the  hardness  number.  If  this  is  10,000  kg/mm  for 
diamond  then  the  pressure  may  be  as  high  as  one  megabar  for 


this 
occur 
or  of 


case.  Such  high  pressures  may  cause  phase  changes  to 
in  some  solids.  These  changes  may  consist  of  meltina 
alio tropic  changes.  It  is  well-known,  for  example, 


that  the  pressure 


created  by  the  indentation  of  ice  by  the 


b latte  of  a  skate  causes  the  ice  to  melt. 

The  indentation  pressure  is  almost  great  enough  to  ^ 

cause  germanium  to  change  phase.  According  to  Bundy  (1964), 
germanium  transforms  to  its  metallic  form  at  about  115  kbar 
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ilt  root . .  This  is  only  ..bout  twice  the  Vickers 

hardness  of  f,00  kg/mm’  (  60  kbar)  so  an  indenter  with  a 
shape  that  increased  the  ratio  o£  pressure  to  shear  stres 

could  easily  cause  the  transformation. 

in  the  case  of  silicon  a  standard  Vickers  indenter 
is  likely  to  cause  a  transformation  because  hardness  numbers 
of  about  1100  kq/mm2  are  sometimes  measured  at  room  tempera¬ 
ture,  and  the  transformation  pressure'  is  just  equal  to  this. 

A  pressure  induced  transformation  that  can  be 
observed  readily  under  an  indenter  occurs  in  CdS.  The  trans¬ 
formation  occurs  at  about  24  kbar  and  is  accompanied  by  a 
color  change  from  orange  to  yellow.  Therefore,  if  a  plano¬ 
convex  lens  is  used  to  indent  the  material  and  create  the 
pressure,  the  color  change  can  be  observed  with  a  microscope 
looking  through  the  plane  surface  of  the  lens  at 
surface  which  is  in  contact  with  the  specimen.  The  present 

author  has  done  this. 

c)  Plastic  Anisotropy 

Many  solids,  especially  crystals,  arc  plastically 
anisotropic.  For  such  a  solid  it  may  be  easier  to  scratch 
a  particular  surface  along  one  direction  rather  than  another. 
Also,  it  may  bo  easier  to  scratch  a  surface  that  is  cut  with 
one  orientation  than  another.  This  is  true  even  for  cubic 
crystals  because  the  critical  shear  stress  for  plastic  flow 
varies  from  one  plane  to  another. 
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The  simple  plastic  theory  applied  by  Tabor  and 
mentioned  previously  here  does  not  take  anisotropy  into 
account.  When  it  is  taken  into  account  the  ratio  of  H  to 
Y  becomes  markedly  changed.  This  will  be  discussed  in  more 
detail  shortly. 

Investigations  of  both  the  directionality  effect 

and  the  surface  orientation  effect  are  often  done  using  the 

Knoop  type  of  indenter  which  makes  a  slender  "diamond-shaped" 

impression  with  the  ratio  of  the  diagnols  being  7:1.  An 

excellent  review  and  extension  of  the  work  on  directionality 

effects  has  been  published  very  recently  by  Brookes,  O'Neill, 

s 

and  Redfern  (1971).  These  authors  have  established  a  relation¬ 
ship  between  the  "effective  resolved-shear-stress"  just  below 
the  indenter  and  the  observed  hardness  number.  Orientations 
of  the  long  diagonal  of  the  indenter  which  produce  minimum 
values  of  "effective  rcsolved-shear-strcss"  on  the  primary 
glide  planes  correspond  to  maximum  observed  hardness  and  con¬ 
versely.  The  predictions  of  the  theory  of  Brookes,  O'Neill, 
and  Redfern  are  in  good  agreement  with  observations. 

Since  other  authors  at  this  symposium  are  scheduled 
to  discuss  anisotropy  in  detail,  I  shall  not  dwell  on  the 
orientation  dependence  here;  but  I  do  wish  to  say  more  about 
the  effect  of  anisotropy  on  the  ratio  between  H  and  Y. 

6 

Nearly  fifteen  years  ago,  J.  II .  Westbrook  (1958) 
did  an  unpublished  study  in  which  he  conpared  measured 
uniaxial  yield-stresses  with  Vickers  hardness  numbers.  Two 
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classes  of  materials  were  involved:  metals  constituted  one 
class,  and  compounds  with  the  rocksalt  crystal  structure 
constituted  the  other.  The  results  (Figure  2)  show  a 
dramatic  difference  in  the  H/Y  ratios.  For  the  metals  the 
ratio  is  about  3  and  for  the  compounds  it  is  about  35. 
Westbrook  did  not  offer  a  satisfactory  explanation  of  this 
phenomenon,  but  further  work  (also  unpublished)  by  Johnston 

7 

and  Nadeau  (1964)  did  lead  to  a  proper  qualitative  interpre¬ 
tation.  These  authors  explained  the  difference  in  terms  of 
the  limited  number  of  primary  glide  systems  {110}<ll0>  in 
rock-salt  compounds  compared  with  f.c.c.  metals  {111}<110>. 
There  are  only  2  independent  systems  in  the  former  case  com¬ 
pared  with  5  in  the  latter. 

For  an  arbitrary  plastic  shape-change  five  indepen¬ 
dent  glide  systems  are  required.  Thus  the  deformation  caused 
by  an  indenter  in  a  f.c.c.  metal  can  occur  entirely  on  primary 
systems;  whereas  it  cannot  for  rock-salt  type  compounds.  For 
these  compounds,  flow  on  secondary  glide  systems  is  required 
so  the  effects  of  plastic  anisotropy  are  strongly  manifested. 
The  stress  for  flow  on  the  secondary  system  in  LiF  (for 
example)  may  be  as  much  as  100  times  the  stress  for  flow  on 
the  primary  system  (Gilman  (1959)). 

I  am  indebted  to  Professor  J.  R.  Rice  of  Drown  Univer¬ 
sity  for  elucidating  the  mechanics  that  arc  involved  in  a 
simplified  model.  This  model  is  two-dimensional  and 
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therefore  is  intended  only  to  be  illustrative  of  principles. 

It  should  not  be  subjected  to  quantitative  comparisons  with 
experiments  in  its  present  form. 

Consider  two-dimensional  indentation  by  a  blunt-smooth 
punch.  The  yield  surface  is  sketched  in  Figure  3  and  the 
slip-line  field  is  outlined  in  Figure  4.  In  Figure  3  it  is 
assumed  that  there  are  two  glide  systems  operating;  and  only 
two.  One  glide  system  is  (010)  [100]  with  yield  stress  =  b; 
and  the  other  is  (110) [ 110 ]  with  yield  stress  =  a. 

Figure  4  (top)  outlines  the  slip  line  field  which  has 
seven  regions.  It  also  indicates  (bottom)  the  stress  states 
within  each  of  the  regions.  The  pressure  on  the  indenter  that 
is  needed  to  just  begin  flow  in  the  over-all  configuration 
is: 


P  (limit)  ■  4a  +  2b 

Since  a  is  the  critical  flow  stress  of  the  primary  glide 
system  it  is  the  major  factor  in  this  equation.  If  flow 
occurs  with  equal  ease  on  the  two  systems,  a  ■  b  and  P  * 

6a  =  3Y  in  accordance  with  the  isotropic  theory.  However, 
if  flow  is  difficult  on  the  secondary  system  (say  b  »  10a; 
so  P  «  24a)  then  the  ratio  of  H  to  Y  increases  to  12.  In 
thin  way  the  ratio  of  35  that  Westbrook  observed  can  bo 
accounted  for  if  b  ■  66a  which  is  consistent  with  the  obser¬ 
vations  mentioned  above  for  LiF  crystals. 


684- 


111 •  Fundamental  Factors  That  Determine  Hardness 


If  materials  were  perfectly  homogeneous  the  size  of 
the  indenter  used  in  a  hardness  test  would  not  influence  the 
measured  hardness.  In  reality  materials  are  not  homogeneous, 
and  plastic  flow  in  them  is  localized  at  dislocation  lines, 
lherefore ,  when  a  sufficiently  small  indenter  makes  contact 
with  a  solid,  the  region  in  which  the  stress  is  high  may  bo 
so  small  that  it  does  not  contain  any  dislocations  or  other 
major  defects.  Therefore,  flow  cannot  begin  until  disloca¬ 
tions  have  been  nucleated  under  the  indenter,  and  the  factor 
that  may  determine  tho  hardness  for  very  small  indenters  is 
the  cohesive. shear  strength  of  the  material, 
a)  Cohesive  Shear  Strengths 

The  converse  of  the  statement  just  above  is  that 
plastic  indentations  may  be  used  to  measure  the  cohesive 
shear  strengths  of  materials.  This  was  first  attempted  by 

j 

the  author  (Gilman,  1959)  and  more  recent  studies  have  been 

1  o 

made  by  Gane  and  Bowden  (1968). 

The  method  used  by  Gilman  consisted  of  touching 
crystals  with  spherical  glass  indenters  in  a  carefully  con¬ 
trolled  fashion.  Extremely  clean  spherical  surfaces  can  be 
produced  by  drawing  out  Pyrex  glass  rods,  breaking  them,  and 
then  fusing  the  ends.  Spherical  surfaces  that  range  in 
ndius  from  0.05  mm  up  can  be  produced  this  way.  After  such 
a  rod  is  mounted  suitably,  a  microhardness  balance  can  be 
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used  to  accurately  apply  a  load  to  it  ranging  from  1  g  to  200  g. 
This  allows  the  indenter  to  be  moved  smoothly  into  contact 
with  a  crystal  at  a  rate  of  ~10  *cm/sec. 

In  order  to  avoid  dislocation  nucleation  under  a  small 
spherical  indenter  Gilman  showed  that  it  is  necessary  to: 

(a)  apply  loads  less  than  some  critical  value,  (b)  contact 
dislocation-free  areas  of  the  crystal  surfaces,  (c)  use 
freshly  prepared  indenters,  (d)  not  re-use  an  indenter  that 
had  once  produced  dislocation  nucleation,  and  (e)  minimize 
the  radius  of  the  indenter  to  reduce  the  size  of  the  stressed 
volume.  With  these  precautions  a  load  as  high  as  10  g  can  be 
applied  to  an  indenter  of  52p  radius  in  contact  with  LiF 
without  causing  dislocation  nucleation.  This  should  produce 
a  maximum  shear  stress  of  about  7.4  x  10 9  d/cm2  according  to 
the  Hertz  theory  of  elastic  contact.  This  stress  is  more 
than  two  orders  of  magnitude  greater  than  the  yield  stress  of 
the  crystals  (~5  x  107  g/mm2 ) .  Since  the  shear  modulus  for 
LiF  is  about  6.25  x  10 11  d/cm,  this  maximum  stress  is  about 
1/85  of  the  shear  modulus.  It  was  suggested  that  this  method, 
after  some  refinement,  can  be  used  to  measure  the  stresses 
needed  for  homogeneous  dislocation  nucleation  in  crystals. 

In  the  work  of  Gane  and  Bowden,  small  indenters  of 
TiC  were  made  by  electropolishing  rods  down  to  fine  tips  of 
-500A  radius.  These  were  loaded  electromagnetically  inside 
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an  electron  microscope  so  t.hc  indentation  process  could  be 


observed  i_n  s  i  tu .  The  results  were  similar  to  those 
described  for  I.iF ,  but  were  mafic  on  crystals  of  gold,  copper, 
and  aluminum.  No  penetration  occurred  until  a  critical  load 
was  reached,  and  this  critical  load  frequently  corresponded 
to  the  cohesive  shear  strengths  of  the  metals. 

On  the  basis  of  both  sets  of  experiments  it  may  be 
concluded  that  solids  which  are  ordinarily  soft  become  highly 
resistant  to  penetration  if  mobile  dislocations  are  not 
present.  Penetration  only  occurs  when  the  load  reaches  a 
value  that  is  high  enouqh  to  create  the  stresses  needed  for 
homogeneous  dislocation  nucleation. 

b)  Strain- Hardening  (high  dislocation  mobility) 

If  a  crystalline  solid  contains  numerous  dislocations 
its  yield  stress  can  vary  over  a  wide  range  that  may  include 
several  orders  of  magnitude.  If  it  is  a  metal  or  a  salt, 
impurity  defects  largely  determine  whether  it  is  hard  or 
soft.  If  it  is  a  covalent  compound,  the  intrinsic  strengths 
of  its  chemical  bonds  determine  its  hardness. 

Yield  stresses  arc  usually  measured  in  a  uniaxial 
stress  test,  that  does  not  constrain  the  flow  pattern.  Such 
a  test  does  not  model  the  situation  under  an  indenter  where 
a  complex  and  highly  constrained  flow  pattern  exists.  From 
the  slip-line  patterns  of  Figures  1  and  4  considerable  inter¬ 
secting  glide  must  occur  and  therefore  much  strain-hardening. 
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As  a  result,  two  limiting  cases  arise.  In  one  case  dislo¬ 
cation  mobility  is  high,  so  the  flow  rate  becomes  limited  by 
strain-hardening.  In  the  other  dislocation  mobility  is  low, 
and  it  is  the  factor  that  limits  the  flow  rale. 

The  two  limiting  cases  are  illustrated  in  Figure  5. 

The  lower  line  correlates  data  for  pure  f ace-centered-cubic 
metals.  These  metals  are  particularly  suited  to  the  type  of 
correlation  that  is  given  here  for  two  reasons.  First,  being 
noble  metals,  they  are  readily  purified  so  that  measurements 
on  quite  pure  samples  are  available.  Second,  the  dependence 
of  their  yield  stresses  on  impurity  content,  and  on  tempera¬ 
ture,  is  quite  small  and,  hence,  large  errors  due  to  these 
factors  are  unlikely. 

Individual  dislocations  move  readily  in  these  metals 
at  much  lower  stresses  (a  factor  of  10**  lower)  than  the 
stresses  of  Figure  5.  Therefore,  the  flow  that  occurs  during 
indentation  is  not  being  limited  by  the  drag  on  isolated 
dislocations.  .  Intersections  between  dislocations  create  jogs 
on  them  and  these  jogs  create  trails  of  dislocation  dipoles 
behind  the  moving  dislocations.  Soon  the  structure  becomes 
filled  with  interacting  dislocations  and  further  flow  is 
limited  by  the  strengths  of  the  interactions.  Since  the 
interactions  are  elastic,  for  a  given  geometric  configuration 
their  strengths  are  proportional  to  the  elastic  moduli.  In 
this  way  the  linear  proportionality  of  Figure  5  arises. 
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c)  Intrinsic  Plastic  Resistance  (low  dislocation  mobility) 


Figure  5  illustrates  the  point  that  the  behavior  of 
covalently  bonded  crystals  is  qualitatively  different  from 
that  of  metals.  First,  the  ratio  of  hardness  to  elastic 

modulus  is  much  greater  (being  about  0.24  for  diamond  compared 

_  2 

with  0.3  x  10  for  rhodium).  Second,  the  slopes  of  the 
correlation  lines  are  different  (being  1.5  for  the  covalent 
crystals  compared  with  1.0  for  the  f.c.c.  metals) . 

The  qualitative  difference  in  behavior  between  these 
two  classes  of  material  arises  because  the  flow-rate  is 
limited  in  the  metals  primarily  by  interactions  between  dislo¬ 
cations  ,  whereas  it  is  limited  in  covalent  crystals  primarily 
by  interactions  between  dislocations  and  the  chemical  bonds  of 
clement  or  compound.  Another  way  of  saying  this  is  that  short 
range  (atomic)  interactions  are  involved  in  the  latter  case; 
and  longer  range  (elastic)  interactions  in  the  former.  This 
manifests  itself  in  the  temperature  dependence  which  is  very 
weak  for  a  f.c.c.  metal  and  is  very  strong  for  a  covalent 
crystal  above  a  critical  temperature. 

The  basic  reason  for  the  difference  in  behavior  is 
simply  that  bonding  in  covalent  compounds  is  highly  stereo¬ 
specific  whereas  in  f.c.c.  metals  only  a  small  fraction  of 
the  binding  energy  depends  on  stereographic  factors.  There¬ 
fore,  the  enerqy  of  a  dislocation  in  a  metal  is  nearly 
independent  of  its  position.  In  contrast,  a  dislocation's 
energy  depends  strongly  on  its  position  in  a  covalent  crystal 
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because  an  unpaired  electron  is  associated  with  it  when  it 

is  in  its  mid-glide  position. 

There  is  no  space  here  to  discuss  details  of  dislo¬ 
cation  structures  in  covalent  crystals  which  involve  (tor 
the  diamond  or  wurzite  crystal  structure)  edge,  screw,  and 
60"  lines  as  well  as  positive  and  negative  Kinks  on  each  type 
of  line.  Regardless  of  the  details,  the  basic  fact  remains 
that  in  order  to  plastically  shear  such  a  crystal,  electron- 
pair  bonds  must  be  first  broken  and  then  remade.  Thus,  two 
unpaired  electrons  exist  each  time  an  atomic  shear  ptocess 
i.  half  completed.  Because  of  this  it  may  be  expected  that 
the  plastic  characteristics  will  be  closely  connected  with 
the  electronic  characteristics  of  covalent  crystals.  This 
is  indeed  the  case  as  shown  in  Figure  6  where  measured  value. 
Of  the  activation  energy  for  plastic  glide  (Chaudhuri,  Patel, 
and  Rubin,  1962)“  are  shown  to  equal  twice  the  optical  band 
gap.  This  is  consistent  with  the  statement,  above  because 
breaking  an  electron-pair  bond  (inside  a  crystal)  mean,  that 
the  two  electrons  become  excited  from  the  valence  band  to 
the  conduction  band  so  the  energy  required  is  the  gap  energy 
taken  twice.  This  is  also  consistent  with  th.^ tunneling 
model  for  dislocation  mobility  (Gilman,  1955)  in  which  low 
temperature  motion  1.  determined  by  the  rate  of  electron 
tunneling  across  the  gap. 
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llurrimviM  correlates  with  glide  activation  energy  an 
.shown  in  Figure  7  so  it  would  be  expected  that  hardness 
should  correlate  with  the  energy  gap.  However,  the  uni*-s  of 
hardness  arc  energy/volume  so  it  is  the  energy  gap  per  unit 
volume  that  should  be  correlated  and  this  is  done  in  Figure  8. 

A  similar  correlation  is  shown  in  Figure  9  for  III-IV  compounds, 
in  both  cases  the  correlations  are  good  but  they  have  different 
slopes.  This  may  result  from  the  greater  ionicity  in  the  case 

of  the  III-IV  compounds. 

Since  ionic  bonding  results  from  long  range  electro¬ 
static  forces  it  docs  not  contribute  directly  to  hardness.  In 
this  respect  it  is  similar  to  metallic  bonding.  Therefore,  it 
is  appropriate  to  separate  the  homopolar  and  heteropolar 
components  of  the  bonding  in  compounds  in  order  to  see  whether 
hardness  correlates  better  with  the  homopolar  component  than 
with  the  total  bonding.  One  way  of  doing  this  is  shown  in 
Figure  10,  whore  the  data  of  Figure  9  are  replotted.  Here 
the  homopolar  energy  gap  as  defined  by  Phillips  (1970)  is 
used  instead  of  the  optical  band  gap.  The  data  correlate 
quite  well  and  now  the  slope  is  3/2  which  is  consistent  with 
Figures  5  and  7.  This  is  also  consistent  with  the  well-known 
qualitative  fact  that  for  pure  crystals  the  greater  the 
homopolar  component  of  bonding  the  harder  the  crystal. 

Another  correlation  that  demonstrates  the  close 
connection  between  hardness  and  bond  strength  is  the 
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dependence  on  bond  length  since  bond  lengths  and  bond 
energies  are  closely  related;  especially  for  a  homologous 
series  of  compounds.  This  type  of  correlation  was  discussed 
long  ago  by  Goldschmidt  (1926) 14  and  reviewed  by  Evans  (1946) 
in  his  book.  For  group  IV  crystals  and  III-V  compounds  it 
has  been  demonstrated  by  Wolff  ot  al.  (1968).  For  II-VI 

1  7 

compounds  it  has  been  discussed  by  Cline  and  Kahn  (1963). 

Figure  11  shows  the  data  for  the  III-V  compounds. 

Because  of  the  clear  connections  between  chemical 
bonding,  hardness,  and  dislocation  mobilities,  an  attempt  has 
been  made  here  to  relate  the  mineralogist's  Moh  scale  of 
hardness  to  physical  properties.  The  first  step  was  to 
relate  indentation  hardneas  with  Moh  hardness  and  the  result 

of  this  is  shown  in  Figure  12.  This  figure  represents  data 

i  • 

averaged  from  various  sources  including:  Taylor  (1949), 
Khrushchov  (1949),”  winchell  (1945),”  am)  Knoop  ct  al.  (1939). 

The  indentation  hardness  values  for  the  Moh  scale 
minerals  are  plotted  in  Figure  13  versus  the  bulk  moduli  of 
these  minerals.  The  bulk  moduli  were  obtained  from  Clark 
(1966).* *  The  correlation  is  only  fair,  but  certainly  good 
enough  to  indicate  that  the  Moh  scale  is  based  on  relative 
bond  strengths.  The  data  for  quartz  and  orthoclase  are 
anomalous.  The  reason  for  this  is  unknown  at  present. 

The  next  class  of  materials  whose  hardness  can  be 
given  a  physical  interpretation  is  the  "hard  metals."  That 


-692- 


is,  compounds  consisting  of  a  transition  motal  plus  a 
metalloid  such  as  B,  C,  or  N.  These  compounds  are  motals 
in  the  sense  that  they  conduct  electricity  readily,  but 
they  are  covalent  compounds  in  the  sense  that  they  are  not 
ductile,  but  brittle.  This  mixed  behavior  is  possible 
because  the  conduction  mainly  occurs  in  the  s-band  of 
energy,  whereas  much  of  the  cohesion  occurs  in  the  d-band. 

One  large  class  of  "hard  metals"  has  the  rock-salt 
structure.  This  class  contains  some  80-90  hydrides, 
borides,  carbides,  nitrides,  and  oxides.  They  tend  to 
glide  on  the  (111)  plane  and  a  cutaway  schematic  drawing 
of  this  is  shown  in  Figure  14.  According  to  the  bonding 

2  5 

theory  worked  out  by  Lye  (1967)  for  TiC  an  important 
contribution  to  the  bonding  arises  from  overlapping  of  the 
d-orbitals  of  the  Ti  atoms  at  the  octahedral  holes  in  the 
f.c.c.  titanium  array.  The  carbon  atoms  at  these  sites 
have  six  titanium  neighbors  and,  therefore,  six  overlapping 
d-orbitals.  The  overlap  allows  one  or  more  electrons  of 
the  carbon  atoms  to  reduce  their  kinetic  energies  by  moving 
in  the  d-band  of  the  Ti  sublattice.  Also,  the  overlapping 
d-orbitals  are  stabilized  by  the  positive  potentials  of  the 
carbon  nuclei,  so  a  mutually  stabilizing  cooperation  occurs 
between  the  two  sublattices. 
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It  may  be  seen  in  Figure  14  that  there  are  two  types 
of  site  in  the  plane  of  the  carbon  atoms.  The  A-sites  are 
occupied  by  carbon  atoms  and  overlapping  orbitals  in  the 
figure  and  the  B-sites  (at  the  center  of  the  triad  defined 
by  the  shaded  circles)  are  unoccupied.  Now  in  order  for 
glide  to  occur  in  the  structure,  carbon  atoms  must  glide  from 
A-sites  to  B-sites  and  then  back  to  A-sites.  Since  there  are 
no  overlapping  orbitals  at  B-sites  the  carbon  atoms  must  lose 
their  excess  binding  energies  (irreversibly)  and  then  regain 
them  when  they  return  to  A-sites.  This  means  that  strong 
forces  resist  the  motions  of  dislocations  in  these  compounds. 
The  stress  needed  to  overcome  the  chemical  resisting  force 

2  4 

has  been  estimated  by  Gilman  (1970)  to  be:  o  *  2AF/V  where 
AF  is  the  free  energy  of  formation  of  the  compound  and  V  is 
the  molecular  volume.*  The  approximate  validity  of  this 


*An  improved  version  of  his  argument  is  as  follows.  The 
barrier  to  be  overcome  is  the  energy  per  bond  of  carbon; 
or  AF/6 ,  where  6  is  the  coordination  number.  The  work  done 
by  the  applied  shear  stress,  S,  in  overcoming  the  barrier 
is  (Sb'w)b'  where  b*  is  the  partial  Burgers  displacement 
which  equals  b//J  in  this  structure,  and  w  is  the  length  of 
the  dislocation  segment.  Equating  these  terms  yields  an 
expression  for  the  local  shear  s trees:  S  =  AF/2b 3 .  Because 
of  the  constraint  factor  the  hardness,  II,  equals  6S;  or 
since  b3  =  /?V  the  hardness  equals  2.14AF/V  which  is  nearly 
the  same  as  the  previous  result. 
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relationship  is  demonstrated  for  carbides  in  Figure  15,  and 
it  is  also  approximately  valid  for  the  refractory  diborides. 

IV.  Hardness  as  a  Research  Tool  (dynamic  yielding) 

Hardness  measurements  are  used  in  all  aspects  of 
structural  materials  research  as  this  symposium  attests.  Its 
use  in  alloy  development,  measuring  creep  resistance,  studying 
environmental  effects,  etc.  will  be  discussed  in  detail  by 
other  authors.  I  shall  take  just  one  example  of  an  engineer¬ 
ing  application  in  which  it  was  useful  because  it  could 
partially  replace  a  much  more  complex  measurement.  My  example 
comes  from  the  recent  program  to  develop  improved  ballistic 

armor. 

The  first  step  in  stopping  a  high-speed  armor-piercing 
projectile  is  to  blunt  its  tip  so  that  it  cannot  "knife”  its 
way  through  a  piece  of  armor.  In  order  to  cause  such  blunting 
the  dynamic  yield  stress  of  the  armor  must  be  greater  than  ^ 
about  40  kbar  (corresponding  to  a  hardness  of  about  1000  kg/mm  ) . 

The  dynamic  yield  stress  is  measured  by  creating  an 
intense  plane  wave  (uniaxial  strain)  in  the  test  material 
and  then  observing  its  profile  as  it  propagates .  The 
behavior  is  illustrated  in  Figure  16.  At  the  left  the  initial 
state  of  an  element  of  material  is  shown.  In  the  middle  the 
element  has  been  compressed  uniaxially  by  the  wave.  This 
changes  its  volume  and  also  puts  shear  strain  into  it.  On 
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the  right  the  volume  change  remains,  but  the  shear  strains 
have  relaxed.  The  stress  level  at  which  shear  relaxation 
occurs  is  called  the  dynamic  yield  stress.  For  hard 
compounds  it  correlates  well  with  static  indentation  hard¬ 
ness  as  shown  in  Figure  17  (the  data  are  a  courtesy  of  (!.  F. 
Cline).  Thus,  hardness  can  be  used  as  an  initial  screen 
for  candidate  armor  materials.  Knowledge  of  the  chemical 
factors  that  determine  hardness  can,  in  turn,  be  used  to 
predict  new  materials  such  as  Cline  did  for  Be,B. 

V.  Suggestions  lor  Future  Work 

On  the  basis  of  the  discussion  presented  here,  future 
studies  that  use  indentation  hardness  need  to  be  supported  by 
a  careful  study  of  the  role  that  friction  plays  in  the  hard¬ 
ness  test.  Also,  the  quantitative  effects  of  plastic  anisotropy 
need  study  in  order  to  predict  the  large  effects  it  has  on 
measured  hardness  values. 

The  chemistry  of  hardness  needs  systematic  and  com¬ 
prehensive  study  in  order  to  provide  more  understanding 
followed  by  predictive  capability.  For  example,  what  role 
is  played  by  the  band  gap  energy?  Is  the  homopolar  component 
of  the  binding  a  dominant  factor?  Is  electronegativity 
difference  an  important  variable?  How  do  hard  covalent 
compounds  differ  from  hard  metals?  Why  do  quartz  and 
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orthoclaso  appear  to  behave  anomalously?  Can  correlations 
between  hardnesses  and  heat*  of  formation  be  improved?  What 
In  the  effect  of  pressure  on  hardneaa? 
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TiELD  STRESS  kg/mm 


Figure  2.  Correlation  Line*  for  Metals  and  Ionic  Crystals 
Relating  Hardness  Numbers  and  Yield  Stresses 
(after  J.  H.  Westbrook) 
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Figure  4 


Stress  Distributions  Under  a  Two-dimensional  Punch 
at  the  Limiting  Load  for  General  Plastic  Flow 
(after  J.  R.  Rice) 
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Figure  5.  Correlation  of  Hardnesses  and  Elastic  Moduli 
for  Pure  f.c.c.  Metals  and  Covalent  Crystals 
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Figure  9.  Correletion  of  Hardness  and  Energy  Gap  Density 
for  Group  III-V  Compound  Crystals 


Figure  10.  Correlation  of  HardneBS  and  Energy  Gap  Density 
for  Group  III-V  Compound  Crystals  Using  the 
Homopolar  Part  of  the  Energy  Gap 
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Figure  11.  Correlation  of  Hardness  and  Bond  Distance  for 
III- IV  Compound  Crystals 
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Indentation  Hardneaa  Number* 
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Figure  13.  ftesult  of  Using  Figure  12  to  Relate  Herdneeees 

of  the  Noh  Scale  Minerals  with  Their  Bulk  Elastic 
Moduli 
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Figure  14.  Schematic  Bonding  within  Hard  Metal  Compounds 
that  have  the  Rock-Salt  Crystal  Structure 
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Figure  15.  Correlation  of  the  Hardnesses  of  Typical  Carbides 
with  their  Formation  Energy  Densities  as  Predicted 
by  Simple  Theory 
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